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Intro I : Towards linear algebra of string amplitudes

String perturbation theory: integrate (S)CEF'T correlators on surfaces 3
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PCOs and/or
As, ({12, n}) ~ / ((Chons &) Viz) Va(za) - Vlen) )

regulators g
/ T [ \
closed strings: formalism correlation function of n vertex
moduli space {7;} of dependent: operators V; for ext. states
n-punctured (super-) c.g. RNS or on Riemann surface of genus g¢:
Riemann surfaces (non-) minimal depending on polarizations

at genus g pure spinors and momenta (kinematics)



Intro I : Towards linear algebra of string amplitudes

String perturbation theory: integrate (S)CEF'T correlators on surfaces 3
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MO;4 M1;4 M2;4 M3;4

PCOs and/or
As, ({12, n}) ~ / ((Chons &) Viz) Va(za) - Vlen) )

regulators
Mgn scalar function of

This talk’s mindset / questions / pipe dreams: / 51 = o (kb k)2

2

e pull polarization information out of the integral
e given n & Y4, how many independent fct.’s of z; & 7; to integrate?

e how to evaluate / o/-expand basis integrals?



Intro I : Towards linear algebra of string amplitudes

Warmup example: 4 gravitons (& superpartners) on the sphere

/ —"_ /. —I_ /~ + / N
MO;4 M1;4 M2;4 M3;4

T d222
A2(i1,2:3,4}) = / =2 (Vila1=0) Us(22) Valg=1) Vilz1500) ) |
C\{0,1,00}

S19 d2Z2 |22’2812|1—ZQ|2823
= MPUSRA(L] 93 41) x —/
tree <{ }) T ‘22‘2<1_22>
C\{0,1,00}

F(l + Slg)r(l —+ 823)F<1 + 813)

= MSUSRA(f1 2 3 4)) x D(1 — s12)T(1 — s93)I(1 — 513)

tree




Intro I : Towards linear algebra of string amplitudes

Warmup example: 4 gravitons (& superpartners) on the sphere

BRGNS

T
d?z
Ae({1,2,3,4}) = / WQ <V1(Z1 0) Uz(Zz)Vs(zB=1>V4(Z4—>OO>>SQ
C\{0,1,00}
d222 |22’2812|1—22|2823
— MSIEQGRA 1727374 X ﬁ/
t <{ }> T ‘22‘2“_22)
C\{0,1,00}

F(l + 812)P<1 + SQg)F(l -+ 813)

— : F(l — Slg)r(l — 823)F<1 — 813>
all polarizations: supergravity N v

~
tensor structure V orders in o’ single basis integral “Virasoro-Shapiro”
can absorb different exponents for zo, 2o

(1—22), (1—2) into I'(z + 1) = zI'(x)

= Mo " ({1,2,3,4}) x

tree

Spoiler: [(n—3)1]%? sphere integrals in n-point tree amplitudes (see later)



Intro II : Motivation & goals

Why expand string amplitudes in finite-dim. integral basis?

d1m ba81s

larizati (7) _ 2
As, ({1,2,...,n) Z KY ) (relarizations ) 5 77) (s, = o (ky+hiy)?)
o o/ — 0 limit: 1n81ghts into hidden structure in field-theory amplitudes

e compare kinematic factors K é‘j ) at different loop order ¢ and fixed o/ #

= insights into string dualities (e.g. S-duality of Type II superstrings)
)

e basis of Integrals 7, instrumental to perform o'-expansion, identify

classes of coeft’s (multiple zeta values, polylogs, modular forms, etc.)

— fruitful interplay with number theory & algebraic geometry



Intro III : Structure of integrands

Universal integrand: = Vj(z;) ~: etk X(2) . —  “Koba-Nielsen factor”
= o/ (ki+k;)?
n / punctures z;; = z;—2;
n ,
KNZg = ©Xp ( Z S1j GZQ(Zia Z]‘T)) moduli 7 @ genus ¢g>0
1<i<j —
extra % for / \
open strings Green function, e.g. log |z;;|* at tree level

Additionally: OPE = Vj(z;)Vj(z;) ~ zi:* X (contractions of)

1] polarizations

e.g. gluon/graviton polarization &,0, X" (%;) - etk X(zj) . o 51 (& kj)

—1and 271

i i for left- & right-movers

Closed string: separate z




Intro III : Structure of integrands

Universal integrand: = V;(z;) ~: etk X(2) . —  “Koba-Nielsen factor”
= CV/<]€Z'—|—]€]'>2
n / punctures z;; = z;—2;
n |
KNZg = &xXp ( Z S1j GZQ(Zz'a Zjh)) moduli 7 @ genus g>0
1<i<j T
extra % for / \
open strings Green function, e.g. log |z;;|* at tree level

