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Aim

e Discuss the General structure of time evolution integrable
equations associated to graded Affine Lie algebraic
structure, e.g., sinh-Gordon, mKdV, etc.

o Representation Theory of Infinite Dimensional Algebras
and the Systematic Construction of Soliton Solutions.

e Systematic Construction of Backlund Transformation for the
entire Hierarchy and Integrable Defects
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Affine Lie Algebra Structure

o Start with affine Lie Algebra G

e Decompose G into graded subspaces, e.g., ¢ = ®;G;, such
that [Gi, Gj] C Gy

o Define constant grade 1 operator £ = E(") € G; and define
K = Kernel = {x € G/[x,E] = 0}

e Decompose Gp = K & M
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Integrable Hierarchy

e Define Lax operator

L=0y+EMN+A, AyeMCGy Image

e 2 - Dim. Gauge potentials
Ac=E+ A, AIMN:D(N)+D(N’1)+~-+D(0)+~-D(’M)
e Zero Curvature Equation for Hierarchy
[0y + EM + Ao, Opy + DN) 1 pIN=1) ... 4 DO ... pEM)] = ¢
DV € g;.
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Integrable Hierarchy

Decompose and solve grade by grade, i.e.,

[EM, DM = o,
[EC), DIN=D] + [Ag, DM] + 9,0 = 0,

[ED, DED] + [Ag, DO 4 0,0 — 5, Ay = 0,

[Ag, DM + 0, DM = 0,
e Solving recursively for D) we get the egn. of motion

Ay Ao — DO — [Ay, DO — [EM D=1 =0,
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The mKdV Hierarchy

Example: The mKdV Hierarchy
e Choose G = s/(2) with generators {h, E.,}

o Grading operator Q, e.9. Q =2)\ % + %h
o semi-simple element E = EM) = E, + A\E_,,

e Decomposition of Affine Lie Algebra into graded subspaces,

Gom = {h'™ =\"h},
g2m+1 = {)\m (Ea + )\E—a) ) AT (Ea - /\E—a)}

m=0,%+1,£2,... where [G;, Gj] C Giy,.
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Positive Hierarchy M = 0

For M = 0, Zero Curvature can be decomposed and solved
grade by grade, i.e.,

[EM DM = o,
[ED), DN-D] 4 [Ay, DN + 5,DN) = 0,

[Ag, DO) + 0,D® — 3, Ay = O,
e In particular, highest grade component, i.e.,
[ED, DM = o,

implies D) = E(N) ¢ Ky, 4 is const. and therefore
N=2n+1.

Solving recursively for DU) we get the eqgn. of motion
aI‘NAO - aXD(O) - [A07 D(O)] = 07
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Positive mKdV Hierarchy

Examples: Ag = v(x, tn)h,

N =3,
40,V = vgy — 6V, mKdV

N =5,
160,V = vsx — 10V2va, — 40vvyVay — 10V2 + 30v* vy,
N=7,
640,V = Vox — 182vyV3, — 126V2vay — 140vVa, Vay
— B4wvyVay — 142 vy + 420V2 V3, + 560v3 vy Voy
+ 70v*vs, — 1408y
.- ete
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Vacuum Solution for positive hierarchy

Remark

e Vacuum Solutionis v = const =0
e zero curvature for vacuum solution becomes

[0y + EM. oy, + EM =0, [EM EM]=0
e and imply pure gauge potentials, i.e.,
Ax,vac = E(1) = T(;1ax T07 AtN,vac = E(N) = T(;18tN TO

E(1) E(N)
TO ex etN
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Negative Hierarchy

e Zero Curvature Equation for Negative Hierarchy
[Ox + EM 4+ Ay, 0p , + DM 4 DD ooy pED] = 0.

o Lowest grade projection,
8D 4 [Ay, DEM] =0

yields a nonlocal equation for D(~™). No condition upon n.
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Negative Hierarchy

e The second lowest projection of grade —n + 1 leads to
OxD"H) + [Ag, D] 4 [ED), D] = 0

and determines D(—1+1),

e The same mechanism works recursively until we reach the
zero grade equation

A Ao+ [EN, DD =0

which gives the time evolution for the field in Ay according
to time t_.
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Negative Hierarchy

e Simplest Example t_, =1t_;.

