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Motivation

@ Extend family of integrable lattice supersymmetric models
o Construct lattice SUSY and integrable version of Kitaev model
@ Topological phases
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Fermions

Usual fermionic creation and annihilation operators ¢; and ch,

{cl.qy =05, {c.¢y={c,g}=0

These operators act in a fermionic Fock space spanned by ket vectors of the form
L .
i =T1(c))" 1),
i=1

where the product is ordered and |0) is the vacuum state defined by ¢;|0) = 0.

Example with L = 8:
00000000) = C%C%LW)} = —C;CérW))
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Hardcore fermions

The fermionic number and hole operators are defined as
Ni=cla, Pi=1-N.

We have
Nilt) = 7ilT).

Exclude adjacent fermions:

df = Pi_i¢] Py
di = Pi_1CiPis1

Example with L = 8:
d;r|oooooooo>:0

d;r|oooooooo>:|oooooooo>

d7lceeeeceoc) =|ceeeecco)
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.
Supersymmetry

SUSY charges:
L
a=>d, a'=>d @=o
j i=1

and Hamiltonian

L
H:={Q",Q} =" (d'di+dd +dfdis +d ,d).

i=1

These equations define supersymmetric quantum mechanics or N' = 2 supersymmetric quantum
field theory

H is a lattice realisation (Fendley, Nienhuis, Schoutens, de Boer)

Example states:
|[oeocoeooo0), |[cecceoceo)
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Supersymmetry
Alternative form for H:

L
_ T T
H=L-2f+) <d/ di1 + diT+1 di + dI.Td,-cl,.+2d,.T+2> )
=1

The Hamiltonian as a chemical potential of 2 per fermion, a hopping term and a repulsive potential.
e Supersymmetry implies that Ey = 0 and nonzero eigenvalues are positive.

e All singlets have E = 0 and all other states are doublets.
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S
Mapping to XXZ chain

Consider the mapping:
coeo — =+, (ee} — —

This maps states with length L to length N = L — f:

|[ceococecoo) = |+ —+———)
|[oceococeceo) = |+ —+ +—)

L
Z (delH +d /+1 d; + d d’dH—ZdH—Z)

is equivalent to

—_

N
=3 Z [o'j’»‘oij + 0}'0;'+1 Aoy G'HJ +3N/4,
=1

with A = —1/2 (Note different lenghts N vs L).
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Particle hole symmetric model

Include particle hole symmetry

Include particle-hole symmetry d;r > e with

& = Ni_1CiNj41

Example
e3lceeee000) =—|0e0ee000)
SUSY charges:
L L
Qft=>"(dl+e) Q= (d+e]), @F=o.
i=1 i=1
and Hamiltonian
L
H:={aha}=>" (d,.*df +dd! +dldiyq +d d)
i=1

+ (eTe, +ee +ele+ef e )

(e]‘dl+1 +di16 + e,+1 d, + d;e;+1) .
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Particle hole symmetric model

Creation and hopping of domain walls

Cross terms do not conserve fermions:

e;rdll1|...o|ooo...) — |...eee]0...)
ije;+1|...o|ooo...> — 7|...ooo|o...)

But domain walls are conserved

Hopping terms:
d,-:_1d,-|...o|o}oo...) — |...o0]|e]o...)
e,-+1e;r|...o|o}oo“.) — —|...eelo]e..)

@ 10 domain walls hop with two steps
@ 01 domain walls hop with a minus sign
@ nearby domain walls interact
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FS model definition

Fendley-Schoutens model

Consider the following supersymmetry generator

L/2—1
—of jcok_p AF jcok AT
QFs = c3¢q + E (e Cox_y € 9%Cy 1) Coks
k=1

where
k
- . 2
) Z(_W”h Qfs = (Q/Trs) =0.
j=1
The Hamiltonian is built up in the usual way

Hes = { QF& Qlst

el ne_ s —icl . nic
Z ,+1PICJ 1+C 1PjCj 1 + G MC—1 — ¢ NiGj1)

L/2 L/2

—Zann,H +2F +2F, — anl - anj,
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FS model definition

Fermions are hopping on two chains coupled in a zig-zag fashion.

The interaction between the chains is statistical: the hopping amplitude picks up an extra i or —i
factor, if the fermion "hops over" another fermion on the other chain.

