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7 = 43512 4
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Symmetric group S,: Permutations = : [1..n] — [1..n] under composition.

Irreducible representations of the symmetric group S,:
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Algebraic Combinatorics: basics

3
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Permutations: m = 43512 4
1 5
Symmetric group S,: Permutations = : [1..n] — [1..n] under composition.
Irreducible representations of the symmetric group S,:
( group homomorphisms S, — GLy(C) )
are the Specht modules S, , indexed by
integer partitions A - n :

A=A, ), A > > > X >0, A+ Xo+-=n

Young diagram of \: } [] Here A = (5,3,2)
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Algebraic Combinatorics: basics

3
2/

Permutations: m = 43512 4
1 5
Symmetric group S,: Permutations = : [1..n] — [1..n] under composition.
Irreducible representations of the symmetric group S,:
( group homomorphisms S, — GLy(C) )
are the Specht modules S, , indexed by

integer partitions A - n :

A=A, ), A > > > X >0, A+ Xo+-=n
Young diagram of \: { [] Here A = (5,3,2)
Basis for Sy: Standard Young Tableaux of shape \: A= (3,2)

@%@ [1[274] [1[2]5] [I]3]4] [1]3]5]
[3[5] [314] (2[5] [2]4]
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Young Tableaux and Schur functions

Irreducible representations of the symmetric group S,: Specht modules Sy

[12[3] [I[2]4] [A[25] [1[3[4 [13]5
BI51 B4 2[5 [2[4]

Irreducible (polynomial) representations of the General Linear group GLy(C):

Weyl modules V), indexed by highest weights X, £(\) < N.

Greta Panova
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Irreducible representations of the symmetric group S,: Specht modules Sy

1274 [1[2[5] [13[4 [13[5

Irreducible (polynomial) representations of the General Linear group GLy(C):

Weyl modules V), indexed by highest weights X, £(\) < N.

Schur functions: characters of V)
Trvx(diag(xl, s XN)) = sa(x1y -, xn)
Weyl’s determinantal formula:

N—iTN
doe [ )"

(Xt ) = I
Hi<j(xi =)

Semi-Standard Young tableaux of shape ) :

2.2, 2.2 2.2 2 2 2
52,2 (X1, X2, X3) = X{ x5 + Xi X3 + X35 + X{ X2X3 + X1X3 X3 + X1X2%5 -
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Tilings with multivariate weights
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statistical mechanics

Alternating  Sign  Matrices
(ASM)/ 6-Vertex model:

of the Gelfand-Tsetlin graph 0O 0 1 0
1[1]1]2]2].] 0 1 -1 1
212(3].. 1 -1 1 o0
0 1 0 0
Normalized Schur functions:
o A=t
Snba19 0000598 V) = O oo ity )

S)\(].N)

Lozenge tilings:
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Lozenge tilings: GUE and LLN
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Lozenge tilings

Tilings of a domain Q (on a triangular
lattice) with elementary rhombi of 3
types (“lozenges”).
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Lozenge tilings

g

Tilings of a domain Q (on a triangular
lattice) with elementary rhombi of 3

types (“lozenges”). Dimer covers on the hexagonal grid
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Particles and 5 vertex model

5 vertex model
<-> non-intersecting lattice paths

N

ANV N
A\ A4

A

A NN
7 NN AY Y

L . N

o
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Classical questions: limit behavior

Question: Fix Q in the plane and let grid size — 0, what are the properties of
uniformly random tilings of Q7

Frozen regions (polygonal domains), “limit shapes” of the surface of the height
function (plane partition).

([Cohn—Larsen—Propp, 1998], [Kenyon-Okounkov, 2005], [Cohn—Kenyon—Propp, 2001;
Kenyon-Okounkov-Sheffield, 2006] )

Behavior near boundary: Gaussian Unitary Ensemble eigenvalues,

conjectured by [Okounkov-Reshetikhin, 2006], proofs — hexagon [Johansson-Nordenstam, 2006],
[Gorin-Panova, 2013]

Greta Panova
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Unrestricted (uniform) vs symmetric

Tilings of the hexagon ax bXx ¢ X ax b X ¢, s.t.

