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Quantum Paths

quantum paths realize multi-qubit
quantum gates on N-qubit registers

we realize multi-qubit gates via driven
dynamics of N coupled qubits

example will be the resonant coupling of
eigenstates of Krawtchouk qubit chain
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Many-body strategies for multiqubit gates: Quantum control through Krawtchouk-chain dynamics
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We propose a strategy for engineering multiqubit quantum gates. As a first step, it employs an eigengate to map
states in the computational basis to eigenstates of a suitable many-body Hamiltonian. The second step employs
resonant driving to enforce a transition between a single pair of eigenstates, leaving all others unchanged. The
procedure is completed by mapping back to the computational basis. We demonstrate the strategy for the case of
a linear array with an even number N of qubits, with specific XX + Y'Y couplings between nearest neighbors.
For this so-called Krawtchouk chain, a two-body driving term leads to the iSWAPy gate, which we numerically
test for N = 4 and 6.
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-  background and motivation
-  many-body strategies for multi-qubit gates

- quantum control on the Krawtchouk chain
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quantum algorithms

For specific problems quantum algorithms can be
made to outperform classical computers by cunningly
combining quantum parallelism with interference.



Grover search algorithm:

finding tagged element in size-N database in O( VN ) steps
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repeat O(V N) times




quantum circuit

3-step implementation of quantum algorithm on

N-qubit quantum register

initialization

unitary evolution via quantum gates

read-out through measurement o
s
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quantum gates

- 1-qubit gates: X, Z, H, ...

X Z Hi—

1 0 1 1 1
) =(0 %) ()
- 2-qubit gates: CNOT, XX(0), SWAP, ...

c flips target qubit t
CNOT: l
U/

O =

iff control qubit c is

in state [1>



universal gate sets

strong universality:
all N-qubit unitaries can be built from CNOTSs
plus sufficiently many 1-qubit gates

all gquantum paths can be realized via quantum

circuits with 1- and 2-qubit gates



state of the art

quantum hardware has progressed to the point that
programmable qubit platforms with up to some 20
qubits are available - real-world testing of few-qubit

quantum algorithms!




native gates and quantum compiling

- native gate libraries
the 1-qubit and 2-qubit interactions that are natural for a

given qubit platform lead to a "native gate library’.

« quantum compiling

expressing universal gates in native gates

example: native gate library for trapped ions
- all 1-qubit rotations R (0)
- 2-qubit gates X;X; (0)

) 1 Ry(ag) - H Ry (—a3) H
g = XX (a%)

|qt)




Complete 3-Qubit Grover Search on a Programmable Quantum Computer

C. Figgatt,® D. Maslov,>! K. A. Landsman,! N. M. Linke,! S. Debnath,! and C. Monroe!3

Y Joint Quantum Institute, Department of Physics,
and Joint Center for Quantum Information and Computer Science,
University of Maryland, College Park, MD 20742, USA
%2 National Science Foundation, Arlington, VA 22230, USA
3TonQ Inc., College Park, MD 20742, USA
(Dated: March 31, 2017)

Grover search: finding tagged element
in size-N database in O( \/N ) steps
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3-qubit Grover search finds 1 tagged
element out of 8
in two steps

quantum circuit on Quirk simulator:

12.5% 3.1% 0.8% -
004 X 7 H 12.5% - H H H 3.1 - H H o6 — -
12.5% 3.1% 0.8%Chance of 1101) if measured
12.5% | 1 HEEEE . | | 9-8 : 94.5313%
04 X H H 2.5 | H H 3| H H 0.8 :: -0.2 dB
12.5% 78.1%
IO)— X | H 12.5$_ | H | Z | H | | 3.1\_ | H | Z | H | 0.8% . _
12.5% 3.1% 0.8% l
‘ \ /
i Oracle tagging the element |101>
Initializing the qubits to |0> read-out gives

tagged element |101>
with 94.5% chance



multi-qubit gates

« quantum algorithms such as Grover search use gates
like
CCNOT (Toffoli), CCZ, ... , CN"INOT, CN-1Z, etc

 building these from 1-qubit and 2-qubit gates requires
lengthy circuits



multi-qubit gates
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Toffoli-3 using standard Clifford + T gate library



multi-qubit gates

|g1)
|g2)

|gt)

|q1)
|g2)

|g¢)

i_

+Ry(—B%)HR(BE)H XX (B%) B
XX (af)
Ry (—73) H R (%) HR(=%, (3 )7 — P) -
XX(vg)

