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Dense loop model

m Loop model on the n
m x n rectangle N N N N
» Boundary conditions: ij 3\3\\t\t\tjc J( J( jf D
TOOMDNDNNNNTA
Dirichlet - CJ f\\\\J fJ r\\\\J rJ f\\)
N NN Y A
CLCODTAAD
Neumann NTAANT AN A
TIT=1T I I

3 for bulk loops

F ity of the | :
® Fugacity ol the loops { 1 for boundary loops

m Partition function: Z = Z p"e
o

m Model of critical dense polymers: =0
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Boundary correlation functions

m Correlation function for two points x and y on the boundary:

Z(x,y)

C(X,y) = 70

m 7" is the reference partition function

= Boundary conditions for Z°:

(B generic) (B=0)

Jn\ O Jr\\ O Jf'\\/f'} Jf\\}f‘)
C C\\\\JKJKD \\Jr) C C\\ CJrJr> ijf)
peinid e
CUIqOOQP  deccaplion
DNLTAADNT AN ANANANANANFanNAY
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Six types of correlators: a, b and ¢

= Boundary conditions for Z»:¢(x, y):

@)

oW a W oW oW aWa W al

(¢ D
(¢ D
(¢ D
(¢ D
Ul YUY U
x y
a
Ca(x»l/) = z (x,y)

70

(b)

oW a W oW oW aWaWal

(¢ D
(¢ D
(¢ D
q D
U Y Y Y
x y
7P (x
Cb(x,y) — (Z())y)

(0)

N N NN

N NN

(¢ D
(¢ D
(¢ D
(¢ D
CITITITITY
x y
C
Co(x,y) = z (Zxo,y)
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Six types of correlators

» Boundary conditions and constraints for Z4¢(x, y):
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Six types of correlators: types d and e

» Boundary conditions and constraints for Z4¢(x, y):

U UV
U UV
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Six types of correlators: types d and e

» Boundary conditions and constraints for Z4¢(x, y):
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Six types of correlators: type f

m Boundary divided in segments 1, 2 and 3
m 7;;: number of loops tying segments i and j

(¢ D np = 1
d ) tp3 =3
q D niz = 1
(¢ D
IIIIXIIIIIIyIIIIII
1
m Partition function and correlation function:
75 (x,y)

Zry) =Y ey = 28

o

m Related to the valence bond entanglement entropy: (Aletet al. 07)

(np +n3) = > o(ma+m3)p" _ d(InC'(x,y)

Zo‘ Bnﬁ dT =1
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Six types of correlators: type f

m Boundary divided in segments 1, 2 and 3
m 7;;: number of loops tying segments i and j

N O\ O\
> pr)

¢ GIOIOD
(ARSREARY np =1
c ™NTMNTY ™ )
J\ \f 3\1(: J( fy3 =3
c NTT M ™ )
PNV niz =1
c \\ Jrlr\\lr \\)
AV o0,
IIIIXIIIIIIyIIIIII
e~ —— ——
1 2 3
m Partition function and correlation function:
f
ZH(x,y)

Zry) =Y ey = 28

o

m Related to the valence bond entanglement entropy: (Aletet al. 07)

(n12 + np3) = 3 o(m2 +nn)p" _ d(InC'(x,y))

Zo‘ Bnﬁ dT =1

Conclusion
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Critical behavior

Lattice CFT
faWalalWallalalal
(¢ D
(¢ D
[¢ ) —
(¢ D
A4 I A=A A I U U L 2 L 2
x y @ (x) e (y)

m Two-point function of primary fields on the upper-half plane H:

K

Cul(x,y) = (o(x)@(y))n = m
m A: conformal weight of the boundary condition changing field

m Partition function on the rectangle (Cardy-Peschel formula):

InZ = —mnfy — (m+n)f; —In(mn) Y (20— &) +...

corners

where c is the central charge
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Results for types a,b,c

Conclusion

m Table of results (withr = |x —yl)
Polymers (3 =0) Generic 3
K
@ oo | ClN =K | Cly) = o
x y K
(b)Tv-rrv—v—v-rrW C°(x,y) =Ko + Ki log 7 Cb(x’y):;*ZA—l,s
bx; Yy K
c _ w,3/16 c _
(© T C(x,y) =Kr C(x,y) = Ty

m Loop weight: B =2cosA A=m(1—1t) te (0,1)

m Central charge and conformal weights:

_ —1 _ 1 21 (=Dt
c=13—-6(t+t7") A =F+7+ 25

m For polymers:
a2
A=T  t=2 cc=-2 A=
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Results for types d,e

m Table of results (withr =[x —y|)
Polymers (3 =0) Generic

K K
(d’w?%f%f Cwy=ga | CwY=1my

x y
yavp) e _ K e _ K
(e) 27, C(x,y) = ) C(x,y) = AL
x y

m Loop weight: B =2cosA A=m(1—1) te (0,1)
m Central charge and conformal weights:

c=13-6(t+t1) A=l g Lgl oy

m For polymers:
a2
A=ZF t=2 cc=-2 A,,=7"1
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Results for types f
m Table of results (withr = |x —y])
‘ Polymers (B = 0) ‘ Generic
K K
£ f
0 . | 9 = o | S

X Y

m Loop weights:
e bulk loops: B =2cosA A=n(l—1t) te(0,1)
B cos(% +0)

e boundary loops: T= 5
cos(5)

m Central charge and conformal weights:

_ -1 _1— 21, (S2—1)t
c=13—-6(t+t ") Ars = er+r4t + =

m For polymers:
A=2  t=2 c=-2 A==
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Approach 1: Exact derivations
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Temperley-Lieb algebra

m The Temperley-Lieb algebra TL,(B) =

jj+1

(I,e):

n

o801 3 [ -4 5 PSR
1 2. n

m Examples of Temperley—Lleb products for n = 4:

U
-

€613 =

-/

™\
A
n

m Transfer tangle: (recall f =2cosA)

- =

D(u)z(u u

u|u

u

%/_/

n

m Isotropic point:

— A
Uu=s

u sm
D [-" Ed-
s1n 5
A =
L2

VA + R

A
(0 -+ X1

sinu

s A
Sim 3

N
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XXZ spin chain
m XXZ representation of TL,(f3) for p =q + qili W
00 0 O
Xule) =L ® - 0L 8 1 qL 8 Lo ®l
j—1 00 0 O n—j—1

m Spin-chain Hamiltonian and transfer matrix:

H=-) Xie) D(u) = X, (D(u))
j=1
LS gror, 4 olot — THT (e 120" (i
:75( j ]+1Jr i Y+ 2 (] j+1 H)) 4 (1* n)
j=1
Polymers XX spin-chain

m Special values:

=0 (9 =1)
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Correlators from the spin chain

m Partition functions on the rectangle: (mI ¥y )

—

n

Za‘b‘C(x)y) _ <Ua,b,ch(%)m/2|UO>

with

|UO>=|MMA> |Ua>:i.n_aJ_n_aJ_n_a.-" e >
[o°) = | azallaallawa ) =] puallllll A )

m Correlation function on the upper-half plane: ( . )

—.— -

Za,b,c(x)y) ) K
ZO |x _ y|2Aa,b‘c
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Approach 2: CFT derivations

000000000

Conclusion

[e]

From the rectangle to the upper-half plane

m Sequence of limits in the lattice calculation:

Rectangle

Semi-infinite strip

First quadrant

Upper half-plane

g

)
)
)
)

m — oo

n— oo
x, y finite

Xy >1

Xy > lx—yl
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Strategy to compute A for f =0

Matrix element
involving all
eigenstates

m — o0

Matrix element
involving only
the ground-state

free fermion techniques

Determinant
or pfaffian
expression .
x=Ly=n T generic x, iy
[ I |
Exact closed-form Exact closed-form Numerical
expression expression evaluation
—, [

Power-law

e R
energy

behavior
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Correlators of type a

m Corner free energy analysis:

Z%(1,n)
70

m@@mzm(

m Expected from CFT:

Approach 2: CFT derivations
000000000

):%lnn—%an

AN AAAAA

IS A A |

[Tvvvvuevw

InZ/Z' = —n(f—f/)—2Inn Y (A—A")+...

m Result of the exact calculation for x, y generic:

C*(x,y) = K(y —x)"/*

corners

Barnes’ G (z) function

(. GB)

71/4

= Conformal weights:

A= —

L
8

A =0
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Correlators of type b S

N AN A

m Corner free energy analysis:

Euler-Mascheroni constant [TV vvewv

C'(L,n)=2mn+1+2(y+2In2—Inn—1)+...

—n

X VYV VUwvY

InCP(1,n) = In(Inn) + In(4/7) + ...

