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Fateev-Zamolodchikov (1982) spin chain

N n—1 g \/ I

(Xs)" + (UsUg 1)
° Hez = —» ) —
o= nsin(h)

X, U - n x n matrices cyclic matrices: X" =U" =1, XU=w UX, i.e.

X3 = da+41,8(mod n) > U5 =w® dap, w= T
N
@ Z, invariance: Z = HXS' [Hpz,Z] =0 = Z =wM
s=1
o Twisted boundary conditions: Uy41 = wM- U, Xy+1=X1

@ Scaling limit?
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XXZ spin % chain

(JeSKSK1 + Iy SE Sk 1 + IS8 Skia)

Hxyz = —

NE

k=1

@ Spin %: Sa:%aa

o Jy=J,=J>0

o XXZ spin—% chain is an exactly solvable model [Bethe'31, Lieb'67,
Sutherland’67]

Antiferromagnetic Ferromagnetic
? { ¢ { ¢ Disordered f 444
@
J<-J —J <J.<J J2J
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Thirring’58 (Tomanaga'50-Luttinger'63) model

Jordan-Wigner transformation: \Uf, = Hafa; , VU, = ngzgf;
Jj<n Jj<n

Hxxz = — » 20 (WiWopy + W) Wo) + U (1—20fw,)(1 - 2v]  w,.y)
n

Scaling limit (N, J = oo, R = N/J — fixed)

&

v, ~ eiﬂTn Q;Z)R_'_e_inn (0
(N YR

Fermi see
g4F(Jz/J)
1

R
Hxx7z — HThirring = /0 dx (i ﬂ@xm - i@bL@wa + ur ﬂ?/);gwmf?)
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Bosonization

Massless Thirring model = Massless Gaussian model

HGauss :/0 jx ((at¢)2 (6X¢)2)

O(t,x) = p(t + x) + @(t — x)

27TZ 271'1n . _ 27TZ ~
©(z) = <po+—p+1 —e R QD(Z):(,Oo—i-?P—i—...
n750
[ana am] 5n+m0 > [‘100713] = %
[ana am] 5n+m0 > [QEO,ﬁ] = %
Fock space F, : anp, ...a_m |p)  (m,...,nx>0)

anlp)=0 (n>0), plp)=plp).
H : fp®ﬁﬁf—>fp®ﬁﬁ
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Scaling limit of the XXZ spin 5 L chain

N

1—
Hxxz = mz 0ROk 1 T 0k + Dok
A =cos(rg) (0<g<1)
@ Twisted boundary conditions: af[ = *2mif 0N+1

N
= % ZO’fZ [Hxxz,sz] =0.
@ In the limit N — oo

HXXZ|9751 = N& + 3T (Lo + ZO)‘;,,@%F_, +o(N71)

Lo=p"—2+2> anan, Lo=p —o+...

n>0
_ 0—gS5* = _ 0+g5*
p= 28 p = 2.8
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Fateev-Zamolodchikov spin chain

anX/ U I
) Hpy = — E E (S) ° SH)

i nsin( )

X"=U"=1, XU=wUX (w=ec n)

N
Zn charge: Z =[] %s, [Hpz,2]=0 = Z = wM+

°
s=1

@ Twisted boundary conditions: Uy = wM- U, Xy+1=%X1
_ g1 s apy _
_56215632' .0 Brt M. [Hpz,P] =0

@ Scaling limit:

HFZ}M_,M+ = N& + 2W7r (Lo + [0)‘ +
= exp (5 (Lo — Lo)) \
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Yang-Baxter Algebra

+2 -1 -2 -1
£ = (Aq roAca lana _)e1h>
q 2

(g—g ) er Agz—A"!

h —h

Ug(slz) : [, er] = £2ey, [e, e-] =15
[Kulish, Reshetikhin, Sklyanin'81]

® Rev(A2/M1) (£(M)®1) (1@ L(A2)) = (1® L(X2)) (£(A1) ® 1) Rev(A2/A1)

« N
° — ﬁ(s)

.

