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Fateev-Zamolodchikov (1982) spin chain

HFZ = −
N∑

s=1

n−1∑
l=1

(Xs)l + (UsU
†
s+1)l

n sin(πln )

X, U – n × n matrices cyclic matrices: Xn = Un = 1, XU = ω UX, i.e.

Xαβ = δα+1,β(mod n) , Uαβ = ωα δα,β, ω = e−
2πi
n

Zn invariance: Z =
N∏

s=1

Xs , [HFZ, Z] = 0 =⇒ Z = ωM+

Twisted boundary conditions: UN+1 = ωM− U1 , XN+1 = X1

Scaling limit?
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XXZ spin 1
2 chain

HXYZ = −
N∑

k=1

(
JxS

x
k S

x
k+1 + JyS

y
k S

y
k+1 + JzS

z
kS

z
k+1

)

Spin 1
2 : Sa = 1

2 σ
a

Jx = Jy = J > 0

XXZ spin- 1
2 chain is an exactly solvable model [Bethe’31, Lieb’67,

Sutherland’67]

J < −Jz
zJ > J

Antiferromagnetic Ferromagnetic

Disordered

−J <J <Jz
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Thirring’58 (Tomanaga’50-Luttinger’63) model

Jordan-Wigner transformation: Ψ†n =
∏
j<n

σzj σ
−
n , Ψn =

∏
j<n

σzj σ
+
n

HXXZ = −
∑
n

2J (Ψ†nΨn+1 + Ψ†n+1Ψn) + Jz (1− 2Ψ†nΨn)(1− 2Ψ†n+1Ψn+1)

Scaling limit (N, J →∞, R = N/J − fixed)

Ψn ≈ e
iπn

2 ψR+e−
iπn

2 ψL

g4F(Jz/J)︸ ︷︷ ︸
↓

HXXZ → HThirring =

∫ R

0
dx
(

iψ†L∂xψL − iψ†R∂xψR + g4F ψ
†
Lψ
†
RψLψR

)
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Bosonization

Massless Thirring model = Massless Gaussian model

HGauss =

∫ R

0

dx

4π

(
(∂tΦ)2 + (∂xΦ)2

)
Φ(t, x) = ϕ(t + x) + ϕ̄(t − x)

ϕ(z) = ϕ0 +
2πz

R
p̂ + i

∑
n 6=0

an
n

e−
2πin
R

z , ϕ̄(z̄) = ϕ̄0 +
2πz̄

R
ˆ̄p + . . .

[an, am] = n
2 δn+m,0 , [ϕ0, p̂] = i

2

[ān, ām] = n
2 δn+m,0 , [ϕ̄0, ˆ̄p] = i

2

Fock space Fp : a−nk . . . a−n1 | p 〉 (n1, . . . , nk > 0)

an| p 〉 = 0 (n > 0) , p̂| p 〉 = p | p 〉 .

H : Fp ⊗ F̄p̄ 7→ Fp ⊗ F̄p̄
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Scaling limit of the XXZ spin 1
2 chain

HXXZ = − 1− g

2 sin(πg)

N∑
k=1

(
σxkσ

x
k+1 + σykσ

y
k+1 + ∆σzkσ

z
k+1

)
∆ = cos(πg) (0 < g < 1)

Twisted boundary conditions: σ±1 = e±2πiθ σ±N+1

Sz = 1
2

N∑
j=1

σzj : [HXXZ,S
z] = 0.

In the limit N →∞

HXXZ

∣∣
θ,Sz = NE0 + 2π

N (L0 + L̄0)
∣∣
Fp⊗F̄p̄

+ o
(
N−1

)
L0 = p2 − 1

24 + 2
∑
n>0

a−nan , L̄0 = p̄2 − 1
24 + . . .

p = θ−gSz

2
√
g , p̄ = θ+gSz

2
√
g
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Fateev-Zamolodchikov spin chain

HFZ = −
N∑

s=1

n−1∑
l=1

(Xs)l + (UsU
†
s+1)l

n sin(πln )

Xn = Un = 1, XU = ω UX
(
ω = e−

2πi
n
)

Zn charge: Z =
N∏

s=1

Xs , [HFZ, Z] = 0 =⇒ Z = ωM+

Twisted boundary conditions: UN+1 = ωM− U1 , XN+1 = X1

P = δα1
β2
δα2
β3
. . . δαN

β1+M−
: [HFZ,P] = 0

Scaling limit:

HFZ

∣∣
M−,M+

= NE0 + 2π
N (L0 + L̄0)