Unrestricted Vertically symmetric Centrally symmetric
I

Limit behavior: fluctuations near the boundary, limit surface, CLT?

Greta Panova
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Behavior near the flat boundary:

Horizontal lozenges near a flat

boundary:
1
X.
1
720N\
3 i
5 Ly 5 L 5
X3 X2 X{

Greta Panova

Question: Joint distribution of {XJ’ :'(:1 as N — oo
(rescaled)?

Conjecture [Okounkov—Reshetikhin, 2006]:

Fixed boundary: The joint distribution converges to
a GUE-corners (aka GUE-minors) process: eigen-
values of GUE matrices.

Proofs: hexagonal domain [Johansson-Nordenstam, 2006],
more general domains [Gorin-P,2012], [Novak, 2014], un-
bounded [Mkrtchyan, 2013], symmetric tilings [P, 2014,
2015]

Proofs: skew NHLF
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Behavior near the flat boundary:GUE
GUE: matrices A = [A;];j: A= AT
ReAjj, ImA; — iid. ~N(0,1/2), i #j
A —iid. ~N(0,1)
M Az | Az | A xK < xk < ... < xK) - eigenvalues of [A; j]¥.
Axi Az | Axz | Ax (4 < < S x0) - cig Al =
A3 Az Asz | Axn ) - .
Asr Ax Az Ay Interlacing condition: x_ <X <X
4 4 4 4
X]. X2 X3 X4
X3 3 3
2 2 L
\v Xl X2 7
x|

The joint distribution of {x/}1<;<j< is the
GUE—corners (also, GUE-minors) process, =: GUEy .

Greta Panova
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Tilings setup
Domain € (yy:

positions of the N horizontal lozenges on right boundary are:

AN)L+N—-1>AN)2+N—-2>---> ANy

x1+4

N, +3
x3+2

A+l

Ns
A(5) = (4,3,3,0,0)
(ﬁQA(N) is not necessarily a fi-

nite polygon as N — oo , e.g.
AN)=(N,N—-1,...,2,1))

<> ax bxc... hexagon.

Greta Panova
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Behavior near the flat left boundary

Theorem
Let Yr = (vf,... 7y,f) — horizontal lozenges on kth line
of a uniformly random tiling T € T,. As n — oo the

collection
Yi— )
{ In " Hn } — GUE,
non .
j=1

weakly as RVs, where

e T, — all tilings of a hexagon
[Johansson-Nordenstam].

o To = Qo) — tin = E(F), 70 = S(F),
“F(t) = limnsoo 20t " [Gorin-P, 2013].

e T, — vertically symmetric lozenge tilings of a
n X m X n.. hexagon, a = limp—soo m/n, pp = m/2,

2
— a7+2a ;23 [P, 2014].

o T, — centrally-symmetric tilings of a a X b X c...
hexagon with a=2qn, b=2pn, c =2(1 — q)n:
n = 2pqn and o = 2pq(1 — q)(1 + p) [P, 2015+].

Line k=3

Greta Panova
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Limit shape (surface)

Theorem (P)
Let Hn(u, v) — height function of a uniformly random tiling from a set Ty, i.e.
1 Lnu] _

Hn(u,v) = ;yL"VJ v,

where yik is the vertical height of the ith horizontal lozenge on the kth vertical line
(left to right). For all1> u> v >0, as n — oo we have that Hy(u, v) converges
uniformly in probability to a deterministic function L(u,v) (“the limit shape”), which
can be computed explicitly... when T, is

e T, — polygonal domain [Cohn, Kenyon, Larsen, Propp, Okounkov]
o Tn = Qx(n) for “nice” family \(n) [Bufetov-Gorin].

e T, — symmetric tilings [P, 2014].

o T, — centrally symmetric tilings [P, 2015+].

Symmetric: General:

Greta Panova
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Tilings probability: combinatorics and SSYTs

Lozenge tilings with right boundary \(/V)

—

Semi-Standard Young Tableaux T of shape A(/V)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions xX =ny,..., 7,

<~

SSYTs T whose entries 1..k have shape 7

1] (]2]a]
Q~|

0

Greta Panova
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Tilings probability: combinatorics and SSYTs

Lozenge tilings with right boundary \(/V)

—

Semi-Standard Young Tableaux T of shape A(/V)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions xX =ny,..., 7,
<~
SSYTs T whose entries 1..k have shape 7
Number of SSYTs of shape v, entries 1..4 =
su(1,...,1).