L. ¥ : : 1y : .
Not all combinations of “OPE contributions z; j yield independent [ My’

e integration by parts (Koba-Nielsen factor suppresses bdy terms in z;)

)
0 = / A%z (KNg, ... ) = / Az (KN, .. ) D 5.6, (21217

~"

(0)% (0)% T2 locally sz
1
212223

e partial fraction + cye(z1, 29, 23) = 0 & Fay identities

e suich relations define “twisted COhOIﬂOlOgy” [e.g. Mizera’s work; Casali’s talk]



Intro IV : Open strings = [cycles|cocycles)

Open-string amplitudes: cyclic order @ boundary = integration cycle ~

< Yaisk(1,2,..0,n) = {—oo<21<z2< e <zn<oo}
<1
-
= Ye(1,2,3,4) 152
_____ Teyl\ Ly 459, 2:, N4 ’chl(gA)

Strip off Tr(Chan Paton factors) according to twisted cycle 7, [Casali’s talk]

twisted cocycle' only z;, no z;

AP) o [ KNG Form ml) = b,

only defined up to 9., (KNy, . / \ will discuss g = 0, 1 bases



Intro V : Closed strings = (cocycles | cocycles)

Given open-string integral basis with twisted cocycles ¢,

Aopen o / KNZ 902 21,29, . .. Zn|7_) — [7 ‘ SOZ>

only defined up to 9, (KNy, . / \ will discuss g = 0, 1 bases

Obtain closed-string integral basis by | o | My

and adjoining complex conjugate cocycles ¢;(...):

|
AC osedm/) o 0i(21,. .., Zn‘T)Qﬁj(Zla L 2Zn|T) = <gpj | 901'>Zg
Mgin

In both cases: bases of ¢; at given n and >4 should be universal to

e amplitudes in bosonic / heterotic / supersymmetric string theories

e massless & massive external states hope for synergies with [Chakrabarti’s talk]
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Tree level 1 : Basis of disk integrals

Open-string n-point tree amplitude — disk integrals Ziyee

dzy ... dz
Ztree(’y ‘ 10<17 27 e 7n)) — / VOl SLQ(R;’ KN?}GG PT(p(17 27 cte ,TL))

T{—00<2z1<29<. .. <z <0}

: n _ \\ . 1Sid
e Koba-Nielsen factor at genus zero KN}, = Zlgz’q‘ BT

e twisted cocycle basis € {Parke-Taylor factors p — PT(...)}

1
PT(p(1,2,...,n)) = , p = perm(l,2,...,n
(ol ) p(212293 - .. Zn—l,nzn1> ( )

e partial fraction & integration by parts 0 = 9, (KN} )

tree * * °

—>  (n—3)! basis {PT(1,p(2,3,...,n—2),n—1,n), p € Sp_3}
[Aomoto 1987; Broedel, Carrasco, Mafra, OS, Stieberger 2011 - 2016]

e at fixed disk ordering v, 3 universal (n—3)! basis { Ziyee (|1, p,n—1,1) }
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Tree level 11 : Open-string amplitudes in Zi.. basis

Open-string n-point tree amplitude — disk integrals Ziyee

dzy ... dz
Zual 11,2 oom) = [ B KN PT(p(1,2,.... )

T{—o0<z1<29<. .. <z <0}

e open superstring: coeft’s of Ziee —> color ordered SY M tree amplitudes

AR = N ZieeI1 pon—1,0) S(plo)y AL (1o 1)
P,0ES) 3 [Mafra, OS, Stieberger 1106.2645]

e (n—3)! X (n—3)! matrix S(p|o); from KLT relations for supergravity

—SYM
AfSUGRA  _ Z Ab oo (1, p,n—1,n)8 S(plo)y ASYM(1, 5 0. n—1)

tree tree
p7UESn 3

entries of KLT matrix ~ 3%_3, e.g. 5(2|2); = s19 at n = 4 points
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Tree level 11 : Open-string amplitudes in Zi.. basis

Open-string n-point tree amplitude — disk integrals Ziyee

dzy ... dz
Ziree(V | p(1,2,...,m)) = / vol SLQ(R; KNfree PT(p(1,2,...,n))

T{—00<z1<29<. .. <zp<0}
e open superstring: coeft’s of Ziee — color ordered SY M tree amplitudes

