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Introduction : QFT in de Sitter space
de Sitter Poincarré patch

ds2 = a2(η)(−dη2 + dX2) with a(t) =
−1
Hη

D = d +1
dimensions

Scalar field

S[ϕ] = −
∫

x

(
V (ϕ)+

1
2(∇ϕ)2

)
, V (ϕ) ∼ m2

2 ϕ2 +
λ

4!
ϕ4

In-In formalism : closed time path

−∞
η

0
Schwinger ’61

Generating functional for expectation values

Z [J ] = eiW [J] =

∫
Dϕ exp

(
iS[ϕ] + i

∫
x

Jϕ
)
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IR physics in de Sitter space

scalar field in de Sitter

(−� + m2)u = 0
=⇒ u ∝ Hν(p)

mass =⇒ IR regulation
small mass :
non perturbative physics

Perturbative QFT
Sort contributions as powers
of λ (small parameter)
each contribution contains
fluctuations of all size

NPRG
Sort contributions by
fluctuation size.
Add contributions
progressively
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Overview

1 The Non-Perturbative Renormalisation Group

2 Onset of gravitational effects

3 Stochastic approach and Euclidean de Sitter space

4 NPRG flows and symmetry restoration

5 Conclusions
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NPRG : general framework

Idea : regularize the theory at the action level :

Sk = S + ∆Sk , ∆Sk [ϕ] =
1
2

∫
x ,y
ϕ(x)Rk(x , y)ϕ(y)

Rk(p) →
p→0

k2

Rk(p) →
p→∞

0

Rk(p) →
k→0

0

Rk(p) →
k→Λ
∞

Litim regulator : Rk(p) = (k2 − p2)θ(k2 − p2) Litim ’01
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NPRG : general framework

Modified generating functional

eiWk [J] =

∫
Dϕ e

(
iSk [ϕ]+i

∫
x Jϕ
)

Defining the effective action

Γk [φ] = Wk [J ]−
∫

x
Jφ−∆Sk [φ]

From UV to IR
UV limit : Γk [φ] →

k→Λ
S[φ]

IR limit : Γk [φ] →
k→0

Γ[φ]

Flow equation

Γ̇k =
i
2Tr

{
Ṙk
(

Γ
(2)
k + Rk

)−1
}

Wetterich ’93, Berges Mesterházy ’12,
Gasenzer Pawlowski ’08
t = log(k/H) : flow time

0 Λkm H

gravitational effects
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NPRG : Local Potential Approximation

Flow equation

Γ̇k =
i
2Tr

{
Ṙk
(

Γ
(2)
k + Rk

)−1
}

complicated...

Extract information on large scale behavior
Derivative expansion :

Γk [φ] = −
∫
x

(
Vk(φ) +

Zk(φ)

2 (∇φ)2 +
Z (2)

k (φ)

4!
(∇φ)4 + ...

)
Local Potential Approximation :

Γk [φ] = −
∫
x

(
Vk(φ) +

(∇φ)2

2

)
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NPRG : flow of the local potential

(
−� + V ′′k + Rk

)
χk = 0 χk(x)→ a−

d
2 uk(q/a)

V̇k =
1
2

∫ ddp
(2π)d Ṙk(p)|uk(p)|2

V̇k ≡ β(V ′′k , k) =
Cdkd+2

k2 + V ′′k
Bd (νk , k), Cd = πΩd/[16d(2π)d ]

Bd (ν, k) = e−πIm(ν)
{(

d2 − 2ν2 + 2k2
) ∣∣Hν(k)

∣∣2
+ 2k2∣∣H ′ν(k)

∣∣2 − 2dk Re
[
H∗ν (k)H ′ν(k)

]}
Kaya ’13
Serreau ’14
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Onset of gravitational effects : Structure of the β function

V̇k ≡ β(V ′′k , k) =
kd+2

k2 + V ′′k
Bd (νk , k), νk =

√
d2

4 −
V ′′k
H2

Heavy and/or UV regime → Minkowski

β (V ′′, k) ∝ kd+2
√

k2 + V ′′
No gravitational effects

light IR regime

β(V ′′, k) ∝ kd+2−2νk

k2 + V ′′k
(d + 2νk)Γ2(νk)
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Onset of gravitational effects : Crossing the horizon

Minkowski

β (V ′′, k) ∝ kd+2
√
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Onset of gravitational effects : dimensional reduction

For k,V ′′ � 1 : β(V ′′, k) ≈ 1
ΩD+1

k0+2

k2 + V ′′k

Euclidean flow with effective dimension Deff = 0.

