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Inverse Semigroups

A semigroup is a set with an associative binary operation .
It generalizes groups as the elements need not have inverses.
We can still introduce inverses to the elements and elevate the
semigroup to an inverse semigroup where for every element x we
have y

X*YRX=X; yxX*xy=y.

x and y are unique inverses to each other.
This structure is still not a group as there is no unique identity
element. We now have partial identities.



Inverse Semigroups and Quasicrystals (M.V. Lawson et. al
00)
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Symmetric Inverse Semigroups (SISs)

A SIS is an analog of the permutation group in semigroup theory.
To construct it we start with a set S = {1,2,--- , n} of order n.
Then we consider the set of partial bijections on this set whose
elements form the elements of the SIS, denoted by S, where p is
the order of the subset where the partial bijections act.

As an example consider S2. There are four partial functions which
we denote by {x1,1,X1,2,X2,1,X22}.

They obey the following composition rule

Xij * Xk,| = OjkXi,]-
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Diagrammatica for S}
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A Matrix Representation

From the algebra of S? and S} it is easy to see that the elements
are nothing but the e; ; matrices that span the space of 2 by 2 and

3 by 3 matrices respectively.
N (10 [ 01
11 =\l g o/ 25\ g o)
(00 (00
X2,1 - 1 O Y X2,2 - 0 1 b

This takes us one step closer to SUSY algebras !



Integrable SUSY Spin Chain
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Supersymmetry Algebra in 0 + 1 Dimensions

The SUSY algebra is generated by an operator @, known as the
supercharge.
It is nilpotent and satisfies the following algebra

{QQ}=H; @=(Q" =0
H is the Hamiltonian and is supersymmetric as
[H,Q]=[H. Q=0

follows trivially from the algebra of the supercharges.
It follows that the spectrum satisfies

E >0.
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Constructing Supercharges using SISs

In 82 build supercharge as

q=x12; qT =X21.

It introduces a grading of the Hilbert space

qt

I= Hb
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Supercharges out of SISs...

A more non-trivial supercharge built out of S3,

IE Hb

_ X122+ Xx13

|x1,2)

Ix2,1) [x3,1)
Ix22) [|x32)
|X23) [x3.3)

X1+ X31

V2

DI =Hs



One-Particle SUSY Systems and Witten Index

For the S? case the Hamiltonian is trivial.
h={q,q"} = x11 4+ x2 =1

There are no zero modes and hence Witten index ( Tr(—1)F) is 0 !



One-Particle SUSY Systems and Witten Index

For the S? case the Hamiltonian is trivial.
h={q,q"} = x11 4+ x2 =1

There are no zero modes and hence Witten index ( Tr(—1)F) is 0 !
The supercharges in this case satisfy the algebra of fermionic
creation and annihilation operators.



One-Particle SUSY Systems and Witten Index

For the S? case the Hamiltonian is trivial.
h={q,q"} = x11 4+ x2 =1

There are no zero modes and hence Witten index ( Tr(—1)F) is 0 !
The supercharges in this case satisfy the algebra of fermionic
creation and annihilation operators.

But for the S case we have

X22 + X33+ X23 + X32

h:M—I—P:XLl—i- 5



One-Particle SUSY Systems and Witten Index

For the S? case the Hamiltonian is trivial.

h=1{q,q'} =x11 +x =1

There are no zero modes and hence Witten index (Tr(—1)F)is 0!
The supercharges in this case satisfy the algebra of fermionic
creation and annihilation operators.

But for the S case we have

X22 + X33+ X23 + X32
5 )

h:M—I—P:XLl—i-

Now the supercharges satisfy a centrally extended fermion algebra
with
X23 + X32 — X22 — X33

2

C =

being the central extension.
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Witten Index for S7 System

There are three unpaired “fermionic” zero modes making the
Witten index 3 !

1

1zY) = \ﬁ!xﬂ — x31),
1
12%) = ﬁ!xz,z —X32),

1
2%) = \ﬁ!xz,s—xe»,s)-

With the fermion number operator F as
F = X2 + X33.