N AN AN AN N AN,
1 i 1 1 —i 1

The eigenenergies of Hrg and Hye are

fi+f
E=2 Z (1 + cos(2pa)) ,
a=1
=ma——,  mae{1,2,...,L/2}
Pa = aL+1; a I

where p, are called momenta, f; and f, are the number of fermions on the respective chains.
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FS model definition

Two models:
L/2-1
Q:Trs =clo+ > c;k+1 (elcwf1 Cok + €92 C2k+2> )
k=1
L—1
Qt=>"(d +e)

i=1

turn out to be equivalent

We would like to find the map between Q and Qrs. Assume that it is given by a transformation T,
Q=TQrsT!, T=PIM,

The operator M turns creation and annihilation of domain walls into hopping of domain walls. The

second operator I turns domain walls into particles and the third operator P fixes the phase
factors.

P is highly nontrivial (generalised Jordan Wigner transform)
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FS model definition

Explicit operators

M turns creation and annihilation of domain walls into hopping of domain walls.

n—1

M =TT dai+10ais2, 8 =i(c — ij)
i=0

with consequence
M(L— H) = HM

The second operator I turns domain walls into particles

L—1

= (p/ + nI(C,+1 + CI+1))
i=1
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Domain wall model

Cross terms do not conserve fermions:

e;rdll1|...o|ooo...) — |...eee]0...)
digjiiq|...0|eee...) — —|...000]|e..)
But domain walls are conserved
Hopping terms:
d,-:_1d,-|...o|o}oo...) — |...o0]|e]o...)
e,-+1e;r|...o|o}oo“.) — —|...eelo]e..)

@ 10 domain walls hop with two steps
@ 01 domain walls hop with a minus sign
@ nearby domain walls interact

Supersymmetric fermion chain with staggered interactic



FS model definition

Spectrum

L=¥, penoaic boungary conditions

L=Y, aniipenogic DOUNGAry conaitions
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LY - ©
13 - 8 -
—_— —_—
6 - 5 -
sk — sk —
Al ﬂ.._“_‘,_ i H-._h_‘,_
3f S EH
2 -~ . -
2t —~ 2f —
b - 1+ -
L L L L - L L L L -
100 200 300 400 500 100 200 300 400 500
L=10, periodic boundary conditions L=10, antiperiodic boundary conditions
Eigenvalue Eigenvalue
10f— 10 fmm
ol = o =
sl 8 -
i L ——
3 & ——
5L sb -l-.._‘__
4t 4 —
R Al —
2f af -
- -
1 —_ 1+ —_
, , , , — e . , , , —_—
200 400 600 100 1000 200 400 600 500 1000

Figure 2: Comparison of spectra for system sizes L = 7 — 10 for periodic anc
antiperiodic boundary conditions.
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FS model definition

Spectrum

The spectrum has a large degeneracy in powers of 2:

4.618 | 8 || 9] 0.000 | 32 4.380 | 8 | 10 | 0.087 | 16 5.829
5.000 | 4 0.317 | 8 4619 | 8 0.098 | 32 6.000
6 10.268 | 16 0.326 | 8 4.642 | 8 0.113 | 16 6.186
2.000 | 16 0.671 | 8 4783 | 8 0.637 | 16 6.337
3.732 | 16 0.776 | 8 4.829 | 8 0.824 | 32 6.644
6.000 | 16 1.129 | 8 5.000 | 16 1.289 | 16 6.721
7 10.000 | 16 1.446 | 8 5.064 | 8 1.362 | 16 6.727
0.523 | 8 1.853 | 8 5.065 | 8 2.000 | 32 7.176
1177 | 8 1.937 | 8 5257 | 8 2.429 | 16 7177
1.818 | 8 2.001 | 8 5.468 | 16 2.916 | 16 7.183
3.000 | 8 2.195 | 8 5494 | 8 2.922 | 32 7.443
3.098 | 8 2255 | 8 6.125 | 8 2.938 | 16 7.902
3.198 | 8 2.300 | 8 6.168 | 8 3.069 | 16 8.572
3.721 | 8 2.705 | 8 6.449 | 8 3.176 | 32 8.607
4.095 | 8 2.831 | 8 6.461 | 8 3.292 | 16 9.078
4.282 | 8 2933 | 8 6.500 | 8 3.736 | 16 9.250
4.555 | 8 3.097 | 8 6.653 | 16 3.898 | 16 10.000
6.247 | 8 3.301 | 8 7075 | 8 3.902 | 32
6.312 | 8 3.523 | 8 7.087 | 8 4.069 | 16
6.975 | 8 3.566 | 8 7.097 | 8 4.098 | 32
7.000 | 8 3.721 | 8 7435 | 8 4.209 | 16