0xDY 1+ [Ag, D] = 0,

O Ao —[EMW DD = 0.
e Compact Solution is
DD =B TECYB, Ay =B"'9,B, B =exp(G)

e The time evolution is then given by the Leznov-Saveliev
equation,

B (B‘1<9XB) — [EM, B1EC-Np]
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Sinh-Gordon

o For s/(2) with principal gradation Q = 2\ & + 1h, yields the
sinh-Gordon equation (relativistic)

O Oxp=€*%—e 2  B=gh

where t 1=z, x=2z, Ay= Vvh=0x0h.

e No restriction for Negative even Hierarchy
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Negative Hierarchy

o Next simplest example t = t 5 '
Ox D +[A0 =21 = o,
0xD1) 4 [Ag, DV 4+ [EM, DA = o,
O ,A0— [ED, DD = 0.
e Propose solution of the form
D=2 = c o\ 'h,
DV — a4, ()\_1 E,+ E_a) +b ()\‘1Ea _ E_a> .

'JFG, G Starvaggi Franca, G R de Melo and A H Zimerman, J. of Phys. A42,(2009), 445204
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t =t » Equation

e Get c_s = const and
ai1+by = 2cpexp(—2d~'v)d! (exp(2d‘1 v)) :
aq—by = —2cexp(2d'v)d™ (exp(—zar1 v)) ,

where Ay = vh = Oyphand d~'v = [*v(x)dx' = ¢.
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t = t_» Equation

e Equation of motion is (integral eqn.)
O v = —2¢ Ze—Zd—1vd—1 (eZd—W) _ 2 262d—1vd71 (e—zd—W)
2 — —

where d~'v = [*v(x)dx' = ¢.
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Vacuum Solution for t = t_»

e Constant Vacuum for t = t_, equation
1) Letv=0,— d~'0 = o = const

0+ 2c_,e 2 / e’ + 2c_,e* / e 2 +£ 0,

forc_, #0.
2) v =vp, d=1vy = vpx

0+ 2c pe 2% / e2'0% 1 2¢_,e?"0 / e 2%x —
Notice that, for c_, # 0, v = 0 is not solution of the

evolution equation and therefore Ay = 0 does not
satisfy the zero curvature representation fort =1, .
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Dressing Transformation and Soliton Solutions

The Soliton solutions are constructed from the vacuum
solution by gauge transformation (which preserves the zero
curvature condition), i.e.,

A, =0""A,ac®+0719,0,
where
A, =T719,T, T = TyO, Auvac =Ty 19, Ty

we may choose © = 0@, = eghelt... oro =0_ =¢el-1¢-2...
0i € Gi.
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Soliton Solution

It then follows that T = ©, Ty = ©_Tyg,
o-'e, =T,"'gTy, e%=Be"®

In order to introduce highest weight states |\; >,i =0, 1, need
to extended the loop to the fully central extended Kac-Moody
algebra

[h(m), h(n)] == &m6m+n,0

(™, X)) = 4260, [EMM, EN)] = K™ 4 8mip.n,
and introduce v field associated to ¢, i.e.,

B Be"®, Ay — Ag+ Oyt
such that

<ABe’IA> = < A\T;'gTolr>.
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Soliton Solution

e The solution for mKdV hierarchy is then given by
e’ = < )‘O’T(;1QTO|)‘O > = 179,
e‘¢_” = < )\1|T0_1gT0|)\1 > = T

and hence, v = —dxIn (;ﬁ’) ) V= 0x0

where Ty = @Ay g — oF(7),
Taking F(7) is an eigenvector (vertex operator) of
E(M) = AIM,VaC and E(1) = AX,VaC , |e,

[EMF (1)] = wm()F (7).
it follows that

Ty 'e" Ty = e/ F0) - p(x, ty; ) = @itHivm

9
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Soliton Solution

o We find that the one-soliton solution of the form,

0 =14 Cop (7, ), 71 =1+ Cip(v, vo)

solves all egns. within the positive mKdV hierarchy for
Wy = 2’}/, Wn = 2’yN, i.e.,

vz—axln(1 +C1p>.