The “bosons” and “fermions” are denoted by |f1%3) and |b'%3).
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Associate local supercharges to sites, g;.
A non-interacting SUSY chain is obtained from

sza,ﬂi, a; € C,

o- T1 - [1 A-2R)an  i=1..

1<j<i 1<j<i

{01'79]} =0.
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Building SUSY Chains - Interacting

Long-Range Model -

Q=aq--qn.
Short-Range Model -
N—2
Q=) bijsrira 0i0is10ir2,
i=1
N—2

Qu = E Giit1,i+2 MifiiMiyo,
i—1
N—2

Qu = Z diit1,i+2 Pifiy1Pito,
i—1

biiy1,i+2 € C.

Giit1,i+2 € C.

diit1,i+2 € C.
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The Local Integrals of Motion (LIOMs)

In all of the examples of the global supercharges we have
[hi, Q] =0; Vie{l, - N}

Thus these models are integrable with N LIOMs.
The states of the system are filled up by

1,23 1,23 1,2,3
1+2). [6r%).]2%)

which are the local fermions, bosons and zero modes.
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The Witten Index

The Witten Index for these systems is —3" under the grading
operator

N
W:Hei”'Ef:H (1

j=1 j=1

— 2F;) W2 =1.
The index is stable under SUSY preserving perturbations

AgH = Z chl, i) (€M, + Py - (€K M;, + P;).

h=1 ik=1
It is also stable under deformed supercharges

1

Ga = —F———
Vlal? + b2

[ax172 + bX173] .
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Related Work

- (H. Nicolai et. al. 77) has early works on Lattice SUSY and spin
systems before Witten's SUSY QM.

*
Q= § a2j_1d5;a2i41-
iz

- ( P. Fendley et. al. 03, B. Swingle et. al. 13)
N
Q= Z qiM<i>
i=1

Choose
QR =Qy+01M+ My_10p.

More recent works on Lattice SUSY spin systems including
dynamical lattice SUSY systems.

- H.Moriya studies ergodicity and localization in the Nicolai SUSY
many body system in arXiv:1610.09142.



Examples of Non-Integrable Many-Body SUSY Systems

Another possible grading of S} is

gIT

=%, I+ 1l = Hf




Non-Integrable SUSY Systems.....

Choose the supercharge
Ql — F@F_l,

with Q is a global supercharge constructed using the new graded
Hilbert space

and F is an invertible element made of the supercharge @ built out
of the original grading.

F=e?=1+aQ.



Non-Integrable SUSY Systems.....

Choose the supercharge
Ql — F@F_l,

with Q is a global supercharge constructed using the new graded
Hilbert space

and F is an invertible element made of the supercharge @ built out
of the original grading.

F=e?=1+aQ.

Integrability is now broken as there are no longer LIOMs due to the
loss of the unique grading of the local Hilbert spaces.
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Parasupersymmetry from SISs

Supersymmetric systems can be thought of as dynamics on graded
Hilbert spaces.
Parasupercharge satisfies

gt =o.

where r gives the number of gradings of the Hilbert space. For
r=2

9’9"+ qq'q+ q'¢* = 4qH.
Use the SIS, Sf

Ho =1+ 1I, Hi1 =111, Ho =1V.

Build parasupercharge

T

g =x13+ x23+ X34, q' =x31+Xx32+ Xa3.



Semigroup Fredkin and Motzkin Spin Chains



Motzkin Spin Chain (P. Shor et. al. 2014)

- The local Hilbert space is given by

{ut,v?,--- ,u%,0,d*, d?, - ,d°}, where u, d and 0 are dubbed
“up”, "down” and “flat” steps respectively.

- The system lives on a 1D chain and we can geometrically
interpret the above steps as being along the (1,1), (1,—1) and
(1,0) directions respectively. s denotes the color of the step.

- For a 2n-step/link chain the many body states are 2D paths.
Motzkin walks are paths which start at (0,0), end at (2n,0), and
always stays in the positive quadrant.

- The uniform superposition of such paths form the ground state of
the Motzkin spin chain and has a half chain EE

S =2logy(s)4/ 2;—” + % log,(2won) + O(1),

NG
2/5+1

with o0 = and + is Euler constant.