— Rz (%) XX(BF)H

- Ry(B%)
XX(aZ)
-+ A R(—apfyZ, (B ) — afyP) - H R(m, —aByT)
XX(vg)

Toffoli-3 using XX/R gate library



multi-qubit gates

|q1) —— Ry(alazg) XX(alg)
lgz) —¢—  —{Ry(3) —{XX(a2}) XX(az2})
lgs) —¢— =
lgt) -
- @) — | Rule) |- XX (02 D) HR(aum, @m) XX (01 ) { Ry (0 §) { R (02 ) XX (e ) |
av; lg1)
S
o) lg2)
::
W lgs) -+ 4 Ry(—BZ) I Ra(BZ) HR(-25, (B yr — P) H X X (a3 T) |-
9 ) XX (BE)
] qt Rw(%) NG
o0 |ga) TRy ca ) H Ra(ae®) - XX (arg) XX(aaT)}-
a7
g lq1) Rz (—aim) }»
P4 lg2)
éo |gs) {R(CasauBZr, (2321 — 030,8P) R(r, —asaeB™) H X X (as™)
o= XX(B%)
C£ |Qt>
19a) XX(asT) HRy (@) |-
3
) lg1) XX(a1%) Ry(—a1as5) |
a%) lg2) A XX(a2%) XX(a2f) —{Ry(—3) —
ﬁ lgs)
|Qt)
)

|

XX(a2G) HR(—aum,Qm) H XX (a1 ) HRy(at §) H Re(—25) H X X (027) Ry(at7)
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-  many-body strategies for multi-qubit gates



many-body strategies

idea

couple N qubits, leading to a many-body spectrum

proposed protocol

Step 1. Apply quantum circuit for eigengate to produce

eigenstates from states in computational basis.

Step 2. Use resonant driving to selectively couple and

interchange 2 out of 2V eigenstates.

Step 3. Apply eigengate to return to computational basis.



step O:
many-body energy spectrum (N=4)

energy

T
=

—> S (#o0f1)



step 1:
eigengate Uy maps computational basis to eigenstates

0011) U,|0011)

‘1100> /UK‘1100>



step 2:

resonant driving interchanges a single pair of eigenstates

0011) K¢0011>

1:/— -

_\—/:1
1100) — U, 1100}




step 3:

inverse eigengate U, maps back to computational basis

0011)

==

\ /!
1100) — UKE(D\’ i[1100)

\UK\0011>/ i{0011)

iISWAP,
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- quantum control on the Krawtchouk chain



2-qubit XX+YY coupling
H®? = —%(Xlx2 +Y1Y5)

t=m/J pulse of H® gives gate iISWAP,

|oo) 2 |00), |01) 21 |10), |10) 2> 1i]01), |11) > [11)

0 —— 5 00

R ————
01 01

1] —> 11

t=0 t=m/J



Krawtchouk chain (N=n+1)

H ==L 3 D=0 [X X+, ]
x=0

* 1-body energies are all commensurate

)Lk=J(k—N—_1), k=0,1,..,n
2
« many-body energies are (free) sums of 1-body

energies thanks to mapping to free fermions



Krawtchouk chain dynamics, I

Time evolution over time t*=7/J gives
Perfect State Transfer (PST) for state with

single "particle’ or “spin-ilip’

Christandl-Datta-Ekert-Landahl 2004

Tl
?1 ‘ l l l l animation:

van der Jeugt



Krawtchouk chain dynamics, 11

pulse of time t*/2=7/(2J)
on Néel state |1010..> = é ¢ é

generates Rainbow state:
= QPP

IBELL)
IBELL)

maximal block entanglement [BELL)

nested Bell pairs with

entropy S;z=N/21n(2)

Alkurtass-Banchi-Bose 2014



Krawtchouk chain, details (N=n+1)

A
H =-5§J<x+1><n—x>[x X +YY, ]

1-body spectrum

A, = J(k—NTl) k=0,1,.,n

eigenstates

W-Soclty were 2

H

with KW the Krawtchouk polynomials

K.\ = i(—l)f[ ;f ][ o ]