Table 2: Multiplicities of eigenvalues for systems with periodic boundary condi-
tions for L =3 — 10.
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FS model definition

Symmetries

Supersymmetry:

[H,Ql=0, [H Q=0
Particle-hole symmetry:
r=[]vw vi=c+¢, [ H=0

Domain wall — non-domain wall

L2
E= H(CZI 02/ [E,H]=0
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FS model definition

Symmetries

Shift symmetry

L

8= N 1WPitt + PVl vi=6+c, [SH =0
i

Reflection symmetry
n—1

M= H 04i410ai42, 6 =i(g— c/'T)
i—0

with consequence
M(L— H) = HM,

These are not enough to explain large degeneracy
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Integrability

This model turns out to be integrable
Spectrum can be analysed by Bethe ansatz on domain wall dynamics
Conservation of all domain walls, but also of odd and even domain walls separately

Nested Bethe ansatz:

m k) ZZ Z ¢€(X17'"7X’T7;p1""7pk)|X17"'7Xm;p17""pk>ﬁ’

{xi} {p/} €=0,1

Derive conditions on 1 such that

HIW(m; k)) = AJW(m; k)).
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FS model definition

Bethe ansatz

Bethe ansatz works and the spectrum is described by:
2n
AN=L+ Z(z,2 + z/._2 —2).
i=1
where the numbers z; satisfy the following equations
U= (5= 1/2)°

BN | e B L i=1,...,2n

2

1= ”7uk—(zj—1/z/)2 k=1 m

=11 — o k=t....m
]1Uk+(zj /%)

Free fermion on nested level.
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FS model definition

Zero energy Cooper pairs?
If sz =1, then

U= (G=1/z) e (5—1/7P
T T w5 1/z) ket (5 1/7)7

:12-"[ u — (5 -1/2)? :12-"[ U — (5 —1/7)?
e U1+(Zj*1/Zj)2 i U2+(Zj71/2j)2
Pair u» = —uy are solutions that do not contribute to

2n
N=L+> (Z+z7?-2).

i=1

Zero energy Cooper pairs can explain large degeneracy in spectrum
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FS model definition

Low excitations
For L = 4n, first excited states in section with m = 2n — 2 even domain walls.
This sector is free fermion: zjf‘” = +1.

Energy gap is equal to
2
DAy = 4(1 — cos(n/2n)) ~ ’TT Q)

N

Energy gap scales as 1/L2.

e Can we introduce a mass gap while maintaining supersymmetry?
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Add staggering

L—1
H={Q"a}, Q@=> x(d +e) @*=0,

where )
Ai=1+ (=1 AER.
The Hamiltonian is
H = H; + Hy + Hyy,

with
L1 ) L—-2
Hi=> (14 (=102 (dfd+ didl ) + (1 = 33 Y (df s + a4 ah)
i=1 i=1
L—1 —2

Hi =Y (14 (=1)))? (e"e/T + efe,) +0- Z ( €+ e,+1eT)

i=1 i=1

L—-2
Hy = (1 — )\2) Z (er/+1 +dit1e + em d/ + d,'e,-+1) .
i=1
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Nested Bethe Ansatz

n
A= const+ (1 - X2)> (2 +2?)
i1

WX Ko Proe ) = Y AT 3 B

TESy, ocESy

m n

. . Xoj
Hqﬁpj(uai;w)H [(1z7r2/_71 )xaqzwzz’j] ,
=1 j=1

p—1
bp(U; ) = g(2r, ) (—)LPV/RTT H(u, 2r)).
j=1
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FS model definition

Nested Bethe Ansatz

@ Periodic boundaries

= —L/2ﬁ e —(z=1/7)*+c

17 ‘?n’
o1 Vet (zi—1/z)2-¢’
w5 -1/zP+c A
ikt (z=1/z)2 = ¢ o
o c— 4)2
B T2
o Open boundaries
1-A—22(1+
Z?(L+1):_¢, i=1,...,n, Leven.
i 1+A—22(1-2)

2 4 i=1,...,n, Lodd.

No dependence on nested rapidities! = Very large degeneracy.
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FS model definition

Conclusions

@ SUSY supersymmetric lattice model, with two very different physical pictures.
o Staggering: maintain integrability and supersymmetry

o Gapped and exponential degeneracy of all energy levels

o Very large symmetry algebra (?)

@ Zero energy BCS pairing mechanism

o Topological phases?
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