Local Hilbert Space : Colored Motzkin
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Motzkin Spin Chain Hamiltonian : Hpujotzkin

- The local, frustration free Hamiltonian is built out of projectors
to local equivalence moves
0d*) —["0)]

Dk =
Jou') = [ut0)]

k) =
0o

Fe) =

S
Nigir = 3 |[0%), 4 (0 [0, (0L 1), (P
o k; [ FRIER Sl I e VIRR Sl R L

S-Sl Sl




Local Equivalences : Colored Motzkin Chain

_/ S

I N
N



H Motzkin-----

-The boundary term is

MNpoundary = i: Hdk>1<dk‘ + ‘Uk>2n<UkH

k=1

- A color balancing term

= o) (o
Kk£i JJ+1

- Finally
2n—1
§ : cross
Hmotzkin = I_Iboundary + [rljaj+1 + J'JJF:J .
j=1

This is essentially a spin 1 chain. Model is gapless with gap scaling
as n~ ¢ with ¢ > 2.



Fredkin Spin Chain (V. Korepin et. al. 2016)

- The local Hilbert space is spanned by {|1), |{)}-

- Geometrically we have only “up” and “down"” steps and no “flat”
steps. The “up” step points along (1,1) and the “down" step
points along (1, —1).

- The states on the global Hilbert space are mapped to 2D Dyck
walks which again start at (0,0) and end at (2n,0) without leaving
the first quadrant.

- Notice that this is an uncolored local Hilbert space and the EE
scales as

S= % log(L) + O(1)



Local Hilbert Space : Colored Fredkin Chain
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Fredkin Spin Chain Hamiltonian : Heedkin

- The local, frustration free Hamiltonian is built out of projectors
to local equivalence moves

1
|UJ> = E [|TJ7 Tj+17 \Lj+2> - H\j? \Lj+17 Tj+2>]7
1

1Dj) = NG 117, L1, dir2) — s a1, di2)] -

M i1 jv2 = (U (Uj] + [ D) (D]
Boundary term is

Hboundary = [|\L1><\L1| + ‘T2n> <T2n|]

2n—2
HFredkin = Hboundary + E nj,j+1,j+2‘
Jj=1

- This is a spin % chain. Has global U(1) symmetry.



Local Equivalences : Colored Fredkin Chain
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Colored Fredkin Spin Chain : Hcojored, Fredkin

- Include s colors to each of the local basis states. The local
equivalence moves now become

upee) = 7 75 (1 18 4800 - 7]
o) = [l i) - 7))
Bjjr1 = Cil><Tfl’ Age
cml_nfnﬁ% D)

S~ 2 1og(s)y/ " r)rfn U %I (n+ r)n(" —1 4 oq)



A Modification of the Motzkin Spin Chain (F.Sugino, PP,
2017)

- Change the local Hilbert space to {|x,p); a,b € {1,2,3}}. The
“up” steps pointing along (1,1) occur when a < b, “down" steps
pointing along (1, —1) occur when a > b and the “flat” steps
pointing along (1,0) occur when a = b. These new indices can be
thought of as arrow indices or more mathematically they are known
as semigroup indices.

- This introduces different kinds of paths, fully connected, partially
connected and disconnected paths.

- The maximum heights reached in a path is now smaller.



Different Kinds of Paths

3
2 2 2
1 1 1
3 3
ya v 1

LLLLLS




Maximum Heights

hinaz =3




Lb,b

a<b,abe{1,2,3}

Ta,a
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Projectors

Uj+1 =
Djjt1 =
Fijv1 =

Wijs1 =

to the Modified Local Equivalence Moves

(Xavb)j’(xbvb)j+1>_

(Xa,a)j:(X37b)j+1 >:| s

a,b=1;a<b

3 1
Z n%[

1;

3

S nvallCes) Gen)n) oo (as) )]

a,b=1;a>b
I'I\/EH(XLI)J"(XLI)HJ*%(|(X1v2)j’(x2v1)j+1>+|(X1!3)j’(x3’1)j+1>)]
+n T3l (x22)0(x2.2)40) = [ (2,3);,(x3.2);14)] ’

I'I% [[6a.2)5:02.0);:0) = [6a,3);,06.0);,4)]