Effective zero-dimensional field theory :

e−ΩD+1Wk (J)=

∫
dϕ e

−ΩD+1

[
Veff(ϕ)+Jϕ+ k2

2 ϕ
2
]

Veff : "bare potential" at scale ∼ H

Correspondence

Stochastic approach
QFT on Euclidean de Sitter

ΩD+1 =
2π D+1

2

Γ(D+1
2 )
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Relation to the stochastic approach

Starobinsky and Yokoyama : effective theory for light fields on
superhorizon scales

Large amplitude of fluctuations on superhorizon scales
=⇒ classical stochastic behavior.

Spatial size > causal horizon & slow evolution
=⇒ single degree of freedom ϕ(t).

Stationary gravitational redshift
=⇒ stochastic sourcing by the subhorizon modes.

Starobinsky ’86, Starobinsky Yokoyama ’94
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Relation to the stochastic approach

Starobinsky and Yokoyama : effective theory for light fields on
superhorizon scales

Langevin equation for the effective dynamics :

∂tϕ(t) +
1
d
∂Veff(ϕ)

∂ϕ(t)
= ξ(t)

Stationary attractor solution at late times (equilibrium state) :

P(ϕ) ∝ e−ΩD+1Veff(ϕ)

Identical to zero-dimensional generating functional, e.g. :

〈ϕ2〉 =

∫
dϕϕ2 P(ϕ)∫

dϕP(ϕ)
=

1
ΩD+1

∂2Wk=0(J)

∂J2

∣∣∣∣∣
J=0

Lazzari Prokopec ’13
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Relation to Euclidean de Sitter space

QFT on the D-sphere

Decomposing on the spherical harmonics : ϕ(x) =
∑
~L

ϕ~LY~L(x)

= ϕ0Y0︸ ︷︷ ︸
ϕ̄

+ϕ̂(x)

e−W̄k [J] =

∫
Dϕ exp

(
−S̄[ϕ]−∆S̄k [ϕ]−

∫
x

Jϕ
)

=

∫
dϕ̄

∫
Dϕ̂ exp

(
− S̄[ϕ̄, ϕ̂]

︸ ︷︷ ︸
e−ΩD+1Veff (ϕ̄)

−∆S̄k [ϕ̄, ϕ̂
IR

]−
∫

x
Jϕ

︸ ︷︷ ︸
ΩD+1Jϕ̄

)

e−ΩD+1Wk (J) =

∫
dϕ̄ e

−ΩD+1

[
Veff(ϕ̄)+ k2

2 ϕ̄
2+Jϕ̄

]

Beneke Moch ’12,
Benedetti ’14

Maxime GUILLEUX July 28th 2015, Natal, RN 17/28



Relation to Euclidean de Sitter space

QFT on the D-sphere

Decomposing on the spherical harmonics : ϕ(x) =
∑
~L

ϕ~LY~L(x)

= ϕ0Y0︸ ︷︷ ︸
ϕ̄

+ϕ̂(x)

e−W̄k [J] =

∫
Dϕ exp

(
−S̄[ϕ]−∆S̄k [ϕ]−

∫
x

Jϕ
)

=

∫
dϕ̄

∫
Dϕ̂ exp

(
− S̄[ϕ̄, ϕ̂]

︸ ︷︷ ︸
e−ΩD+1Veff (ϕ̄)

−∆S̄k [ϕ̄, ϕ̂
IR

]−
∫

x
Jϕ

︸ ︷︷ ︸
ΩD+1Jϕ̄

)

e−ΩD+1Wk (J) =

∫
dϕ̄ e

−ΩD+1

[
Veff(ϕ̄)+ k2

2 ϕ̄
2+Jϕ̄

]

Beneke Moch ’12,
Benedetti ’14

Maxime GUILLEUX July 28th 2015, Natal, RN 17/28



Relation to Euclidean de Sitter space

QFT on the D-sphere

Decomposing on the spherical harmonics : ϕ(x) =
∑
~L

ϕ~LY~L(x)

= ϕ0Y0︸ ︷︷ ︸
ϕ̄

+ϕ̂(x)

e−W̄k [J] =

∫
Dϕ exp

(
−S̄[ϕ]−∆S̄k [ϕ]−

∫
x

Jϕ
)

=

∫
dϕ̄

∫
Dϕ̂ exp

(
− S̄[ϕ̄, ϕ̂]

︸ ︷︷ ︸
e−ΩD+1Veff (ϕ̄)

−∆S̄k [ϕ̄, ϕ̂
IR

]−
∫

x
Jϕ

︸ ︷︷ ︸
ΩD+1Jϕ̄

)

e−ΩD+1Wk (J) =

∫
dϕ̄ e

−ΩD+1

[
Veff(ϕ̄)+ k2

2 ϕ̄
2+Jϕ̄

]

Beneke Moch ’12,
Benedetti ’14

Maxime GUILLEUX July 28th 2015, Natal, RN 17/28



Relation to Euclidean de Sitter space

QFT on the D-sphere

Decomposing on the spherical harmonics : ϕ(x) =
∑
~L

ϕ~LY~L(x)