Rgy )\2//\1 )\1 ®1 1®M )\2) 1®M )\2) )\1)®1 Rsv )\2/A1
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Transfer-matrix for the XXZ spin chain

T(\) =Tr { M()) q(“ﬁh)‘fa} , h=> "0 - [T\, T(\)] =0

@ 2D irrep of Uq(slx): [h, ex] =+2ey [e+, e_] = f::__lh

Casimir: 3 [(g+ ¢ ") (" +a ") +(q—q ') (e—er +eje )] =" +g%!

(=3|: ex=o0s, h=o3 a=2: [T(N),Hxxg]=0

o T — -equation
QT = (1-3a )" Q0a) + (1-19)" @A )
BA equations

N 5+S% 12
1-Xq = —q 257 o2 21—[ Aj — X
1- Mgt )\Jz )\2
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Bethe roots for the vacuum state for |J,| < J

7+Z

( sinh (v + %) )N _ 2t H sinh(ap — o +img)
sinh (Oén _ %) N sinh(ap — aj —img)
aj = log(};)
J (@)

(Aj = e%)

IIP Natal, June 19, 2018 10 / 27



Bethe roots in the limit N — oo

2.0k
2 oxl N
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8P z 1
S :(}:073':3
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8 . @
s . b
N
N  p1=7.96362...
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ODE/IM correspondence

Dorey, Tateo'98, Bazhanov, Lukyanov, Zamolodchikov'98]

Let { E, }:O:o be an ordered spectral set of eigenvalues of

B M),
|:_dZ2+Z2+Z —E:|¢—0,
then
M(14 L)1
li N2—2g 2 — ﬁ ple En
am, Ani1) [ 2r3+4)
provided
1
N S R
g g 2
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Scaling limit of @ and T

O 2
e g g ] )
[e%s) i )j

Topr = Jim (= A)" T(NE71))

Qcrr, Terr @ FP=Fp  (p= 62_522)

o Qorr = fim NEVETD [Q(NIE ) /(N6

Topr = lim (=2\)"N T(N1-#
CFT Ninoo( A) ( /\)

Qerr, Terr : Fp— Fp (B= 2VE )
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Heisenberg representation of U,(sly) [izergin, Korepin'si]

o Ug(sh): [h ex]=+2es, [e, e ]=207
sinh(£ 4+ 220 +1 .
ei_e:F%Q (2. 41( )) e:F%Q, h ——%P
S|lr;(§h)

[Q,P]=1ih, g=e2

@ ( is arbitrary and is related to the value of the quantum Casimir

a+a (@ +a ™) +(@—qg1)? (e_ey +tere )] =g +qg %!

=" @ Mg -ATlgE (g-q Y e
° MO=]L 0. e = (@-ges Agz-ATlq':
T(\) =Tr [ M()) q(“+5h)"3} , h=> "0 = [T\, T(\) =0
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T-operator for the FZ spin chain

[Bazhanov, Stroganov'89, Baxter, Bazhanov, Perk'90]

N —a5—1

T = ()N Tr {7?( [1 (£ (ve%) = N2£4(05. %)) (" o

s=1
_ 1 0 (X i (q“‘[ - ql_z X) U
L_= (_1 (1 — gt x)ut X> . Ly = (0 1

x=¢", U=ev: UX=g’XU, Z:HXS

@ n-dimensional of irrep for the Heisenberg group UX = q° XU:

Xg = 6a+1,ﬂ(modn) 5 Ug =w® 6@,/37 w = q_2 = 6_%
o |l=—3|: [Hpz, T(N)] =
N n-1 /
(Xs)! + (usul,,)’ _ _
Hpy = — ZZS—SSH’ Uy = g 2M-u,, 7 = g~2M+
=1 nsin( )
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BA equations for the FZ spin chain

o T-Q relations
Odd n

T(1) Qe(n) = (1F g7 )™ Qe(q ') + (1 F a2 ) Qe(q™'p)