—

0 (1952, (1Y 5)
sx (1) ’

Prob{xk(\) = n} =

1] (]2]a]
Q~|

0

Greta Panova
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Tilings probability: combinatorics and SSYTs

Lozenge tilings with right boundary A\(/V)

—

Semi-Standard Young Tableaux T of shape A(/V)
and entries 1,..., N.

Tilings with horizontal lozenges on vertical line k
at positions xX =n1,..., 7
<~
SSYTs T whose entries 1..k have shape 7
Number of SSYTs of shape v, entries 1..4 =
su(1,...,1).

—

K N—k
Prob{x*(\) = n} = %

Proposition[Gorin-P] For any variables y1, ..., yx,
the Schur Generating Function of x¥ s

N—k
——
E Sk _ 0wl 1)
™ [ skl o D) e, T
= N

k
W) Sa(yns -5 Yk)-

Greta Panova
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- M+N-1

_The explicit Schur Generating Functions®

Tn — set of tilings, Xj(T) — horizontal
lozenge positions on line j of T € T,

Sxk(T)(yla"'7yk) T ~ Unlf(777) :ZWM(X"(T):U)=

semy(L, ..., 1) — s, (1K)
k
A (V01" ) for T, = Q
.,yk) W or Jp = A(n)'
(m) [CZRIN 7 L))
2 5 ) for T, — symmetric tilings of n X m x n....
()"
,¥k)? for Tr — centrally symmetric tilings of a x b x c... hexagon.

from [Gorin-Panova, Ann. Prob.], [Panova, Comm. Math. Phys], [Panova, in prep]

Greta Panova
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Tilings probability Il1l: MGF asymptotics

Proposition (Gorin-P)

Su—5, (Y15 -+, YK)
s 5L 1)
——
K

1
v~ GUE,| = exp (5(y12+-~~+y;3)),

Greta Panova
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Tilings probability Il1l: MGF asymptotics

Proposition (Gorin-P)

Su—5, (Y15 -+, YK)
Sufﬁk(l7 cee 1)
——
)

1
v~ GUE,| = exp (E(ylz-‘r-"-i—yf)),

Compare:

Sy, yk)
S L —E. kL -5 Tk
)\(yly 7yk) tiling Sxk(17~~~,1)
N —
Proposition (Gorin-P)
For any k real numbers hy, ..., hx and A(N)/N — f we have:

n by (7 E() s~k h;) 1k
lim Sy | eV™®, ... evis® | e\ V() = = exp| = E m .
N— oo 2 -1

Greta Panova 15
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Tilings probability Il1l: MGF asymptotics

Proposition (Gorin-P)

Su—5, (Y15 -+, YK)
Suf5k(17 cee 1)
——
K

1
v~ GUE,| = exp (§(y12+-~~+yf))7

Compare:

Sxk(l,...,l)
——
k

Sx(y1, -5 ¥k) = Etiting

Proposition (Gorin-P)
For any k real numbers hy, ..., hx and A(N)/N — f we have:

Proofs: skew NHLF
0000000

n by (7 E() s~k h,-) 1k
lim Sy | eV™®, ... evis® | e\ V() = = exp| = E m .
N— oo 2 -1

Theorem. Let T‘;\(N) = {x¥,xk=1 ...} —collection of positions of the horizontal

lozenges on lines k, k —1,...,1 of tiling from Qy(yy, then

Ty — NE(F)
—————— — GUE (GUE-corners process of rank k).