= ϕ0Y0︸ ︷︷ ︸
ϕ̄

+ϕ̂(x)

e−W̄k [J] =

∫
Dϕ exp

(
−S̄[ϕ]−∆S̄k [ϕ]−

∫
x

Jϕ
)

=

∫
dϕ̄

∫
Dϕ̂ exp

(
− S̄[ϕ̄, ϕ̂]

︸ ︷︷ ︸
e−ΩD+1Veff (ϕ̄)

−∆S̄k [ϕ̄, ϕ̂
IR

]−
∫

x
Jϕ︸ ︷︷ ︸

ΩD+1Jϕ̄

)

e−ΩD+1Wk (J) =

∫
dϕ̄ e

−ΩD+1

[
Veff(ϕ̄)+ k2

2 ϕ̄
2+Jϕ̄

]

Beneke Moch ’12,
Benedetti ’14

Maxime GUILLEUX July 28th 2015, Natal, RN 17/28



Relation to Euclidean de Sitter space

QFT on the D-sphere

Decomposing on the spherical harmonics : ϕ(x) =
∑
~L

ϕ~LY~L(x)

= ϕ0Y0︸ ︷︷ ︸
ϕ̄

+ϕ̂(x)

e−W̄k [J] =

∫
Dϕ exp

(
−S̄[ϕ]−∆S̄k [ϕ]−

∫
x

Jϕ
)

=

∫
dϕ̄

∫
Dϕ̂ exp

(
− S̄[ϕ̄, ϕ̂]

︸ ︷︷ ︸
e−ΩD+1Veff (ϕ̄)

−∆S̄k [ϕ̄,��̂ϕ
IR

]−
∫

x
Jϕ︸ ︷︷ ︸

ΩD+1Jϕ̄

)

e−ΩD+1Wk (J) =

∫
dϕ̄ e

−ΩD+1

[
Veff(ϕ̄)+ k2

2 ϕ̄
2+Jϕ̄

]

Beneke Moch ’12,
Benedetti ’14

Maxime GUILLEUX July 28th 2015, Natal, RN 17/28



Relation to Euclidean de Sitter space

QFT on the D-sphere

Decomposing on the spherical harmonics : ϕ(x) =
∑
~L

ϕ~LY~L(x)

= ϕ0Y0︸ ︷︷ ︸
ϕ̄

+ϕ̂(x)

e−W̄k [J] =

∫
Dϕ exp

(
−S̄[ϕ]−∆S̄k [ϕ]−

∫
x

Jϕ
)

=

∫
dϕ̄

∫
Dϕ̂ exp

(
− S̄[ϕ̄, ϕ̂]︸ ︷︷ ︸

e−ΩD+1Veff (ϕ̄)

−∆S̄k [ϕ̄,��̂ϕ
IR

]−
∫

x
Jϕ︸ ︷︷ ︸

ΩD+1Jϕ̄

)

e−ΩD+1Wk (J) =

∫
dϕ̄ e

−ΩD+1

[
Veff(ϕ̄)+ k2

2 ϕ̄
2+Jϕ̄

]

Beneke Moch ’12,
Benedetti ’14

Maxime GUILLEUX July 28th 2015, Natal, RN 17/28



Relation to Euclidean de Sitter space

QFT on the D-sphere

Decomposing on the spherical harmonics : ϕ(x) =
∑
~L

ϕ~LY~L(x)

= ϕ0Y0︸ ︷︷ ︸
ϕ̄

+ϕ̂(x)

e−W̄k [J] =

∫
Dϕ exp

(
−S̄[ϕ]−∆S̄k [ϕ]−

∫
x

Jϕ
)

=

∫
dϕ̄

∫
Dϕ̂ exp

(
− S̄[ϕ̄, ϕ̂]︸ ︷︷ ︸

e−ΩD+1Veff (ϕ̄)

−∆S̄k [ϕ̄,��̂ϕ
IR

]−
∫

x
Jϕ︸ ︷︷ ︸

ΩD+1Jϕ̄

)

e−ΩD+1Wk (J) =

∫
dϕ̄ e

−ΩD+1

[
Veff(ϕ̄)+ k2

2 ϕ̄
2+Jϕ̄

] Beneke Moch ’12,
Benedetti ’14

Maxime GUILLEUX July 28th 2015, Natal, RN 17/28



Overview

1 The Non-Perturbative Renormalisation Group

2 Onset of gravitational effects

3 Stochastic approach and Euclidean de Sitter space

4 NPRG flows and symmetry restoration

5 Conclusions

Maxime GUILLEUX July 28th 2015, Natal, RN 18/28



Generalisation to O(N) symmetry

Define : Vk(φ) = NUk(ρ) with ρ =
φaφa
2N

Functional flow equation :

