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Worldsheet representations of FT amplitudes

D dimensions

I ambitwistor string, CHY
I localization: P2 = 0
I [Cachazo-He-Yuan, Mason-Skinner, Berkovits]

manifest susy today

D = 4 dimensions

I twistor and ambitw. string
I localization: 〈λ(σ+) κ+〉 = 0

[λ̃(σ−) κ̃−] = 0
I [Berkovits-Witten, Roiban-Spradlin-Volovich, Skinner]

D = 6 dimensions

I ambitwistor string
I localization: det (λA (σi), κiA ) = 0
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CHY amplitudes [Cachazo-He-Yuan]

S-matrix for massless QFTs

holom. δ-fns
δ̄(x) ≡ ∂̄

(
1

2iπ x

) Integrand In

I ‘data’ qi :T
ai
i , εi ,

I theory-specific
In = I 1/2

n Ĩ 1/2
n

D-dim momenta ki

k 2
i = 0

Mn =

∫
M0,n

dnσ

vol SL(2,C)

n∏
i=1

′ δ̄ (Ei) In (σi , ki , qi)

moduli spaceM0,n

σi ∈ CP
1

scattering equations Ei

I Construction: Pµ =
∑n

i=1
ki µ
σ−σi

dσ

Ei = Resσi P
2(σ) = 2ki · P(σi)

I geometric interpretation: P2 = 0
I fully localized
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CHY vs Spinorial

CHY RSVW (4d twistor string)

any D X ×

various theories X (X)
worldsheet theory X X
loop amplitudes X

manifest susy × X

Question:

Spinorial models/formulas
beyond D = 4, 10?
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6D spinor-helicity

µ = 0, . . . , 5 Spin(6,C) ' SL(4,C)
A ,B = 0, . . . , 3

I Vectors: kµ = γAB kAB , kAB = k[AB] =
1
2
εABCDk CD

I k null: k 2 = 0 ⇔ k[AB] rank 2

⇔ κa
A : kAB = κa

Aκ
b
B εab =: 〈κAκB〉

κA
ȧ : k AB = κA

ȧ κ
B
ḃ
εȧḃ =: [κAκB ]

little group:
Spin(4,C) ' SL(2,C) × SL(2,C)

a = 0, 1, ȧ = 0̇, 1̇

I Polarization: FB
A with FA

A = 0

Momentum eigenstates:

• FB
A = εA ε

B

• EoM: εA k AB = 0 ⇒ εA = εaκ
a
A

εA kAB = 0 ⇒ εA = εȧκ
A ȧ
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Polarized scattering equations

I Recall
Scattering equs: Ei = Resσi P

2(σ) = ki · P(σi), P(σ) =
∑

i
ki

σ−σi

I Spinorial resolution:

• Pµ is null: PAB = 〈λA (σ)λB(σ)〉
• Scatt. equs: ki · P(σi) = det

(
κa

iA , λ
a
A (σi)

)
= 0

polarized SE

uia λ
a
A (σi) = via κ

a
iA

Ansatz:
λa

A (σ) =
∑

i
ua

i εiA
σ−σi

∃ (ui , vi)
normal.: 〈viεi〉 = 1

I Properties:

• Ansatz correct:

Resσi 〈λA (σ)λB(σ)〉 = εi[A 〈uiλB](σi)〉 = kiAB

• unique solution {ui , vi} for each solution {σi}

of the scattering equations

• natural measure dµpol
n
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6D supersymmetry

susy
generators

Sp(N) × Sp(Ñ) R-sym.
metric ΩIJ = Ω[IJ],

I, J = 1, . . . , 2N

I (N, Ñ) susy: {QAI ,QBJ} = kAB ΩIJ {QA
İ
,QB

J̇
} = k ABΩİJ̇

I on-shell susy:

• momentum eigenstates: QAI = κa
A QaI, QA

I = κA ȧQȧI

• further reduction:

manifest little group [Cachazo-Guevara-Heydeman-Mizera-Schwarz-Wen]

manifest R-symmetry [Albonico-YG-Mason]
supermomenta

QaI = ξa qI + εaΩIJ
∂

∂qJ

little group inv.
not manifest
〈ξε〉 = 1

supermomenta

I super YM: F := ( FB
A , ψ

B
I , ψ̃Aİ , φIİ)

QCJ F = (kACψ
B
J ,ΩJIFA

C , kACφJİ,ΩJIψ̃Cİ)

FB
A =

(
εA + q2〈ξκA 〉

) (
εB + q̃2[ξκB ]

)
ψ̃Aİ = q̃İ

(
εA + q2〈ξκA 〉

)



6D supersymmetry
susy

generators

Sp(N) × Sp(Ñ) R-sym.
metric ΩIJ = Ω[IJ],

I, J = 1, . . . , 2N
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İ
,QB

J̇
} = k ABΩİJ̇
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• further reduction: manifest little group [Cachazo-Guevara-Heydeman-Mizera-Schwarz-Wen]

manifest R-symmetry [Albonico-YG-Mason]

supermomenta

QaI = ξa qI + εaΩIJ
∂

∂qJ

little group inv.
not manifest
〈ξε〉 = 1

supermomenta

I super YM: F := ( FB
A , ψ

B
I , ψ̃Aİ , φIİ)
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ψ̃Aİ = q̃İ
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Amplitudes related work: [Cachazo-Guevara-Heydeman-Mizera-Schwarz-Wen]