Even n:
T(1) Q-(1) = Q(q ') + Qs (g™ 1)
T() Qi) =1 —q AN Q (¢ ) + (1 — g™ 1AM Q- (¢ 1)

o BA equations (Uy = g ?M-U;, z = g2M)

(n—1)N—2M _ 1 2N
I +u;+q1u/:_qzm(1fq+2m) (n— odd)
it ath 1—q2p
nN (n=2)N
g, (=2 _pp.
2 -2 2 -2 +1 2N
vi—q ‘w om wi —q v zm(l—q V/)
=g — = —¢" (——=— ] (n—even)
g vi—qt2w ’ 11;[1 wi — g2y 1-gly

m = My — M_ [similar to Albertini'92; Ray'97]
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On the left panel, the roots of inac)(u) are depicted in the complex plane for
n=5 M, =M_=1and N =12. On the right panel, the roots of Q{"*)

(circles) and QL) (crosses) as functions of ;2 are shown for n = 6,
My =2 M_=1and N =8.
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Scaling limit of the transfer-matrix

r(\) = %Iim F("’)(A) T(N)((%)% A)

-2.0) -0.6 -0.5 =04 -0.3 -0.2 -0.1

On the left panel, a plot of 7("*) for n = 3, My=1 M_=0 compared to its
large (+A2). On the right panel, 7(va) = r(vac) exp( (—\?)? ) is plotted and
compared with the large (—\?) asymptotic. The scaling function was numerically
estimated by interpolating to N = oo the data for N =500.1000.2000. 4000.
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Universal R-matrix

The algebraic structure underlying YB relation was clarified within the
theory of Hopf algebras [Drinfeld'86]. A basic example is Uy(g)
[Drinfeld'86; Jimbo'86].
@ The universal R-matrix: R € Uq(/b\_l,-) ® Uq(E_)
R12 R13 R23 — R23 R13 Rlz (*)
@ If we consider the evaluation homomorphism of Ugy(g) to the loop algebra

Uqg(9)[M, A7 and specify an N-dimensional matrix representation of Ug(g),
then

L) = (x(\) © [R]

is a Ug(b_)-valued N x N matrix whose entries depend on an auxiliary
parameter .

@ (*) becomes the Yang-Baxter relation
R(A2/A1) (L(A1) ®1) (1@ L(X2)) = (1® L(X2)) (L(A\1) @ 1)R(A2/ 1)
R(A\2/M1) = (7(M) @ 7(X2)) [R]
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Universal R-matrix for Uq(sA/(Q)) [Khoroshkin, Tolstoy’92]

hi _ o —hi

(his xi, y) € Ug(sl(2)) (i=0,1)

[hi, ] = —aj x5 [hiyil = a5y, lvixl =65 L=

x2x; — [BlgxAxixi + [Blgxixix? — xix2 =0,  (x+y) (q— Serre relations)

@ The evaluation homomorphism Ug(sly) — Ug(sk)[A, A7

Yorr Ag P es nAgie., ho — %, hy — —h
Ug(sl) 1 [h, ex] =%2es, [eq, e ] =20y

o L) = (r(N) @ )R] = |1+ (g a7") (0Eys +xE-)

2
g~ XoX1 — X1Xo

2 (=g )/ 22 22
+A (q]__ﬁq2) (XO E+ + Xl E_ + 1 — q_2 E+E_ +
2X X0 — XpX h
+ - quofl EEy)+.. '}q_%hh" (Ex=q"Pey)
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1 field rep for U,(b_) [Bazhanov, Lukyanov, Zamolodchikov'94
q

1 R 1 R
X =——— / dzV*(z), X = — / dzV~(2)
0 0

g—qt g—gqt

The vertex operators V*(z) = eT2#?(z) are built from the bosonic field

2z . an _2min,
= R
o(z) = o + p+i E e

R
n#0
[am 3m] = g6n+m,0 ) [9007 ﬁ] = %
A —inB?
ho = %P (g=e")