Greta Panova 1/ NS(f)
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The limit surface

Counting measure:
L .
1 pi+L—i
= - 6| ———
mlpl = ;:1 ( ] ,

Random measure on pus: p"(u) (e.g. = Prob{x¥(T) = u} for T € T), m[p] —

pushforward.
su(ut, ..., uk) Ser(ry (Y- Yi) .
Sp(u, ..., ug) ::Zp(,u) L 52 (19 =E s( ) a ) T ~ Unif(Tp)
m 1 k(1) (L -
k

Greta Panova 16
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The limit surface

Counting measure:
L .
1 pi+L—i
= - 6| ———
mlpl = ;:1 ( . ,

Random measure on pus: p"(u) (e.g. = Prob{x¥(T) = u} for T € T), m[p] —

pushforward.
su(ut, ..., uk) Ser(ry (Y- Yi) .
Sp(u, ..., ug) ::Zp(,u) L 52 (19 =E s( ) a ) T ~ Unif(Tp)
m 1 k()L -
k

Theorem[Bufetov-Gorin,2014] Suppose that p" is s.t. for every r
. 1 _r
JimSin (S (0, 1M7) = Q) -+ Q(un),
uniformly in a C nbhd of (1"), Q — analytic. Then the random measures m[p"] converge, as
N — oo, in probability to a deterministic measure M on R with moments

_ £ P 1 a* ’ —¢
/RtpM(dt) = ; (e) WWUPQ (u)”

u=1

Greta Panova
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The limit surface

Counting measure:
L .
1 i + L — 1
= - 6| ———
mlpl = ;:1 ( . ,

Random measure on pus: p"(u) (e.g. = Prob{x¥(T) = u} for T € T), m[p] —

pushforward.
su(ut, ..., uk) Ser(ry (Y- Yi) .
Sp(u, ..., ug) ::Zp(,u) L 52 (19 =E s( ) a ) T ~ Unif(Tp)
o 1 k()L -
k

Theorem[Bufetov-Gorin,2014] Suppose that p" is s.t. for every r
. 1 _r
JimSin (S (0, 1M7) = Q) -+ Q(un),
uniformly in a C nbhd of (1"), Q — analytic. Then the random measures m[p"] converge, as
N — oo, in probability to a deterministic measure M on R with moments

’
1%} p—t

_ L P 1 ’
-/RtpM(dt) = ; (E) WWUPQ (u)

Our cases: MGF = normalized Schur Sy (), SO characters, etc.
Asymptotics using [Gorin-P, 2013] for fixed r:

.1 1 &
lim o InSxm(u1, ..., u) = ; nlmw - In Sxm(ui) = ; d(uj)

n— oo

Greta Panova 16
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Limit surface for symmetric tilings

Theorem (P, 2014)

Let n,m € Z, such that m/n — a as n — oo, where
a € (0,+00). Let Hy(u, v) — height function of a
symmetric tiling of n X m X n... hexagon,i.e.

L LnaJ

Hp(u,v) = V) V-

Foralll1>u>v >0,asn— oco:
H,(u, v) converges unif. in prob. to a deterministic
function L(u, v) (“the limit surface”).
For any fixed u € (0,1), L(u, v) is the distribution function of the measure m, given by its

moments: .
r S r 1 e 07 ps et
/Rt m(dt) = ;:0: ) ST =) ,

z=1

where ®,(e”) = y3 +2¢(y;a) — 2 and...

hy) = o (@ =0+ @+ 02 a2 ) (@ - 12)
4

1
ot = G+ () = =0 =) =+ 2y (400 - (
2 2 2 2 2

1
) —
+ 2)(e 1))

#2m (w0 + 2@ = 0) = = D (o + - D )

Theorem (P, 2015+)

The scaled height function H,(u, v) of a centrally symmetric tiling of an a X b X c... hexagon
converges uniformly in probability to a deterministic function L(u, v) — the limit surface, as

n — oo, where n = 25€ and a/n, b/n — approx constant.

The limit surface coincides with the limit surface for the uniformly random tilings of the hexagon
(without symmetry constraints).

Greta Panova
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Behind the scene: asymptotics of symmetric functions

Samy (X5 -+ X (similarly, othercharacters

Theorem [Gorin-P] For any partition A and any x € C\ {0,1} we have
(N — x*
dz
(x—lN‘Z—rl c MY (z— N+ N—1)

Sxa(x; N, 1) =
Theorem[Gorin-P] If 2¥) _ £ () [under certain convergence conditions], for all fixed y # 0:
1
Nl;mx N In Sy (e’s N, 1) = ywo — F(wo) — 1 — In(e” — 1),

where F(w; f) = [ In(w — £(t) — 1+ t)dt, wo — root of & F(w; ) =y. If 2 — £ (4)
["other” conv. cond.], for any fixed h € R:

Ssm(e” VYN, 1) = exp (ms(f)h + %S(f)hz + 0(1)> .