Krawtchouk chain, details (N=n+1)

i _%S\/(X+1)(n—x) [XxXx+1 +YYx+1]

« mapping to free fermions through Jordan-Wigner

transformation

* many-body eigenstates built from fermionic eigenmodes



Krawtchouk chain energy spectrum (N=4)

energy

T
]

—> S (#o0f1)



step 1:
eigengate Uy maps computational basis to eigenstates

0011) U,|0011)

‘1100> /UK‘1100>



Krawtchouk eigengate

 exact eigengate for Krawtchouk chain eigenstates

x(H*+H”

UK=eXp(—zJ \/5 )

with

2 _ Iy
H —2§<x I =2),

 proof: use angular momentum commutation relations of
Krawtchouk operators Ly = HX and L,= H* to show that

UH”=H"U,



step 2:

resonant driving interchanges a single pair of eigenstates

0011) K¢0011>

1:/— -

_\—/:1
1100) — U, 1100}




multi-qubit gate: iISWAP,,

« need driving term H,(t) that resonantly couples
the

highest energy state U,|00...01...11>
to the

lowest energy state Ug|11...10...00>

* need to annihilate the fermionic modes with /4, >0

and create the fermionic modes with .4,.<o (or /4, <0)

 can be done by suitable 1-qubit or 2-qubit operator (!)



multi-qubit gate: iISWAP,,

 Nodd, N=n+1, need to couple

UK |On/2+1 12/2 > with UK |1n/2+1 on/2 >

* need to
annihilate the n/2 fermionic modes with /4,>0
and

create the n/2+1 modes with /4, <o

« can be done by the 1-qubit operator

(7;/2 = [1 - 2f1+f1 ] . -[1 - 2][;;2—1 n/2-1 ]fn-;Z



multi-qubit gate: iISWAP,,

* N odd, N=n+1, matrix element for single qubit

resonant driving

<1n/2+10 ni2 ‘UK o, U,

On/2+11n/2 >

_ 2n/2 ¢(n) ¢(n)
_ {0,...,n/2},{0,...,n/2} {0,...,n/2-1} {n/2+1,...n}

_ (_2)—112/4

« exponential decay implies that driving time for

resonant transition grows quickly with N



multi-qubit gate: iISWAP,,

* N even, need to couple
Ug |oN21N/2 > to Uy [1Y/2 oN/2 >
* need to

annihilate the N/2 fermionic modes with /4, >0

and

create the N/2 fermionic modes with /;,<0

 can be done by the 2-qubit operator

G J+N/2 f [1 2f]+1f]+1] [1 2f]+N/21 j+N/2—- 1]fj+N/2



multi-qubit gate: iISWAP,,
« for N=6: matrix element
(111000|U, (00, —0,07)U,|000111) = 332
* resonant driving term
H{ 7 (t)=iJ,cos[9Jt][o] 0, -0}07] %
 conditions on driving time z;, } }'

T,58J,/64)=mx/2 1,=MQm/J)

so that (in leading order) |000111> and [111000> are

interchanged and all dynamical phases return to 1



many-body protocol for iISWAP,

000111)—[111000),  |111000)—i|000111)

J/V2

H? | |
J

| |

- %WWVM\M
I >« >




fidelities for iISWAP_, and iSWAP

Gate error Er
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multi-qubit gates ...

combining Krawtchouk pulse with resonant driving
produces N-qubit gate iISWAP,,

|000...111...> =2 1 |111...000...>,
|111...000...> 2 1 |000...111...>

double—time iISWAP, gives PHASE,,

|000...111...> = - |000...111...>,
|111...000...> 2 - |111...000...>



multi-qubit gates ...

| ~1_| PHASEs |
b —H[X X HHH—
0) — — 10)

Toffoli-5 using double strength iISWAP, gate called PHASE,



Outlook

further results (with Koen Groenland)
 sensitivity to noise

 various optimizations

 other systems, such as Polychronakos/Frahm

spin chains with inverse-square exchange



Outlook

questions, questions ...

 forlarge N, our gate times grow rapidly due to
suppression of matrix elements — can this be
avoided?

« fundamental "speed limits’ for quantum gates
— given the maximum strength of qubit-qubit
interactions, how much time is needed to

achieve a gate?