∣∣
V ⊗ V̄

+ o
(
N−1

)
P
∣∣
M−,M+

= exp
(

2πi
N (L0 − L̄0)

)∣∣
V ⊗ V̄
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Yang-Baxter Algebra

L(λ) =

(
λ q+ h

2 − λ−1 q−
h
2 (q − q−1) e−

(q − q−1) e+ λ q−
h
2 − λ−1 q+ h

2

)

Uq(sl2) : [h, e±] = ± 2 e± , [e+, e−] = qh−q−h
q−q−1

[Kulish, Reshetikhin, Sklyanin’81]

R6V (λ2/λ1)
(
L(λ1)⊗ 1

) (
1⊗L(λ2)

)
=
(
1⊗L(λ2)

) (
L(λ1)⊗ 1

)
R6V (λ2/λ1)

M(λ) =
←∏N

s=1
L(s)(λ)

=

R6V (λ2/λ1)
(
M(λ1)⊗ 1

) (
1⊗M(λ2)

)
=
(
1⊗M(λ2)

) (
M(λ1)⊗ 1

)
R6V (λ2/λ1)
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Transfer-matrix for the XXZ spin chain

T (λ) = Tr

[
M(λ) q(a+bh)σ3

]
, h =

∑
s

h(s) : [T (λ),T (λ′)] = 0

2D irrep of Uq(sl2) : [h, e±] = ± 2 e± , [e+, e−] = qh−q−h
q−q−1

Casimir : 1
2

[
(q + q−1)

(
qh + q−h

)
+ (q − q−1)2

(
e−e+ + e+e−

) ]
= q2`+1 + q−2`−1

` = 1
2 : e± = σ± , h = σ3, a = θ

g : [T (λ),HXXZ] = 0

T − Q-equation

Q(λ)T (λ) =
(
1− λ2q−1

)N
Q(λq) +

(
1− λ2q

)N
Q(λq−1)

BA equations[
1− λ2

k q

1− λ2
k q
−1

]N
= −q−2Sz

e2iθ

N
2

+Sz∏
j=1

λ2
j − λ2

k q
2

λ2
j − λ2

k q
−2
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Bethe roots for the vacuum state for |Jz | < J

(
sinh

(
αn + iπg

2

)
sinh

(
αn − iπg

2

) )N

= −e2πiθ

N
2

+Sz∏
j=1

sinh(αn − αj + iπg)

sinh(αn − αj − iπg)
(λj = eαj )

Ground state for Sz = θ = 0 , g = 1
3 (Jz/J = 1

2 ), N = 200
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Bethe roots in the limit N →∞

ρn = − lim
N→∞

(
N2−2g λ2

n+1

)
, n = 0, 1, 2 . . .− is fixed

5 0 1 0 0 1 5 0 2 0 0

1 . 9 6

1 . 9 7

1 . 9 8

1 . 9 9

2 . 0 1

2 . 0 2

5 0 1 0 0 1 5 0 2 0 0

8 . 2

8 . 4

8 . 6

8 . 8
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ODE/IM correspondence
Dorey, Tateo’98, Bazhanov, Lukyanov, Zamolodchikov’98]

Let
{
En

}∞
n=0

be an ordered spectral set of eigenvalues of[
− d2

dz2
+
`(`+ 1)

z2
+ z2α − E

]
ψ = 0 ,

then

lim
N→∞

(
N2−2g λ2

n+1

)
= −

[ √
π Γ
(
1 + 1

2α

)
2 Γ
(

3
2 + 1

2α

) ] 2α
1+α

En

provided

α =
1

g
− 1 , ` =

θ

g
− Sz − 1

2
.
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Scaling limit of Q and T

QCFT = lim
N→∞

N(1−g)(Sz− θ
g

) Q
(
Ng−1 λ

)
= λ

θ
g
−Sz

∞∏
j=0

(
1− λ2

ρj

)
TCFT = lim

N→∞

(
− λ
)N

T
(
Ng−1 λ

)
QCFT, TCFT : FP 7→ Fp

(
p = θ−gSz

2
√
g

)
Q̄CFT = lim

N→∞
N(g−1)(Sz+ θ

g
) [Q(N1−g λ

)
/(N1−gλ)N

]
T̄CFT = lim

N→∞
(−λ)−N T

(
N1−gλ

)
Q̄CFT, T̄CFT : F̄p̄ 7→ F̄p̄

(
p̄ = θ+gSz

2
√
g

)
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Heisenberg representation of Uq(sl2) [Izergin, Korepin’81]

