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Dense loop model

� Loop model on the
m × n rectangle

� Boundary conditions:

Dirichlet

...

Neumann

...

m

n

� Fugacity of the loops:

{
β for bulk loops

1 for boundary loops

� Partition function: Z =
∑

σ

βnβ

� Model of critical dense polymers: β = 0
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Six types of correlators: a, b and c

� Boundary conditions for Za,b,c(x, y):

x y

(a)

Ca(x, y) =
Za(x, y)

Z0

x y

(b)

Cb(x, y) =
Zb(x, y)

Z0

x y

(c)

Cc(x, y) =
Zc(x, y)

Z0
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x y
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Cd(x, y) =
Zd(x, y)

Z0

x y

(e)

Ze(x, y) =
∑

σ

βnβδℓx,ℓy
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Six types of correlators: type f

� Boundary divided in segments 1, 2 and 3

� nij: number of loops tying segments i and j

x y︸ ︷︷ ︸
1

︸ ︷︷ ︸
2

︸ ︷︷ ︸
3

n12 = 1
n23 = 3
n13 = 1

� Partition function and correlation function:

Zf(x, y) =
∑

σ

βnβτn12+n23 Cf(x, y) =
Zf(x, y)

Z0

� Related to the valence bond entanglement entropy: (Alet et al. ’07)

〈n12 + n23〉 =

∑
σ(n12 + n23)β

nβ

∑
σ βnβ

=
d(ln Cf(x, y))

dτ

∣

∣

∣

τ=1
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Critical behavior

x y

Lattice

←→

b b

ϕ(x) ϕ(y)

CFT

� Two-point function of primary fields on the upper-half plane H:

CH(x, y) ≃ 〈ϕ(x)ϕ(y)〉H =
K

|x − y|2∆

� ∆: conformal weight of the boundary condition changing field

� Partition function on the rectangle (Cardy-Peschel formula):

ln Z = −mnfb − (m + n)fs − ln(mn)
∑

corners

(

2∆− c
16

)

+ . . .

where c is the central charge
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Results for types a,b,c

� Table of results (with r = |x − y|)

Polymers (β = 0) Generic β

(a) ... ...
x y

Ca(x, y) = K r1/4 Ca(x, y) =
K

r2∆1,2

(b) ... ...
x y

Cb(x, y) = K0 + K1 log r Cb(x, y) =
K

r2∆1,3

(c) ... ...
x y

Cc(x, y) = K r3/16 Cc(x, y) =
K

r2∆0,1/2

� Loop weight: β = 2 cos λ λ = π(1 − t) t ∈ (0, 1)

� Central charge and conformal weights:

c = 13 − 6(t + t−1) ∆r,s =
1−rs

2 + r2−1
4t +

(s2−1)t
4

� For polymers:

λ = π
2 t = 2 c = −2 ∆r,s =

(2r−s)2−1
8
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Results for types d,e
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... ...
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... ...

x y
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K
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Results for types f

� Table of results (with r = |x − y|)

Polymers (β = 0) Generic β

(f)
... ...

x y

Cf(x, y) =
K

r
2θ
π
(1+ 2θ

π
)

Cf(x, y) =
K

r
2∆

1+ 2θ
λ

,1+ 2θ
λ

� Loop weights:

bulk loops: β = 2 cos λ λ = π(1 − t) t ∈ (0, 1)

boundary loops: τ =
cos(λ

2
+ θ)

cos(λ
2
)

� Central charge and conformal weights:

c = 13 − 6(t + t−1) ∆r,s =
1−rs

2 + r2−1
4t +

(s2−1)t
4

� For polymers:

λ = π
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8



Introduction Approach 1: Lattice derivations Approach 2: CFT derivations Conclusion

Approach 1: Exact derivations

Critical dense
polymers (β = 0)

Spin-chain

computation

Determinant

or pfaffian

expressions

Asymptotic

analysis

Loop model on

the rectangle

Correlators on

the upper-half

plane



Introduction Approach 1: Lattice derivations Approach 2: CFT derivations Conclusion

Temperley-Lieb algebra
� The Temperley-Lieb algebra TLn(β) =

〈

I, ej

〉

:

I = ...

1 2 ... n

ej = ... ...

1 nj j+1

j = 1, . . . , n − 1

� Examples of Temperley-Lieb products for n = 4:

e2e1e3 = = = β

� Transfer tangle: (recall β = 2 cos λ)

D(u) =
. . .