1+ Cop

where

p(7: Vo) = exp {Z’YX + 2’7NtN} :
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Soliton Solution

e The same works for multi-soliton solutions, ie., g = Nefi).

T, NefitN Ty = NePComFiti) - pi(x, ty) = g2rix+2r'tn

e For negative hierarchy 2 and constant vacuum solution

_ 1+Cip
V=1Vy—0Oxln (1+Cop .

2'Yt7m
vo (12— v§)"*

p (7, Vo) = exp { 2yx +

2JFG, G Starvaggi Franga, G R de Melo and A H Zimerman, J. of Phys. A42,(2009), 445204
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Gauge-Backlund Transformation for mKdV Hierarchy

Gauge-Backlund Transformation for Sinh-Gordon

Assume now that two field configurations ¢4 and ¢», embedded
in Ax mkav(91) and Ay mkav(¢2) are related by a Backlund
gauge transformation, i.e.,

K (91, 02)Ax,mkav(91) = Ax,mkav(92)K (91, ¢2) + 0xK(o1, ¢2),

holds for

1 _%e—(¢1+¢2)
K(¢1 ’ d)2) - _ge(¢1+¢>2) 1

provided Backlund transformation is satisfied, i.e.,

Ox (p1 — ¢2) = —Bsinh (1 + ¢2), Vi = Oxbi.
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Gauge-Backlund Transformation for mKdV Hierarchy

For the sinh-Gordon, the equations of motion
Ot ,Oxpa =28INN2¢,, a=1,2

we to introduce the time component of the Backlund
transformation,

D, (61 + da) = ;sinh (62— 7). @3)
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Gauge-Backlund Transformation for mKdV Hierarchy

For higher graded time evolutions the time component of the
Backlund transformation can be derived from the appropriated
time component of the two dimensional gauge potential. 3 e.g.,

K(o1, 92)Aty mkav(91) = Aty mav (92)K(91, ¢2) + 04 K(o1, d2),

which for t = 3 leads to

0o — Oudt = §(8§¢1 + 02¢2) cosh(¢1 + ¢2)

3
— §(6X¢1 + Ox¢2)? sinh(py + pp) — % sinh3(¢1 + ¢).

3See JFG, AL Retore and AH Zimerman arXiv:1501.00865, arXiv:1505.01024
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Miura transformation and KdV Hierarchy

Consider now
_ (¢ 1 _ 1 € 2 _
g1 = < Q -1 >7 gZ(va) - < —eV —V+2€€ )7 C _)‘7

which transforms
Axmiav = ED) 4+ v(x, ty)h = ( X 1 > ’
into
1 1 ¢ —1
Ackav = G201 (Acmkav) 97 'G5 — OxG20s | = J —¢

where J = edyV — v2, € =1.
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Gauge-Backlund and Miura Transformation for KdV Hierarchy

Following the same line of reasoning propose now

K(J1, 92)Au o (1) = Au oy (2)K (J1, d2) + 0K (Jy, Ja),

which can be constructed from K, i.e.,

K = go(va, €2) (91 K(¢1,¢2)Qf1) Go(vi,e1)!

and depend upon e, €.
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For ¢4 = —e» = ¢ we found
y 1( —¢+3Q 1
K(Ji,J,8) = —= 2 ,
(1 25) C<_452+‘1102 C—i-;Q)
where

Q= (v + va) + g(e«mwz) L e 1) = wy —

and J; = 0yw;, i = 1,2* which generates to the Backlund
transformation for the KdV hierarchy

J+b=0kP=—F ——7+7"7, P=w+ ws.

B2 (wy— wp)?
2 2

“see JFG, AL Retore and AH Zimerman, 2016
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Conclusions

e Affine Algebraic structure, i.e., G, Q, E(" provide a
systematic method in deriving integrable nonlinear
equations, Integrable Hierarchies.

e Provide the construction and classification of Soliton
Solutions via Dressing Method.

e How to adapt Dressing method to construct periodic
solutions (Jacobi Theta functions). where

+oo
i k2
Tq = Z e?mmk= ok n = deform. parameter

k=—o00
c.f. soliton where
70:1+pa 7'1:1—0

e Provide the Systematic construction of Backlund
Transformation for higher members of same hierarchy.
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