Uq(sl2) : [h, e±] = ± 2 e± , [e+, e−] = qh−q−h
q−q−1

e± = e∓
1
2
Q sinh( P

2 ±
i~
4 (2`+ 1) )

sin( 1
2~)

e∓
1
2
Q , h = −2i

~ P

[ Q , P ] = i ~ , q = e
i~
2

` is arbitrary and is related to the value of the quantum Casimir

1
2

[
(q + q−1)

(
qh + q−h

)
+ (q − q−1)2

(
e−e+ + e+e−

) ]
= q2`+1 + q−2`−1

M(λ) =
←∏N

s=1
L(s)(λ) , L(λ) =

(
λ q+ h

2 − λ−1 q−
h
2 (q − q−1) e−

(q − q−1) e+ λ q−
h
2 − λ−1 q+ h

2

)

T (λ) = Tr

[
M(λ) q(a+bh)σ3

]
, h =

∑
s

h(s) : [T (λ),T (λ′)] = 0
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T -operator for the FZ spin chain
[Bazhanov, Stroganov’89, Baxter, Bazhanov, Perk’90]

T (λ) = (−λ)N Tr

[
←
P
( N∏

s=1

(
L−(Us , Xs)− λ2L+(Us , Xs)

))( q−a Z−1 0
0 q+a

)]

L− =

(
1 0

−i
(
q−`−1 − q+`−1 X

)
U−1 X

)
, L+ =

(
X i

(
q1+` − q1−` X

)
U

0 1

)

X = eP, U = eQ : UX = q2 XU, Z =
N∏

s=1

Xs

n-dimensional of irrep for the Heisenberg group UX = q2 XU:

Xαβ = δα+1,β (mod n) , Uαβ = ωα δα,β, ω = q−2 = e−
2πi
n

` = −1
2 : [HFZ,T (λ)] = 0

HFZ = −
N∑

s=1

n−1∑
l=1

(Xs)l + (UsU
†
s+1)l

n sin(πln )
, UN = q−2M−U1, Z = q−2M+
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BA equations for the FZ spin chain

T-Q relations
Odd n
T (µ)Q±(µ) = (1∓ q−

1
2 µ)2N Q∓(q−1µ) + (1∓ q+ 1

2 µ)2N Q∓(q+1µ)

Even n:
T (µ)Q−(µ) = Q+(q−1µ) + Q+(q+1µ)

T (µ)Q+(µ) = (1− q−1 µ2)2N Q−(q−1µ) + (1− q+1 µ2)2N Q−(q+1µ)

BA equations (UN = q−2M−U1, Z = q−2M+)

(n−1)N−2M+∏
i=1

µi + q−1 µl
µi + q+1 µl

= −q2m

(
1− q+ 1

2 µl

1− q−
1
2 µl

)2N

(n − odd)

nN
2
−M+∏
i=1

vi − q−2 wl

vi − q+2 wl
= −q2m,

(n−2)N
2
−M+∏

i=1

wi − q−2 vl
wi − q+2 vl

= −q2m

(
1− q+1 vl
1− q−1 vl

)2N

(n − even)

m = M+ −M− [similar to Albertini’92; Ray’97]
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On the left panel, the roots of Q
(vac)
+ (µ) are depicted in the complex plane for

n = 5, M+ = M− = 1 and N = 12. On the right panel, the roots of Q
(vac)
+

(circles) and Q
(vac)
− (crosses) as functions of µ2 are shown for n = 6,

M+ = 2, M− = 1 and N = 8.
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Scaling limit of the transfer-matrix

τ (λ) = s lim
N→∞

F (N)(λ)T (N)
((

π
N

) 1
n λ
)

F (N)(λ) =


exp

( [ n
2

]∑
l=1

π
2l
n

l cos(πln )
N1− 2l

n λ2l
)

(n = 3, 5, . . .)

(Ne

π

) 4
n
λn

exp
( [ n

2
]−1∑

l=1

π
2l
n

l cos(πln )
N1− 2l

n λ2l
)

(n = 2, 4, . . .)