+pl % ”(X3’1)j’(xl’3)j+1>_’(X3v2)jv(x2v3)j+1>] )



Boundary, Balancing and Bulk, Disconnected Terms

Her = Nlt2) 4 nlCen) 4 nlCa2)),
Hrigne = nlCa2)) 4 nltas) 4 nlCes)),

Bj 1 = NCaslita2)in) 4 mlGes)iCan)),

n—1 3
Hbulk, disconnected = Z Z n’(Xa’b)f7(XC’d)f+1> .

j=1 a,b,c,d=1;b#c

2n—1

H‘S%v Motzkin — Hiefe + Hright +Hbui+A E Bj,j-‘rl + Hbulk, disconnected -
J=1



Ground States

-This system has a ground state degeneracy (GSD) of 5 given by
the equivalence classes, {11}, {12}, {21}, {22} and {33}.

- We can use techniques from enumerative combinatorics to
compute the normalization of these states.

Pp_1,151 + Pj o2 Pp_2-—i 151

+ Pj 343 Pp_2-i 151 + P 343 Pp_2—i 21




Quantum Phase Transition

S, o< log(n)




Colored S Motzkin Chain

- We introduce a color degree of freedom to each of the basis

states, |x b> k € {1,2}.

ppaaneed - — Z G+ Z [ 1+ Dyjar + PR

bal d bal. d
+WHEEee - RE 4 Hiege + Hogne|

with new equivalence moves

3
C"j — Z I—I%[|(Xal,a)j>7‘(x.§,a)j>]’

JJj+1 -
a,b,c=1; b>a,c

3
Rbalanced Z |:|_|’(X§,b)ﬁ(xg,c)j+1> + rl‘(xib)f’(xéyc)ﬁﬁ



Quantum Phase Transition

balanced
HS%, colored Motzkin — H + Hbu/k,disconnected .

20n 1 1 1 3
Sa1s1 = (2|n2)\/7+§Inn+§|n(2wa)+7—§+lnm

+(terms vanishing as n — o)

S, o Log(n) S v/

nw=20



Modified Fredkin Chain (F.Sugino, PP, V.Korepin, 2018)
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Modified Fredkin Chain Hamiltonian

|'|\%”(X172)j7(x273)j+1’(X3’2)j+2>_|(X1,2)j’(x271)j+17(’<1’2 j+2>]

Uijtij+2 =
Djjt1j+2 = n\%H(X2v3)j7(x3v2)j+17(X2v1)j+2>*|(X2:1)j’(X1a2)j+1v(X271)j+2>]
VVj,j—l-l r]%[|(lez)j’(x2v1)j+1>7|(X113)j’(x3*1)j+1>]

+ .M % [|(X3a1)j’(xl’3)j+1>_|(X3v2)j’(X273)j+1>] ,

n—1

HF = Hiefe+Hbuik, connected+Hright+A2 E B; j+1+Hbuik, disconnected -
Jj=1



Quantum Phase Transition

-The GSD is 4, we no longer have the {33} equivalence class.

A1 = Ap = 0 is a special phase where there is an extensive GSD in
each equivalence class.

- When A1, A2 > 0 the Hamiltonian is no longer frustration free
and is not shown in the figure.

At

S, o logn

0 5,=0(1) A



Excitations

- There are three kinds of excitations in these systems, fully
connected, partially connected and disconnected excitations.

- The partially connected excitations are localized both in the low
energy and high energy sector.

hmax,i

x3);(xa.2]>> P 1s1) = ) HP,-(ET,},ILJ ® |x23); © ‘P,(,’jl2__>?1)>] :
h=0



Partially Connected Excitations

A low energy example

AN AN

A h|gh energy example

) A




Localization

- The partially connected excitations are localized as can be seen
by computing connected 2-point correlation functions.

(pel6;(£)6;(0)|pce) — (pceldi(t)|pce) (pee|6;(0)] pce) = O,

0i(0) = [Xay,by) j{Xap,bs|, a1 # a2 and by # b,

0:(0) = Z ka,b’Xa,b>,-<Xa,b|7 a,be{1,2,3}.
a,b



Thank you !
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