NU̇k = β
(
m2

l ,k , k
)

+ (N − 1)β
(
m2

t,k , k
)

Local curvatures in the longitudinal and transverse directions :

m2
l ,k(ρ) = U ′k(ρ) + 2ρU ′′k (ρ) and m2

t,k(ρ) = U ′k(ρ)

Large N limit : U̇k = β (U ′k(ρ), k) first order equation!
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Symmetry restoration in the large N limit

potential minimum
U̇k = β (U ′k(ρ), k)

U ′k(ρ̄k) = 0

˙̄ρk = −∂Wβ(W , k)|W =0

10-2 10-1 100 101 10210-7

10-6

10-5

10-4

10-3

10-2

10-1

100

101

102

103

˙̄ρ

d=1
d=2
d=3

Minkowski
De Sitter

UV regime
˙̄ρk ∝ kD−2

ρ̄k = ρ̄Λ − Cd
ΛD−2 − kD−2

D − 2

critical dimension : D = 2

D > 2 : critical value

ρ̄c =
Cd

D − 2ΛD−2

IR regime
˙̄ρk ∝ k0−2 Deff = 0
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Flow in the IR : large N limit

exact solution to the flow

Uk(ρ) = Uk(0)− kρ+
M4

k (ρ)−M4
k (0)

2λk0
+ 1

2ΩD+1

(
1− k2

k2
0

)
ln M2

k (ρ)

M2
k (0)

M2
k (ρ) =

m2
k0

+λk0ρ+k2

2 +

√(
m2

k0
+λk0ρ+k2
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)2
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2ΩD+1

(
1− k2

k2
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Serreau ’11

2 4 6 8
2 Ρ
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Uk HΡL

Effective mass and coupling

m2
k=0 =

m2
k0
2 +

√
m4

k0
4 +

λk0
2ΩD+1

λk=0 = λk0

(
1 +

λk0
2ΩD+1m4

k=0

)−1
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From UV to IR : mass regeneration close to criticality
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Symmetry restoration at the horizon
ρ̄Λ = ρ̄c

k0 ≈ H, mk0 → 0

effective mass m2
k=0 ≈

√
λk0

2ΩD+1

effective coupling λk=0 ≈
λk0
2
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Symmetry restoration for finite N

Convexity
β(V ′′, k) is decreasing with V ′′
=⇒ convexification

In the IR : β(V ′′ = 0, k) ∝ k0

N > 1
Massless Goldstone modes
=⇒ ˙̄ρk ∝ k0−2

Symmetry restoration and mass regeneration

m2
k=0 = A(N)

√
λk0

2ΩD+1

λk=0
λk0

= NA2(N)
2

(
1− A

2(N)
1+2/N

) A(N) =
√

N
2

Γ( N
4 )

Γ( N+2
4 )
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1 The Non-Perturbative Renormalisation Group

2 Onset of gravitational effects

3 Stochastic approach and Euclidean de Sitter space

4 NPRG flows and symmetry restoration

5 Conclusions

Maxime GUILLEUX July 28th 2015, Natal, RN 24/28



Conclusions

Spectral accumulation in the IR regime

Non-perturbative physics for light fields : m
H <

d
2

Non perturbative renormalisation group technique

Heavy/UV regime
→ Minkowskian flow
→ Critical dimension D = 2
→ D > 2 : phase transition

Light IR regime
→ Zero-dimensional QFT
→ Stochastic approach
→ QFT on Euclidean de Sitter

Symmetry restoration
→ Strict convexity ensured by dim. reduction : β(V ′′ = 0, k) ∝ k0

→ N > 1 : massless Goldstone modes ensure ˙̄ρk ∝ k0−2

effective mass and coupling : m2
k=0 ≈

√
λk0

2ΩD+1
λk=0 ≈

λk0
2
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Perspectives

LPA’

Better ansatz : Γk [φ] = −
∫

x

(
Vk(φx ) + Zk

(∇φx )2

2

)

Anomalous dimension : ηk = −Żk/Zk .
Corrections to stochastic approach ?

Quasi-de Sitter
Ḣ 6= 0
Non-eternal inflation

Additional fields
Scalar QED
Fermions

momentum dependance

Γ̇k =
i
2Tr

{
Ṙk
(

Γ
(2)
k + Rk

)−1
}
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NPRG for QFT in de Sitter space

Thank you!
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From UV to IR : mass regeneration
beyond criticality
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Symmetry restoration at the horizon
k0 ≈ 1, mk0 < 0

effective mass m2
k=0 ≈

λeffk0
2 |m

2
k0
|

effective coupling
λk=0 ≈

λeffk0
2 λk0
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