τ̃
(vac)τ

(vac)

λ
2

λ
2

N = 1000

N = 2000

N = 4000

N =∞

large (−λ2) asymptotic

N =∞

N = 4000

large (+λ2) asymptotics

-0.6 -0.5 -0.4 -0.3 -0.2 -0.1

0.80

0.85

0.90

0.95

1.00

-0.5 0.5 1.0

-2.0

-1.5

-1.0

-0.5

0.5

1.0

1.5

On the left panel, a plot of τ (vac) for n = 3, M+ = 1, M− = 0 compared to its

large (+λ2). On the right panel, τ̃ (vac) = τ (vac) exp
(
2π (−λ2)

3
2

)
is plotted and

compared with the large (−λ2) asymptotic. The scaling function was numerically
estimated by interpolating to N =∞ the data for N = 500, 1000, 2000, 4000.
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Universal R-matrix

The algebraic structure underlying YB relation was clarified within the
theory of Hopf algebras [Drinfeld’86]. A basic example is Uq(ĝ)
[Drinfeld’86; Jimbo’86].

The universal R-matrix: R ∈ Uq(b̂+)⊗ Uq(b̂−)

R12R13R23 = R23R13R12 (∗)

If we consider the evaluation homomorphism of Uq(ĝ) to the loop algebra
Uq(g)[λ, λ−1] and specify an N-dimensional matrix representation of Uq(g),
then

L(λ) =
(
π(λ)⊗ 1

)
[R]

is a Uq(b̂−)-valued N × N matrix whose entries depend on an auxiliary
parameter λ.

(*) becomes the Yang-Baxter relation

R(λ2/λ1)
(
L(λ1)⊗ 1

) (
1⊗ L(λ2)

)
=
(
1⊗ L(λ2)

) (
L(λ1)⊗ 1

)
R(λ2/λ1)

R(λ2/λ1) =
(
π(λ1)⊗ π(λ2)

)
[R]
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Universal R-matrix for Uq(ŝl(2)
)

[Khoroshkin, Tolstoy’92]

(hi , xi , yi ) ∈ Uq(ŝl(2)
)

(i = 0, 1)

[hi , xj ] = −aij xj , [hi , yj ] = aij yj , [yi , xj ] = δij
qhi−q−hi

q−q−1

x3
i xj − [3]qx

2
i xjxi + [3]qxixjx

2
i − xjx

3
i = 0 , (x 7→ y) (q − Serre relations)

The evaluation homomorphism Uq(ŝl2) 7→ Uq(sl2)[λ, λ−1]

y0 7→ λ q−
h
2 e+ , y1 7→ λ q

h
2 e− , h0 7→ h , h1 7→ −h

Uq(sl2) : [h, e±] = ± 2 e± , [e+, e−] = qh−q−h

q−q−1

L(λ) =
(
π(λ)⊗ 1

)
[R] =

[
1 + λ (q − q−1) (x0E+ + x1E−)

+λ2 (q−q−1)2

1+q2

(
x2

0E
2
+ + x2

1E
2
− +

q2 x0x1 − x1x0

1− q−2
E+E− +

+
q2 x1x0 − x0x1

1− q−2
E−E+

)
+ . . .

]
q−

1
2 h h0 (E± = q±

h
2 e±)
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1 field rep for Uq(b̂−) [Bazhanov, Lukyanov, Zamolodchikov’94]

x0 =
1

q − q−1

∫ R

0

dz V+(z) , x1 =
1

q − q−1

∫ R

0

dz V−(z)

The vertex operators V±(z) = e∓2iβϕ(z) are built from the bosonic field

ϕ(z) = ϕ0 +
2πz

R
p̂ + i

∑
n 6=0

an
n

e−
2πin
R z

[an, am] = n
2 δn+m,0 , [ϕ0, p̂] = i

2

h0 = 2
β p̂ (q = e−iπβ

2

)

Fock space Fp (the highest weight module of the Heisenberg algebra)

x0 : Fp 7→ Fp−β , x1 : Fp 7→ Fp+β

The matrix elements of L(λ) are operators in ⊕∞n=−∞Fp+nβ .
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Using the commutation relations

V σ1(z1)V σ2(z2) = q2σ1σ2 V σ2(z2)V σ1(z1) , z2 > z1 (σ1,2 = ±)

the monomials built from the generators x0, x1 can be expressed in
terms of the ordered integrals

J(σ1, . . . , σm) =

∫
R>z1>z2>...>zm>0

dz1 . . . dzm V σ1(z1) . . .V σm(zm)

L(λ) =
∞∑

m=0

λm
∑

σ1...σm=±

(
q

h
2
σ1eσ1

)
. . .
(
q

h
2
σmeσm

)
J(σ1, . . . , σm) eiπβ p̂ h

=
←
P exp

(
λ

R∫
0

dz
(
V+ q

h
2 e+ + V− q−

h
2 e−

))
eiπβ p̂ h

V±(z2)V∓(z1)
∣∣
z2→z1+0

∼ (z2 − z1)−2β2

J(σ1, . . . , σm) are well define for 0 < β2 < 1
2
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Scaling limit of the XXZ transfer-matrix