Ailnlepeer(fY> — Z Ztree<7|1a Ps n_la ’I’L) S(IO|O->1 Atsl”\e/éw(l? g, n, TL—1>
P,0ES) 3 [Mafra, OS, Stieberger 1106.2645]

e open bosonic string:

bos
Atree( — E , thee(fy‘lvpa n_17n> S(p‘ah
P,0ES) 3 [Azevedo, Chiodaroli, Johansson, OS 1803.05452]

with
[Johansson, Nohle 1707.02965; Jusinskas’ talk]
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Tree level 111 : Closed-string amplitudes in W} basis

Closed-string n-point tree amplitude — sphere integral Wi ee

Wisee(o(1,2, .. 1,2,...,n)) =
tree(O'( 5 Ly ,n> | p( ? < 7n)) /MO;n vol SLQ(C)

X KN{ o PT(a(1,2,....n))PT(p(1,2,...,n))

antiholomorphic Parke-Taylor instead of disk ordering!

Closed-string trees from decorating  _, , S(8|0)1Wiree(o|p)S(p|m)1 with

A{%}e{é\ﬂ(ﬁ) X Ztsfgy (m) = type I superstrings

X Ztsfgy (m) = heterotic strings (gravity)

—> closed bosonic strings
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One loop I : Generalizing Parke-Taylor

What is one-loop analogue of the Parke-Taylor basis of genus-zero cocycles?

e tree level: established (n—3)! basis of Parke-Taylor cocycles

dzy ... dzp
Z 1,2,... = KN .. PT(p(1,2,...
tree<7|p(, ) ,TL)) LVOlSIQ(R) tree (10(7 ) ,TL))
A%z ... d%z,
— KN .. PT(o)PT
Winelo 19) = [ e KN P PTG

e one loop: conjectural (n—1)! basis of Kronecker-Eisenstein cocycles gp%

ZL(v11,p(2.3,...,n)) = / KNT™, 71, p(2,3,...,n))
Y

W%-(l,a\l?p) — /

torus

n
KNy ¢ill.0) wi(l, p)
e lcave integration over modular parameter 7 (cylinder / torus) for later

e next slides: (n—1) bookkeeping variables 7 = (19,13, ..., )
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One loop II : The Kronecker-Eisenstein integrands

Parke-Taylor factors are related by partial fraction (z;; = 2; — 2;)

1 1 1
= -
<12%13 <12%23 <13%32

—> KK relations among PT(...)

Naive genus-1 generalization of zi;l: odd Jacobi theta function

1 L |
. . quasi-periodic completion
J; log 91(22]‘7) o 2i T (W.r.t. z—z+1 & Z%Z—I—T) ’
.. more specifically:
. m . . .
01 (z|7) = 26”7_/4 sin(mz) H (1_62mm‘) (1_62m(n7‘+z)) (1_62m(n7‘—z))
n=I1

Problem: quasi-periodic completion spoils partial fraction:

0.log 01(z12|7)0.1og 01(z13|7) # 0.log 01(212|7)0.log 01 (z93|7) + O.log 01(z13|7)0.1log 01 (z32|7)
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One loop II : The Kronecker-Eisenstein integrands

Parke-Taylor factors are related by partial fraction (2;; = 2; — 2;)

1 1 1
= +
<12%13 <12<23 <13%32

—> KK relations among PTY. . ")

genus-1 generalization of ziglz doubly-periodic Kronecker—Eisenstein series

ImZ)%@TWﬂz+Mﬂ
01(2[7)01(nl|T)

Partial fraction generalizes to Fay identity involving auxiliary var’s n

Q(z,m,T) = exp (2777,'77I
m T

Q(Z12,7727T)Q(Z13,773>T> - 9(2127772+77377)Q<Z23777377) + 9(2137772+773,T)Q<Z32ﬂ7277)

Kronecker—Eisenstein integrand at n pt: n—1 auxiliary var’s o, n3, ..., 0n

n
gp%(l, 2,...,n) = H Qzj—1,n+tnj41+ ...+, T)
j=2
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One loop II : The Kronecker-Eisenstein integrands

Fay identity among doubly-periodic Kronecker—Eisenstein series ...