Integrand In

Yang-Mills: I 1/2
n = PT(α), Ĩ 1/2

n = Ĩ kin
n

gravity: I 1/2
n = I kin

n , Ĩ 1/2
n = Ĩ kin

n

supersymmetry factor

I FN =
∑

i<j
〈ui uj 〉

σij
qiIqI

j −
1
2
∑

i〈ξivi〉q2
i

I susy invariance:
QAIeFN = 0 on EiA

Mn =

∫
dµpol

n I 1/2
n Ĩ 1/2

n eFN+F̃Ñ

polarized measure

dµpol
n = dµuvσ

n∏
i=1

δ̄(〈viεi〉 − 1) δ4(EiA )

dµuvσ =
∏

i d2ui d2vi dσi
vol SL(2,C)σ×vol SL(2,C)u

I fully localized
I DoF in dµpol

n :
5n + (3 + 3) − 5n = 6 mom. conservation

polarized scatt.equs. EiA

EiA = uiaλ
a
A (σi) − viaκ

a
iA

with λa
A (σ) =

∑
i

ui εiA
σ−σi
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n , Ĩ 1/2
n = Ĩ kin
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n = Ĩ kin
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Integrands brane integrands, see: [Heydeman-Schwarz-Wen]

reduced determinant:

on polarized scatt. equs.:
∑

i ua
i Hij = 0

⇒ det′H = 〈uiuij〉
−1 [ũi ũj ]

−1detH[ij]

I building blocks

• spin-1: I kin = det′H with Hij =
εiA ε

A
j

σij

• branes: Pf U with Uij =
〈ui uj 〉

2

σij

Pf ′A = 1
σij

Pf A[ij] with Aij =
ki ·kj
σij

• colour: PT(α) = 1
σα1α2 σα2α3 ...σαnα1

I double-copy matrix of theories

PT det ′A det ′H eF1+F̃1
Pf ′A
Pf U

eF2

PT Bi-adjoint scalar NLSM N = (1, 1) sYM •

det ′A Galileon N = (1, 1) D5 N = (2, 0) M5
det ′H eF1+F̃1 N = (2, 2) sugra •
Pf ′A
Pf U

eF2 •
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Question:
Connection to worldsheet model?



Twistorial ambitwistor string [Lionel’s talk]

I Chiral 2D CFT:

ambitwistor string

SA =
1
2π

∫
Σ

εab Za · ∂̄Zb + Aab Za · Zb

super ambi-twistors Za = (λAa , µ
A
a , η

I
a) ∈ Ω0(K 1/2

Σ ), Aab ∈ Ω0,1.

• c.f. 4D twistor and ambitwistor string
• target space: A = phase space of complexified null geodesics

X

X ′

M

X

X ′

A

I Vertex operators:

Vi =

∫
d2ui d2vi δ̄(〈viεi〉−1) δ4 (〈uiλA 〉 − 〈viκiA 〉) w e i(〈uiµ

A 〉εiA +〈uiη
I〉qiI−

1
2 〈ξi vi 〉q2

i )

⇒ worldsheet theory for QFT amplitudes
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Correlator

correlator

Mn =
〈
V1 V2 . . .Vn

〉

Vertex operator:

Vi ∼ δ
4 (〈uiλA 〉 − 〈viκiA 〉) w e i

(
〈uiµ

A 〉εiA +〈ui η
I 〉qiI

)

I Integrate out (λ, µ) system:

• EoM: ∂̄λa
A =

∑n
i=1 ua

i εiA δ̄(σ − σi)

• Solution: λa
A =

∑n
i=1

ua
i

σ−σi
εiA

I Integrate out η system:

• EoM: ∂̄ηIa = 1
2

∑n
i=1 ua

i qI
i δ̄(σ − σi)

• Solution: ηIa = 1
2

∑n
i=1

ua
i

σ−σi
qI

i

⇒

⇒

Polarized SE
n∏

i=1

δ4
(
〈uiλA (σi)〉 − 〈viκiA 〉

)

Supersymmetry rep eFN

FN ⊃
∑

i<j
〈ui uj 〉

σij
qiIqI

j
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BCFW recursion [Britto-Cachazo-Feng-Witten]

I Deformation:
k̂1 = k1+z q

k̂n = kn −z q

On-shell:

0 = k̂ 2
1 = k̂ 2

n

0 = q2 = q · k1,n

Poles:
0 = k̂ 2

L = k 2
L + 2z q · kL

kL =
∑

i∈L ki

I Cauchy: M = M (z = 0) =

∮
	
|z|=ε

1
z
M (z) = −

∮
�
|z|=ε

1
z
M (z )

BCFW recursion

Mn

n1

=
∑
L ,R

MnL +1

1̂

1
k2

L

MnR +1

n̂

I Proof of worldsheet formula: [Albonico-YG-Mason]

SE
1

k2
L

boundary ofM0,n factorisation channel
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Summary and Outlook

I Summary

CHY twistorial

any D X D = 4, 5, 6, 10
various theories X X
worldsheet theory X X
loop amplitudes X

manifest susy × X

I Future directions

• worldsheet models in 5d [WiP with D.Skinner and L. Mason]

also: 6d c.f. Lionel’s talk

• loop amplitudes? [c.f. Wen-Zhang]
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