τ(λ) = Tr

[
←
P exp

(
λ

∫ R

0
dx
(
V+ σ+ + V− σ−

))
e−2iπβpσ3

]
τ(λ) : Fp 7→ Fp , [τ(λ), τ(λ′)] = [τ(λ), L0] = 0

In the limit N →∞

HXXZ

∣∣
θ,Sz = NE0 + 2π

N (L0 + L̄0)
∣∣
Fp ⊗ F̄p̄

+ o
(
N−1

)
L0 = p2 − 1

24 + 2
∑
n>0

a−nan , L̄0 = p̄2 − 1
24 + . . .

p = θ−gSz

2
√
g , p̄ = θ+gSz

2
√
g

τ(λ) = TCFT (λ) = lim
N→∞

(
− λ
)N

TXXZ

(
Ng−1 λ

)
(β2 = g)
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3 fields rep for Uq(b̂−) [Feigin, Semikhatov’01]

The Borel subalgebra Uq(b̂−) ⊂ Uq(ŝl2) admits a realization with

x0 = 1
q−q−1

∫ R

0
dz V+(z) , x1 = 1

q−q−1

∫ R

0
dz V−(z)

h0 = −4ib p̂3

The vertices V± are built from three bosonic fields ϕ1, ϕ2, ϕ3:

V± = 1
2b2

(
ib ∂ϕ3 + α2 ∂ϕ2 ± α1 ∂ϕ1

)
e±

ϕ3
b

α2
1 + α2

2 − b2 = 1
2

q = e
i~
2 with ~ =

π

2b2

V σ2(z2)V σ1(z1) ∼ (z2 − z1)−2−σ1σ2/(2b2) (σ1,2 = ±)

The path ordered exponent expression for L(λ) is ill defined.
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Parafermion transfer-matrix

V± = 1
2b2

(
ib ∂ϕ3 + α2 ∂ϕ2 ± α1 ∂ϕ1

)
e±

ϕ3
b

α1 =
√
n+2
2 , α2 = 0, b =

√
n

2

ψ± = V±, Ω = e
4πp1√

n

τ(λ) = Tr

[
←
P exp

(
λ

∫ R

0
dx
(
ψ+ σ+ + ψ− σ−

))
Ω−

1
2
σ3

]
ψ± – fundamental Zn-parafermion currents [Fateev,Zamolodchikov’85]:

ψ±(x2)ψ∓(x1)
∣∣
x2→x1+0

∼ 1×
(
x2 − x1

)−2∆ψ , ∆ψ = 1− 1
n

ψ+ and ψ− carry the Zn-charges +2 and −2 respectively:

Ωψ±Ω−1 = ω±2 ψ± , ω = e−
2πi
n
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Parafermion irreps Vj with the highest weight

|σj 〉 : ∆j =
j (n − 2j)

n (n + 2)

(
j = 0, 1

2 , 1, 3
2 , . . . ,

1
2

[
n
2

])
V(m)
j ⊂ Vj : ∆j,m =

j(j + 1)

n + 2
− m2

4n
(m = 2j, 2j− 2, . . . ≥ 0)

τ (λ)
∣∣
V(m)

j

= s lim
N→∞

F (N)(λ)T (N)
((

π
N

) 1
n λ
)∣∣∣
M+,M−

, M± = j
2 ±m

F (N)(λ) =


exp

( [ n
2

]∑
l=1

π
2l
n

l cos(πln )
N1− 2l

n λ2l
)

(n = 3, 5, . . .)

(Ne

π

) 4
n
λn

exp
( [ n

2
]−1∑

l=1

π
2l
n

l cos(πln )
N1− 2l

n λ2l
)

(n = 2, 4, . . .)

Scaling limit:

HFZ

∣∣
M+,M−

= NE0 + 2π
N (L0 + L̄0)

∣∣
V(m)
j ⊗ V̄(j)

j

+ o
(
N−1

)
P
∣∣
M+,M−

= exp
(

2πi
N (L0 − L̄0)

)∣∣
V(m)
j ⊗ V̄(j)

j
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Further developments (hep-th/1706.09941)

ODE-IM correspondence for the Fateev-Zamolodchikov spin chains

Non Linear Integral Equations

Relation to the sausage NLSM
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