1 1
where E(f) :/ f(t)dt,  S(F) :/ (F(t) — t 4+ 1/2)%dt — 1/6 — E(F)2.
0 0
Multivariate: [Gorin-P | Let D; 1 = xi2Z , A— Vandermonde det, then
i

k
Salx x-N)—f[ (v =it xdet[y }’Jlns(x/\u( —)N-
A e L L N D)I06 — DV AGaL - ) A

Corollary[Gorin-P]
In (S TN, 1
n( A(N)(X ))

If W(x) unif. on a compact M C C. Then for any k

N
In (Saowy(xts - - -3 N, 1
Jim (Sxm(a K ) — W)+ W)
N—oo N
uniformly on M¥. More informally, under various regimes of convergence for A(N) we have
Saxm s X6) ~ Sawy(x1) -+ Saew O)-

Greta Panova



Tilings with multivariate weights
@000

Multivariate local weights

weight g — Y3
.

Total weight = H (xi —yj)
<. (i)

(x1 = y1)(x2 — y3)(x3 — y5)(x3 — y2) (x5 — ¥5).

at (ij) = 2N — (i +J)

Greta Panova
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Lozenge tilings with multivariate weights
Plane partitions with base p, height d

weights of horizontal lozenges = z; — y;

(2[1]

Greta Panova

Proofs: skew NHLF
0000000

20



Proof idea

Young Tableaux and Schur functions Lozenge tilings: GUE and LLN
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(e} 000000000

Lozenge tilings with multivariate weights
Plane partitions with base p, height d

weights of horizontal lozenges = z; — y;

o

(\)
X/X
Y

Y

%
/N

9
)

2[1]

»
%
)
“V

y

i
X
&

%
o)

P>< <]

Theorem (Morales-Pak-P)
Consider tilings with base . and height d, we have that

S TT (i —y) = detlA; j(u, )74,

TEQ, a(i))ET

Tilings with multivariate weights

Proofs: skew NHLF
0000000

where
(xi=y1) (X —Ydro(u)—j) .
Ex,-fx,-_,)_l). Xi*derZ)(u)) , whenj=0(p)+1,...,4(u)+d,
A (s d) = { G b6y pa il
" G G whend=i—d l),
0, when j < i —d.

Greta Panova
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Corollary (Krattenthaler, Stanley etc)

Consider the set PP(u, d) of plane partitions of base u and entries less than or equal
to d. Then their volume generating function is given by the following determinantal

formula
> qlfl = qgxrrerdet[G ],
PePP(u,d)
where
R e ,
@d)are s , whenj=4£¢+4+1,...,0+d,
Cij = (Laydtiigld—utd)— (FH=DGZI=I=Y

@ , when j=i—d,... 0,

0, when j < i—d,

where (q; q)m = (1 — q)--- (1 — g™) is the g—Pochhammer symbol.

Greta Panova 21



Tilings with multivariate weights
[eJele] ]

Theorem (Morales-Pak-P)

Consider tilings of the a x b X ¢ X a X b X ¢ (base a x b, height c) hexagon with
horizontal lozenges having weights x; — y;, i.e. tilings Q, p, . with rectangular base
© = a X b and height c. The partition function is given by

i=y1) (i —Yera—j) .- ate
(i —xit1)- ifiﬁ:) ifj>a
— v = (i =y1)- (X —Yb+c) P
Z(avbvc) T Te%: -HT(XI yj)—dEt m If‘j—lfc,...,a
a,b,c (i.f)e 07 _] <i—c

ij=1

Consider a path P(d\,...) consisting of vertical lozenges (i.e. not the horizontal
lozenges) passing through the points (i, d;) (ith vertical line, distance of the midpoint
d;i + 1/2 from the top axes) (necessarily |d; — di11| <1, d; < d;j11 ifi < b and
d; > d,'+1 ifi > b, and di = a+b)-