A A A A

m Result of the exact calculation for x, y generic:

VUuUvY

[Tvvvvvuevw

2 2
Cb(x,y):Koln(y—x)—i—Kl Koz% K1=1+7T[(Y+ln2)

» Logarithmic field of conformal weight: A® =0

m CFT: two-point function of a log. field in a rank 2 Jordan cell:

Kolnlzo —z1| + Ky
<w(20)w(21)> = |ZO R Zl|2A

m The constant Kj is universal (Vasseur, Jacobsen "14)
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AAAAAAA

Correlators of type c

m Corner free energy analysis:

/ Catalan’s constant

A A A A
AR

Zc(l,n) G 3 J(Lllllllllllllylén

C = = —_— —

lnC(l,n)—ln( =5 )—nﬂ+81nn+... —
[ D

m Expected from CFT: q D
[ D
q D

an/Z/:*n(fs*fs/)*Zhln Z (A*A/)ﬂ» Mo vvvovw

Co(x, y)

m Results for generic x, y:
e Pfaffian formula for C¢(x, y)

¢ No closed form obtained " yox

e Numerical evaluation: A€ ~ —0.09405

m Conformal weight: A= —;—2 = —0.09375
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Correlators of type d, e and f

A
cos(5 + 0
m Pfaffian formulas for C%®f(x, y) (recall T = #)
cos(5)
@ (e ®

Lﬂ:n“ QPR 3
X <
cs ' VA
1 T ey

x y x y

CC(x,y) Af ()
; \ \
12 00 1000 1100 1200 1300 1400 ;w
m Numerical evaluation: A ~ 0.37247 A® ~ (0.994845
3
s Conformal weights: A = 3 A° =1 Af=2(1+29
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Approach 2: CFT derivations

All loop models
(B generic)

Loop model on
the rectangle

Start on a
different lattice
(thin strip)

)

Transfer matrix
computation

/

Conformal

invariance
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Covariance of two-point functions

m Transformation law for two-point functions of primary fields:

dy -4 dy -4
(dyo)dyr))v = |5= - (d(z0)d(z1))m
dz| _ |dz| _
Y=o y=n
m The domains V and H:
y
\% Do H
z
y(]:O R
p—gimy/n LTI
m * ‘Q
Y1=—im V@ macamaaaan ,"' LT ““
’ 20;1 Z1 :e‘nm/n
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Finite-size corrections

m Reminder: the transfer matrix is defined as

o= ( EETETED )

Conclusion

m Behavior of the eigenvalues of the low-lying states of D(3):

Ai=exp(—nfy —fs—2Z(AG0) —5)+...)

finite-size corrections

m f,: bulk free energy }
Do not depend on i
m f;: surface free energy

m The finite-size corrections depend on the central charge and a
conformal weight
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Correlators of type a
m Compute C5(yo, y1) in two ways: v
1) using conformal invariance: L
K
a e
CH(ZO) Zl) - |ZO _21|2Aa . -
K/e % A YUYV VUV[YYYUWY

Co(yo,1n) = = 1~

m>n __mm Aa
L K'e A
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Conclusion

Correlators of type a
m Compute C5(yo, y1) in two ways: v
1) using conformal invariance: L H
K
C3 SR
(20321) |ZO — Z]lZA m] -
K e % N A A S A A A A s A A a o bl
Co(yo,1n) = = 1~
m>n K/ 77"_"’ a
2) using the transfer matrix:
=0
~ A m/z ~, _ mum > ~, TUm
Cy(yo, 1) == K(A:)> = Re #(Ma=bu) — Rg=Aa
m Conformal weight: A=A,
m For B =0: A1,2 = —%
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Correlators of type b
s Compute C¥, (yo,y1) in two ways:

:V:

1) using conformal invariance:

Ko Ki
C2(z0,21) = +
alz0,21) lzo — 124" |zo — 21 PA™ —
zom Ab, _7um Ab, A A A S IR A A Al A a dhhd

C (yo, 1) 224 Kje~ WA 4 Kje— WA

2) using the transfer matrix:
- /An\M/2 - /Ar\M/2 - o ~
CY (Yo, 1) MKo(TO) +K1<T2) =RKoe TA Ko A
0 0

m Conformal weights: AP = AST APl = A

m This boundary condition change is not a primary field

Conclusion

[e]
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Correlators of type b
s Compute C¥, (yo,y1) in two ways:

:V:

1) using conformal invariance:

Ky n Kq
lzo — z1[2A™° |z — z1 2™

Ch(z0,21) =

m>>n __mm Ab,0
CE\’/(]/O)]/l) — Koe A +K1Ie

__mm Ab,1
n A

2) using the transfer matrix:

m>n_ 2 (Ao)m/2+Kl<A2 P A
Ao

b m/2 _mm A ~ _
Cy(yo,y1) — Ko To) =Kpe m AL Ke

m Conformal weights: AP = AST APl = A

m This boundary condition change is not a primary field
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Correlators of type b for 3 =0
m For B =0: Al,l = A1,3 =0