[m Z) 01(017)01(2 + n|7)
01(z|7)01(n|7)

... propagates to Kronecker—Eisenstein integrands

(z,n,7) = exp (27r7j77I
m T

n
gpg(l, 2,...,n) = H Q(zj—1, 01041+ - +0n, T)
1=2

e iterated Fay id’s = only (n—1)! independent permutationsof 1,2,...,n

e same counting for conjectural one-loop basis integrals: p € 5,,_1 basis

Z5r 11923, om) = [ KNG 12,3, m)
K [Mafra, OS 1908.09848, 1908.10830]

e with auxiliary variables n: generating fct. for one-loop string integrals



18

One loop II : The Kronecker-Eisenstein integrands

Example at four points: 6 permutations p € S3 of (2,7;) € integrand

74
Z777_2,773,774(7 ‘ 17 10(27 37 4)) — /y KNg:l

x p{ Qz12, mo+na+na, T)U 203, n3+14, T)U 234, 174, T) |
e open superstring: 4pt integrand is 1 in place of 3 = pick 77;3 order

1 1
from product of  Q(z,n,7) = — + 0, log 8 (z|T) + 2mi m 2
/NN

+0(n)

N7

aZGtorllS(Z ‘ 7')

100
AT (4(1,2,3,4)) ~ / dT/ dzo dzzdzy KN4 1
Hloop ) 1(12.34) =

100
_ T
o /0 dr Z772>773>774(V [1,2,3,4) |77j_3 < set Q(...)—1
[Brink, Green, Schwarz 1982]
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One loop II : The Kronecker-Eisenstein integrands

Example at four points: 6 permutations p € S3 of (2,7;) € integrand

74
Z777_2,773,774(7 ‘ 17 /0(27 37 4)) — /y KNg:l

x p{ Qz12, mo+n3+n, T)U 203, n3+14, T)U 234, 14, T) |
e open superstring: 4pt integrand is 1 in place of 3 = pick 77]-_3 order

1 I
from product of  Q(z,n,7) = — 4+ 0, log61(z|T) + 27m'Im—Z + O(n)
/N L7

azGtorus<Z|7'>

e open bos. string: 4pt integrand ~ @ﬁi of (log#q)'s = pick 77;1 order

In fact, Z% are generating series of genus-one integrals in string amplitudes:

different orders in n; «— different string theories / amounts of SUSY
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One loop III : Open-string differential equations

Another benefit of n;-dependent €2(z,7,7) in the integrand of

T __ TN
Zﬁ(fy 11, p(2,3,...,n)) = LKNg_l

n
X P{ H Qzj—1,5, 0540541+ - - +77n77)} -

j=2
—> (n—1)amily p € S,,_1 closes under 7-derivative
o,
i o= 25 |1,p(2,3, ..., n)) = ; Di(plo) 227 11,0(2,3,...,n))
QEon—1

with (n—1)! x (n—1)! matrix D%(p\a) linear in o’ (i.e. sj; = o/(/{:fr/{:j)z).
[Mafra, OS 1908.09848, 1908.10830]

e in comparison to Feynman integrals, a/ takes role of the dim-reg e

e closure under 0 = evidence the Z%(v | 1, p) furnish a basis at fixed ~
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One loop III : Open-string differential equations

Two-point example: “1 X 1 matrix” Dy (2[2)
0 .
omi =25, (111,2) = s13(5 5 — plm.7) = 26) Z7,(111,2)

7

with Weierstrafl function generating holomorphic Fisenstein series

% + Z(k—l)nk_Q Gr(7) Gi(7) = Z (mTirn)k

' k=4 (m,n)eZ?
(m,n)#(0,0)

All-order a/-expansion from path-ordered exponential P exp(. . .)

p(n,7) =

T dr’ -
Zny(7]1,2) = P exp { / —.DZQ(QIQ)} Zyy (V[1,2)  “tree-lv. data”
100 271 '\
\ ~ F(l — 812>
T cot(mn)

iterated Ei tein 1nt | 2
iterated Eisenstein integrals [F(l _ %)}
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One loop III : Open-string differential equations

Two-point example: “1 x 1 matrix” Dy (2[2)

1 2

0
omi—— 73 (111,2) = s15(5 55 — 90m.7) = 26) Z7, (31,2
ot 2 8772
D7, (2]2)
Three-point example: 2 x 2 differential operator Dy, ,,(2, 3|a(2,3))

2mi0; Zy, 1 (7]1,2,3) = (812[25772 — (a3, 7)] + 5235(0y,—0y)* — (13, 7)]
13302, = 9, 7)] = 2s18) Z7,,,(111,2,3)
+s13[ (s, 7) — 903, 7)| 27 . (7]1,3,2)

=Y D (2.310(2,3) Z],,. (711, (2, 3)) .

a€S9

In general, all 7-dependence of D% occurs via p(n, 7) & hence Gp.(7).
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One loop IV : Closed-string basis / differential equations