The probability that such path exists is given by

det[A,-J(u, d)] det[A,-,j(ﬁ, c—d— 1)]
V4

Prob(path) =
pn=31

where d := di, ¢(p) = b, p1 = a and p is given

by its diagonals — (d1 — d,d» — d,...), and [i is the

complement of i in a x b. The matrix A is defined wr =20

as in previous Theorem with the substitution of x;

by Xatct1—i and y; by ybicr1—j-

Greta Panova
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Counting skew SYTs

Outer shape J, inner — p, e.g. for A\ =(5,4,4,2),n=(2,2,1) : § g 6]
1[5]10
419
il
When p = @ — straight shape SYTs: é g ‘71 8]
6

Hook-length formula [Frame-Robinson-Thrall]:

Y 8!
Huekhui 6x4%x3x1x4x2%x1x1

dim Sy = #{SYTs of shape A} = f* =

Hook length of box u = (i,j) € \: hy =X —j+ XN —i+1=#{ Ml e

Greta Panova 23
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Outer shape A, inner — p,

Proofs: skew NHLF

000000 0000 @000000
Counting skew SYTs
eg. for A=(5,4,4,2), = (2,2,1) : gg 6]
510
4
il

Greta Panova
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Proofs: skew NHLF

[e]e] 000000000 000000 0000 000000
Counting skew SYTs
Outer shape J, inner — p, e.g. for A\ =(5,4,4,2), 1, =(2,2,1) : 3 g 6]
1]5]10]
49
il

Jacobi-Trudi[Feit 1953]:

2(N\)
FMBE = |\/p|! - det { ! ]

M= =i+

Littlewood-Richardson:

f)\/,u, _ ZC)\ v

No product formula, e.g. A/ = 0p+2/6n:
6]:+8>3<4>2<7>1<9>5<6 Font2/0n = Eppiy:

Nelfé;]

52 3 4
1+E1x+E2—+E3 +E4—+.,.:sec(x)+tan(x).

Euler numbers: 2,5,16,61....

Greta Panova
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Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

SGELD SN | g~

DeE(N/p) ue[N\D

where E(M\/p) is the set of excited diagrams of A/ .
Excited diagrams:

E(A/u) ={D C X\ : obtained from p via E - EH}

| — Hook lengths inside A:

q q q q q
1 1 1 1 1
F(4321/21) _ 4 ):61
14.33+13.33,5+13.33.5+12.33.52+12432.52.7

Greta Panova
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000000000 000000 0000 0000000
Hook-Length formula for skew shapes
[] [] | | |
| |
| g q° - ' q' q°
3 5
2 _ IT| _ q q
sx/u(l,9,975...) = Z a = 7 3 T2% 3 3)3 5 T
TESSYT(a321/21) (1-9)1*1—-4q (1-9P1—-¢*)3Q1-4q%)

Theorem (Morales-Pak-P)
For skew SSYTs, we have that

s)x/u(lv q, q27 s )

o 1—gq h(i,j)
TESSYT(M /1) De&E(N/ ) (i,J)EN\D

Theorem (Morales-Pak-P)

For (reverse) plane partitions of skew shape \/u we have that

> ar- )

TERPP(X/ ) SEPD(\/p) uesS
where PD(A\/p) :={S C [A\]: S C [A\]\ D, for some D € £(A\/p)} is the set of
“pleasant diagrams”.

Greta Pan@&her recent proof by [M. Konvalinka]

S 4T= 3 11 ["A}I}
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Proof 1: factorlal Schurs and Schubert polynomials
[Ikeda-Naruse, Kreiman]:

¢ 6 6/@&/\9 Let w =< v be Grassmannian permutations whose
T 15 S S unique descent is at position d with corresponding
— ) 5 g . ® J partitions u C A C d.>< ("f d). Then the Schubert
4y class X,, for w at point v is:
1 2 3 Y
! 2l [XWHV: Z H (Yu(d4i) — Yo(d—i+1))-

! DEE(N /1) ())eD
v = 245613, w = 361245

Greta Panova
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Proof 1: factorlal Schurs and Schubert polynomials
[Ikeda-Naruse, Kreiman]:

s

¥ 6 G/W&/& Let w < v be Grassmannian permutations whose
5 o . S unique descent is at position d with corresponding
\ Tl e | partitions ;1 C A C d x (n—d). Then the Schubert
4y class X,, for w at point v is:
3 S
: 2l | Xwl|,= Z H (Yo(di) = Y(d—it1))-