A 1 0
m Rank 2 Jordan cell in the transfer matrix: D(%) ~1 0 Ay O
0 0
» Compute C%(yo,y1) using the transfer matrix:
5 (yo, 1) = Kom + Ky + .. ,
m Using conformal invariance:
Koln| |+ K -
nizo —zi| +
C%(ZO?Zl) = 0 0 1 1 A I Al § B

|zo — z1[2A"

Cb(z0,21) = € A" (Kjm + K])

m Logarithmic field with A® = 0
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Correlators of type c

m Compute C5,(yo, y1) in two ways:

H
1) using conformal invariance:
K —
Chl(z0,21) = —— 5~
]HI( 0y 1) |ZO—21|2AC . .

Tt A C

Cy (vo,v1) 22 Kle

m>n_ & —IrA 1
Cy(vo,y1) — Ke *3

m Conformal weight: A° = Ay

m For p =0: AO,% :733—2
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Correlators of type c

m Compute C5,(yo, y1) in two ways:

H
1) using conformal invariance:
K —
Chl(z0,21) = —— 5~
]HI( 0y 1) |ZO—21|2AC . .

Tt A C

Cy (vo,v1) 22 Kle

m>n_ & —IrA 1
Cy(vo,y1) — Ke *3

m Conformal weight: A° = Ay

m For p =0: AO,% :733—2
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Correlators of type d,e, f

] Compute Cg,’e’f(yo,yﬂ in two ways: LLLLLLLLL

1) using conformal invariance:

_mum aAd,e,f
CHof(yo,y1) 25 K'e™ WA
2) using the transfer matrix of the
2-blob Temperley-Lieb algebra:
(Dubeail, Jacobsen, Saleur '09)

CS(yo,y1) =25 Kem 410

Cy(yo, 1) —
Chyo,y1) =5 Ke™ WA 20 TTTTTTTTT

m>n > KRe AL

» Conformal weights: A% =A;y A°=A; ;1 A'=Asx 41,20 41

mForB=0: Ajp=3 A 1=1 Aw js0,,=2(1+2)
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Correlators of type d,e, f

» Compute C3®f(yp,y1) in two ways: R

1) using conformal invariance:

d,e,f m>n y — mm Adsef
Cy* (Yo, yh) — K'e™ ™

vV VYW

2) using the transfer matrix of the
2-blob Temperley-Lieb algebra:
(Dubeail, Jacobsen, Saleur '09)

Y vVY VY

m>n_ g _Tun
CS(yo,y1) == Ke ™" Ao

m>n g, _Tun
CS(yo,y1) =5 Ke " An

Cvvwvw

Tom

~ —TEAre 20
Chyo, ) 25 Re " TR R e

» Conformal weights: A=A, A=A, ; A= Ao 420 4

m For B =0: Al,O =3 Alyfl =1 A@Jrl‘

8 +1:%(1+%)

als



Approach 1: Lattice derivations Approach 2: CFT derivations Conclusion
0000000000 000000008 o

Valence bond entanglement entropy

m Correlator of type f on

v S
the upper-half plane: ¢ 7 DRD B
\%) Y J np =1
QDI N DD
K YN N o np3 =3
cf ( ) = C & s 7 )
H 20y21) = T L AT L\ \Y N niz = 1
|Zo — Zl| P A 2 AR
CaEl SR DD
Af = Aso 20 |||IxIIIIIIyIIIIII
STL5+1 —— —— —,—
1 2 3
. 246
m Reminder: B =2cosA T= %
2

m Valence bond entanglement entropy: (acobsen, Saleur 08)

ng f
(m + noz) = ZU(T%Z:BZ?)B = d(lncﬁr(x,y)) 1
_ 2(A/m)  cos(A/2)
= M= A/m) sy Y
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Outlook

Overview:

m perfect agreement between exact results and CFT predictions

m corner free energy for the logarithmic field: ~ In(Inn)

Possible future avenues: extend the method to

more types of two-points functions
exact derivations for other values of 3
periodic boundary conditions
correlators in the bulk



Introduction Approach 1: Lattice derivations Approach 2: CFT derivations Conclusion

000000000 0000000000 000000000 [e]

More two-point correlators

m Correlator of d defects in a Dirichlet boundary:

A=A1

}
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