. . .

u

u

u

u

u

u

︸ ︷︷ ︸
n

u =
sin(λ− u)

sin λ
2

+
sin u

sin λ
2

� Isotropic point: u = λ
2

λ
2

= +
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XXZ spin chain

� XXZ representation of TLn(β) for β = q + q−1: ↑
1

↓
2

↓
3

↑ ↓ ↓ ↓ ↑
n...

Xn(ej) = I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
j−1

⊗









0 0 0 0
0 q 1 0
0 1 q−1 0
0 0 0 0









⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
n−j−1

� Spin-chain Hamiltonian and transfer matrix:

H = −

n−1∑

j=1

Xn(ej) D(u) = Xn

(

D(u)
)

= −
1

2

(

n−1∑

j=1

σx
j σ

x
j+1 + σ

y
j σ

y
j+1 −

q + q−1

2
(σz

jσ
z
j+1 − I)

)

−
q − q−1

4
(σz

1 − σz
n)

� Special values:
Polymers
(β = 0)

←→ XX spin-chain
(q = i)
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Correlators from the spin chain

� Partition functions on the rectangle:
(

b b

x ym

n

)

Za,b,c(x, y) = 〈va,b,c|D(λ2 )
m/2|v0〉

with

|v0〉 =
∣

∣ ...
〉

|va〉=
∣

∣ ...
x

...
y

...
〉

|vb〉 =
∣

∣ ...
x

...
y

...
〉

|vc〉=
∣

∣ ...
x

...
y

...
〉

� Correlation function on the upper-half plane:
(

b b

x y

)

Za,b,c(x, y)

Z0

?
−−→ K

|x − y|2∆a,b,c
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From the rectangle to the upper-half plane

� Sequence of limits in the lattice calculation:

Rectangle
b b

x ym

n m → ∞

Semi-infinite strip
b b

... ...

x y

n n → ∞

x, y finite

First quadrant






b b

...

...
xy

x, y ≫ 1

b b

...

...
x y

x, y ≫ |x − y|

Upper half-plane
b b

x y
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Strategy to compute ∆ for β = 0

Matrix element

involving all

eigenstates

Matrix element

involving only

the ground-state

Determinant

or pfaffian

expression

Exact closed-form

expression

Corner free

energy

Numerical

evaluation

Exact closed-form

expression

Power-law

(or logarithmic)

behavior

Extract ∆

m → ∞

free fermion techniques

x = 1, y = n generic x, y

n → ∞n ≫ 1
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Correlators of type a

� Corner free energy analysis:

ln Ca(1, n) = ln
(Za(1, n)

Z0

)

= 1
2 ln n − 1

2 ln 2

x = 1 y = n

� Expected from CFT:

ln Z/Z ′ = −n(fs − f ′

s ) − 2 ln n
∑

corners

(∆− ∆ ′) + . . .

� Result of the exact calculation for x, y generic:

Ca(x, y) = K(y − x)1/4 K =
G2( 3

2 )

21/4

Barnes’ G(z) function

� Conformal weights: ∆a = −
1

8
∆0 = 0
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Correlators of type b

� Corner free energy analysis:

Cb(1, n) = 4
π

ln n + 1 + 4
π
(γ + 2 ln 2 − lnπ− 1) + . . .

Euler-Mascheroni constant

ln Cb(1, n) = ln(ln n) + ln(4/π) + . . .

x = 1 y = n

� Result of the exact calculation for x, y generic:

Cb(x, y) = K0 ln(y − x) + K1 K0 =
2

π
K1 = 1 +

2

π
(γ+ ln 2)

� Logarithmic field of conformal weight: ∆b = 0

� CFT: two-point function of a log. field in a rank 2 Jordan cell:

〈ω(z0)ω(z1)〉 =
K0 ln |z0 − z1|+ K1

|z0 − z1|2∆

� The constant K0 is universal (Vasseur, Jacobsen ’14)
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Correlators of type c
� Corner free energy analysis:

ln Cc(1, n) = ln
(Zc(1, n)

Z0

)

= n
G

π
+

3

8
ln n + . . .

Catalan’s constant

� Expected from CFT:

ln Z/Z ′ = −n(fs−f ′s )−2 ln n
∑

corners

(∆−∆ ′)+. . .