Fock space F, (the highest weight module of the Heisenberg algebra)
xo: Fpr=Fp_p, x1: Fp+= Fpys

The matrix elements of L(\) are operators in @72 _ . Fpins-
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Using the commutation relations
ch1(zl) VO'2(Z2) — q20102 \/02(22) Vm(Zl), 70> 71 (01,2 — :I:)

the monomials built from the generators xg, x; can be expressed in
terms of the ordered integrals

Sorom) = [ dadzn V@) Vo)

R>z1>z>...>zm>0
o0

L(>\) = Z A7 Z (q%‘”eal) . (q%(fmeam) J(Ul, el Um) ol™B Bh
m=0

01...0m==%

R
pa L o _ _n ir3 ph
= Pexp|A[ dz (V g2e; + V7 g 2e,) e’ P

VER)VF(2)|, ., o~ (22— 2)

J(o1,...,0m) are well define for 0 < 6% < %
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Scaling limit of the XXZ transfer-matrix

< R '
o 7(A\) = Tr[Pexp <)\ / dx (\/+ oy + V™ 0)) e—217r,8p03:|
0

T(A) + Fp—=Fp, [T()\)jT()\/)] =[r(N\), L] =0

@ In the limit N — oo

Hxxz|y 5. = Néo + 5 (Lo + ZO)‘ Fel

Lozpz—i+2Za_nan, [0:[32—i+...

n>0
_ 0—gS§* — _ 0+gS”*
P = 28 p= 28
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3 fields rep for Uq(E_) [Feigin, Semikhatov'01]

@ The Borel subalgebra Uq(a,) C Uq(sAlg) admits a realization with
R R
X0 = q_i’,l / dz V*(z), X1 = q_i’,l / dz V™ (2)
0 0

ho = —4ib ps

The vertices V* are built from three bosonic fields ¢1, 2, ¢3:
. #3
vE = 21? (1b8<p3 + ap 0o + a1 01 )ejE b
oz% + a% — b= %
q= o with A= —

o V7 (2) V7i(21) ~ (22 — 21) 272/ CF) (012 = %)

The path ordered exponent expression for L(\) is ill defined.
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Parafermion transfer-matrix

¥3

VE =L (ibdgs + az O + a1 0y )e= 5

n
ca =T -0, b
4mpy

YpE=VE Q=en
< R 1
T(\) = Tr[Pexp <)\ / dx (vt oy + o4~ a_)> 9203]
0
e )T — fundamental Z,-parafermion currents [Fateev,Zamolodchikov'85]:
vE() ¥ (x))| ~1x (x— Xl)_ZAw Ay=1-1
x2—x1+0 ’ P n
¥ and 1~ carry the Z,-charges +2 and —2 respectively:

2mi
QwiQ_lzwi2¢i ’ w=e"n
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@ Parafermion irreps V; with the highest weight
j (n—2j) ,
o) A= (=02 13 2[3])

n(n+2) 5 D9 Ly D)
i 5
m v . A i+l m o
Vim eV A =" (m=2j,2—2,...>0)
1 )
] T()\)|vj(m) = ?Vh—.;noo F(N)()\) T(N)<(%)n )\> Mo My = % +m
[5] 2
exp( lc:sgl’) N2 )\2/) (n=3,5,..)
F(N)(/\) - - F’]*l 2
O (B e M) e
I=1 n
@ Scaling limit:
Hezly, . = NEo+ 5 (Lo+ Do) +o(N7H)
e (m) ()
Vi ey,
P| = ep (5 (Lo - Lo))|
My M- N (m) o, 750
Vi ey,

S. Lukyanov (Rutgers) Based on the joint wc On the scaling limit of the Fateev-Zamolodcl IIP Natal, June 19, 2018 26 / 27



Further developments (hep-th/1706.09941)

@ ODE-IM correspondence for the Fateev-Zamolodchikov spin chains
@ Non Linear Integral Equations

@ Relation to the sausage NLSM
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