Conjectural basis of closed-string integrals in bos / het / SUSY theories

©d?z;
Wil o2 .. . .n)|1p2, ... .n)) = ( J
HLa ) [ 1p(2e ) = [ I,

) KN7,

n

< 1] U{Q(Zjl,ja N+t s T)} p{9<zj1,j, M+t -+ T)}
j=2

[Gerken, Kleinschmidt, OS 1911.03476, 2004.05156]

Expansion in 7;,77; and o’ generates modular graph forms
[D’Hoker, Green, Giirdogan, Vanhove 1512.06779; D’Hoker, Green 1603.00839]

Differential eq. involves modular version of 6@7 “Maafl operators”

\% —(—)g+n—1+§: S

TN T oy Z i o,
1=2

0 "0
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One loop IV : Closed-string basis / differential equations

Largely recycle differential operators D% from open string ..

9,
QWZ_ZZ(V‘LP(Q?S) Z DT p’& 7’1 Oé( 3 7n)>
or " e
aCTon—1

.. but drop the (5 term (indicated by “sv” notation)

1
e.g.  svDp(22) = s19 (537%2 — p(n2, T)>%’§) @ 2Zpt
v D s(2,312,3) = s12[50, — p(natn3, 7)] + 523[5(0y—0ys)”* — 9(n3, 7))

+ 513[305, — (13, 7)] = 265103 Q 3pt
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One loop IV : Closed-string basis / differential equations

Largely recycle differential operators D% from open string ...

.0
omi o Z5(3|L p(2.3,....m) = 3 DZpla) Z5(~]1,a(2,3,....n))

ot
aE€S,_1

... but drop the (s term (indicated by “sv” notation)

|
e sv Dy (202) = 510 (58%2 — o, T)>%@) @ 2pt

Holomorphic differential only acts on 2nd entry p:

2miV W10l p) = (1 —7) Y svDEpla) WE(1,01,a)
acS)_1

, n
no open-string analogue:

- - T
mild interaction between \_/» + 27 Z Ty 677]’ Wﬁ <17 0’17 P )
J=2

left & right after loop integral
[Gerken, Kleinschmidt, OS 1911.03476, 2004.05156]
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One loop IV : Closed-string basis / differential equations

Also, Laplace operator closes on W%' . simply mixes component integrals

n n
Aﬁ = (Vﬁ— 1)Vﬁ— (n — 1+ ananj) (n — 2+ an&?j)
) =2

generate Laplace equations for all modular graph forms (9, = 0):

Qri2 AW (Lol p) = 3 {@Laépﬁ [(2m)2(2 _n) (n 1+ 0, + ﬁic’?m))
a,0ES,_1 i—9

n

+ <27Ti)2 Z (mim; — njﬁi)(anjaﬁi - amaﬁj>
same sv D% 2<i<]
as in VW + 2mi(7—7) Z Sij(&?j - am)(aﬁj - 5’77@)}
1<i<j<n

+ 2mi(T—7) [50704 Z Ni0psv Di(p|B) + 6, Z 10 SV Dg(a\oz)}

+ (r=7)%sv Di(o]a)sv Dy(plB) } W7 (1,0[1, 9)
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Number theory of string tree-level and one-loop amplitudes

Expanding Ziree, Wiree I sij:o/ (ki—l—k‘j)z = multiple zeta values (MZVs)
O

—n — 719 — N
Cnl,ng,...,nr — Z kl 1k2 ’ Ce k?“ Ty ; Ty Z 2
O<ki<ko<..<ky

[e.g. Aomoto, Brown, Dupont, Terasoma, Zerbini (math)]

[e.g. Broedel, Mafra, OS, Stieberger, Vanhove, Taylor (physics)]

Analogous o/-expansion at genus one — functions of 7 (integrate later)

$

elliptic MZVs  [Enriquez 1301.3042]
— Z.(]) =
" [Brodel, Mafra, Matthes, OS 1412.5535]

modular (graph) forms  [D’Hoker,
L W%:(’) — Green, Giirdogan, Vanhove 1512.06779]
[D’Hoker, Green 1603.00839]
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Summary & Outlook

e advocated Integration-by-parts reduction to bases of X g-integrals
tree Iv: (n—3)! Parke-Taylor’s, 1 loop: (n—1)! Kronecker-Fisenstein’s
e at one-loop: generating fct’s of string integrands with variables 7);

— applicable to massive-state correlators? [correspondence with A. Schwarz]

e higher genus: need to generalize Kronecker-Eisenstein series

& beware of non-splitness of supermoduli space [Donagi, Witten 1304.7798]

e can export (meromorphic part of) Kronecker-Eisenstein integrands to

ambitwistor Strings [talks of Geyer, Mason]