� Results for generic x, y:

Pfaffian formula for Cc(x, y)

No closed form obtained

Numerical evaluation: ∆c ≃ −0.09405

x = 1 y = n

Cc(x, y)

y − x

� Conformal weight: ∆c = −
3

32
= −0.09375
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Correlators of type d, e and f

� Pfaffian formulas for Cd,e,f(x, y) (recall τ =
cos(λ2 + θ)

cos(λ2 )
)

x y

(d)

Cd(x, y)

y

x y

(e)

Ce(x, y)

y

x y

(f)

∆f(τ)

τ

� Numerical evaluation: ∆d ≃ 0.37247 ∆e ≃ 0.994845

� Conformal weights: ∆d =
3

8
∆e = 1 ∆f = θ

π
(1 + 2θ

π
)
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Approach 2: CFT derivations
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Start on a

different lattice
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invariance
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Covariance of two-point functions
� Transformation law for two-point functions of primary fields:

〈φ(y0)φ(y1)〉V =

∣

∣

∣

∣

dy

dz

∣

∣

∣

∣

−∆

y=y0

∣

∣

∣

∣

dy

dz

∣

∣

∣

∣

−∆

y=y1

〈φ(z0)φ(z1)〉H

� The domains V and H:

y0=0

y1=−im

m

n

...
...

...
...

y
V

z=e
iπy/n

−−−−−→

z0=1 z1=eπm/n

H

z
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Finite-size corrections

� Reminder: the transfer matrix is defined as

D(u) = Xn

(

D(u)
)

= Xn

(

u

u

u

u

u

u

u

u
)

� Behavior of the eigenvalues of the low-lying states of D(λ2 ):

Λi = exp
(

− nfb − fs −
2π
n (∆(i) − c

24 ) + . . .
︸ ︷︷ ︸

finite-size corrections

)

� fb: bulk free energy
}

Do not depend on i
� fs: surface free energy

� The finite-size corrections depend on the central charge and a
conformal weight
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Correlators of type a
� Compute Ca

V
(y0, y1) in two ways:

1) using conformal invariance:

Ca
H(z0, z1) =

K

|z0 − z1|2∆
a

Ca
V(y0, y1) =

K ′e
πm

n ∆a

(e
πm

n − 1)2∆a

m≫n
−−−→ K ′

e
−πm

n ∆a

V

m

n
... ...

... ...

←−

H

... ...
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Correlators of type a
� Compute Ca

V
(y0, y1) in two ways:

1) using conformal invariance:

Ca
H(z0, z1) =

K

|z0 − z1|2∆
a

Ca
V(y0, y1) =

K ′e
πm

n ∆a

(e
πm

n − 1)2∆a

m≫n
−−−→ K ′

e
−πm

n ∆a

V

m

n
... ...

... ...

←−

H

... ...

2) using the transfer matrix:

Ca
V
(y0, y1)

m≫n
−−−→ K̃

(Λ1

Λ0

)m/2

= K̃ e
−πm

n (∆1,2−∆1,1)

=0
︷︸︸︷

= K̃ e
−πm

n ∆1,2

� Conformal weight: ∆a = ∆1,2

� For β = 0: ∆1,2 = − 1
8
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Correlators of type b
� Compute Cb

V,(y0, y1) in two ways:

1) using conformal invariance:

Cb
H(z0, z1) =

K0

|z0 − z1|2∆
b,0

+
K1

|z0 − z1|2∆
b,1

Cb
V
(y0, y1)

m≫n
−−−→ K ′

0e
−πm

n ∆b,0

+ K ′

1e
−πm

n ∆b,1

V

m

n
... ...

... ...

←−

H

... ...

2) using the transfer matrix:

Cb
V(y0, y1)

m≫n
−−−→ K̃0

(Λ0

Λ0

)m/2

+ K̃1

(Λ2

Λ0

)m/2

= K̃0 e
−πm

n ∆1,1 + K̃1 e
−πm

n ∆1,3

� Conformal weights: ∆b,0 = ∆1,1 ∆b,1 = ∆1,3

� This boundary condition change is not a primary field
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n ∆b,0

+ K ′

1e
−πm
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m
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... ...
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2) using the transfer matrix:

Cb
V(y0, y1)

m≫n
−−−→ K̃0

(Λ0

Λ0

)m/2

+ K̃1

(Λ2

Λ0

)m/2

= K̃0 e
−πm

n ∆1,1 + K̃1 e
−πm

n ∆1,3

� Conformal weights: ∆b,0 = ∆1,1 ∆b,1 = ∆1,3

� This boundary condition change is not a primary field



Introduction Approach 1: Lattice derivations Approach 2: CFT derivations Conclusion

Correlators of type b for β = 0
� For β = 0: ∆1,1 = ∆1,3 = 0

� Rank 2 Jordan cell in the transfer matrix: D(λ2 ) ≃





Λ0 1 0
0 Λ0 0
0 0 ..

.





� Compute Cb
V
(y0, y1) using the transfer matrix:

Cb
V(y0, y1)

m≫n
−−−→ K̃0m + K̃1 + . . .

� Using conformal invariance:

Cb
H
(z0, z1) =

K0 ln |z0 − z1|+ K1

|z0 − z1|2∆
b

Cb
V
(z0, z1) = e

−πm
n ∆b

(K ′

0m + K̃ ′

1)

V

m

n
... ...

... ...

←−

H

... ...

� Logarithmic field with ∆b
= 0
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Correlators of type c

� Compute Cc
V
(y0, y1) in two ways:

1) using conformal invariance:

Cc
H
(z0, z1) =

K

|z0 − z1|2∆
c

Cc
V(y0, y1)

m≫n
−−−→ K ′

e
−πm

n ∆c

V

... ...

... ...

m

n

←−

H

... ...

2) using the transfer matrix of the Blob algebra: (Jacobsen, Saleur ’08)

Cc
V
(y0, y1)

m≫n
−−−→ K̃ e

−πm
n ∆

0, 1
2

� Conformal weight: ∆c = ∆0, 1
2

� For β = 0: ∆0, 1
2
= − 3

32
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2) using the transfer matrix of the Blob algebra: (Jacobsen, Saleur ’08)

Cc
V
(y0, y1)

m≫n
−−−→ K̃ e

−πm
n ∆

0, 1
2

� Conformal weight: ∆c = ∆0, 1
2

� For β = 0: ∆0, 1
2
= − 3

32
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Correlators of type d,e,f
� Compute Cd,e,f

V
(y0, y1) in two ways:

1) using conformal invariance:

Cd,e,f
V (y0, y1)

m≫n
−−−→ K ′

e
−πm

n ∆d,e,f

2) using the transfer matrix of the
2-blob Temperley-Lieb algebra:
(Dubail, Jacobsen, Saleur ’09)

Cd
V(y0, y1)

m≫n
−−−→ K̃ e

−πm
n ∆1,0

Ce
V(y0, y1)

m≫n
−−−→ K̃ e

−πm
n ∆1,−1

Cf
V
(y0, y1)

m≫n
−−−→ K̃ e

−πm
n ∆ 2θ

λ
+1, 2θ

λ
+1

V

� Conformal weights: ∆d = ∆1,0 ∆e = ∆1,−1 ∆f = ∆ 2θ
λ
+1, 2θ

λ
+1

� For β = 0: ∆1,0 = 3
8 ∆1,−1 = 1 ∆ 4θ

π
+1, 4θ

π
+1 = θ

π
(1 + 2θ

π
)
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8 ∆1,−1 = 1 ∆ 4θ

π
+1, 4θ

π
+1 = θ

π
(1 + 2θ

π
)



Introduction Approach 1: Lattice derivations Approach 2: CFT derivations Conclusion

Valence bond entanglement entropy

� Correlator of type f on
the upper-half plane:

Cf
H
(z0, z1) =

K

|z0 − z1|2∆
f

∆f = ∆ 2θ
λ
+1, 2θ

λ
+1

x y︸ ︷︷ ︸
1

︸ ︷︷ ︸
2

︸ ︷︷ ︸
3

n12 = 1
n23 = 3
n13 = 1

� Reminder: β = 2 cos λ τ =
cos(λ

2 +θ)

cos(λ
2 )

� Valence bond entanglement entropy: (Jacobsen, Saleur ’08)

〈n12 + n23〉 =

∑
σ(n12 + n23)β

nβ

∑
σ βnβ

=
d(ln Cf

H
(x, y))

dτ

∣

∣

∣

τ=1

=
2(λ/π)

π(1 − λ/π)

cos(λ/2)

sin(λ/2)
ln(y − x)
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Outlook

Overview:

� perfect agreement between exact results and CFT predictions

� corner free energy for the logarithmic field: ∼ ln(ln n)

Possible future avenues: extend the method to

� more types of two-points functions

� exact derivations for other values of β

� periodic boundary conditions

� correlators in the bulk
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More two-point correlators

� Correlator of d defects in a Dirichlet boundary:

...... ...

...

︸︷︷︸
d

︸︷︷︸
d

−→ ∆ = ∆1,1+d

� Correlator of ℓ clusters in a Neumann boundary:

...... ...

...

︸︷︷︸
ℓ

︸︷︷︸
ℓ

−→ ∆ = ∆1,1−ℓ
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