De&(A/p) (ij)eb

v = 245613, w = 361245

Factorial Schur functions:

d
s (xla) := det[(g —a1) -+ 0 — a“i“’*")]i,j:l,
[icicj<a (xi = %))

[Knutson-Tao, Lakshmibai—-Raghavan—Sankaran] Schubert class at a point:

Greta Panova

Xull,= (15D (ays - s Yoy ¥, -+ yno1).
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Proof 1: factorlal Schurs and Schubert polynomials
—, . db [Ikeda-Naruse, Kreiman]:
61 |¢ Let w =< v be Grassmannian permutations whose
T 15 S S unique descent is at position d with corresponding
A \ 2 | - * . partitions u C A C d x (n—d). Then the Schubert
4y class Xy, for w at point v is:
1 PRES o
! 2 le Xl = Z H (V(di) = Yo(d—it1))-

T DEE(N/ 1) (i-)ED
v = 245613, w = 361245
Factorial Schur functions:
det[(xj —a1) - (x — aui+d*i)]7,j:1
[icicj<a (xi = %))

[Knutson-Tao, Lakshmibai—Raghavan—Sankaran] Schubert class at a point:

sl(td)(x|a) =

)

[Xu]|,= (—1)“™) (yv( ) Yoy Yao1)-
Evaluationat y =1,9,6%,..., v(d +1 =) =X+ d+1—i x — Yo(iy = ghitd+i=i
— Jacobi-Trudi

+d
det[[ 12, /(M — g,

(d) v(1) _
sp (@, l,q,...) = [1 (@ +e+i-i = ghHdHi)
i<j

...[simplifications]... = det[hy,_i—;+(1,q,...)] Jecebls Trugk s\ulg,. )

Greta Panova
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Factorial Schur functions, multivariate lozenge tilings

q q ' ' ¢ q

Theorem (lkeda-Naruse Multivariate “Hook-Length Formula™)
LetpuCACdx(n—d). Letv(n—d+1—i)=Xj+(n—d+1—1i) and
v(j) =d+j— Al Then

SO0y Y@y -2 ¥n1) = S T Gue=isn) = Yu(a+p)
De&(N/p) (i.j)€D

d
_det [y = y1) - Oy = Yurrd—=i]7

H1§,‘<j§d (}’v(i) - yV(j))

[

—

Greta Panova 26



Simulation 2: base = ¢,

Weights: "hook” weights (4n — i — j) versus uniform (i.e. 1).

Greta Panova
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Corollaries and problems
Asymptotics of f/#:
[Morales-Pak-P]:
1. If A", u"fi (linear growth, Thoma-Vershik-Kerov limit) log fA"/#" = cn + o(n), ¢ -
constant depending on the limit shapes of A", u".

AP
/1y y(x), then

2. “Thick shapes” NG

n,on 1

log FA"/1" = Enlogn—i- O(n)
3. If A"/u™ — “thin" (ribbon) shaped, then

log FA"/H" = nlog n+ O(n)
[Morales-Pak-Tassy]: Using variational principle for the multivariate lozenge tilings, for
“thick shapes”:

NI
log f /H zinlogn—i—cn—i—o(n)7

where ¢ constant, depends on the limit of A", u".

Greta Panova
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Corollaries and problems
Asymptotics of f/#:
[Morales-Pak-P]:
1. If A", u"fi (linear growth, Thoma-Vershik-Kerov limit) log fA"/#" = cn + o(n), ¢ -
constant depending on the limit shapes of A", u".

AP
/1y y(x), then

2. “Thick shapes” NG

nyn 1
log FA"/1" = Enlogn—i- O(n)

3. If A"/u™ — “thin" (ribbon) shaped, then
log FA"/H" = nlog n+ O(n)

[Morales-Pak-Tassy]: Using variational principle for the multivariate lozenge tilings, for
“thick shapes”:

nyon 1
log A" 5n|0gn+ cn + o(n),

where ¢ constant, depends on the limit of A", u".
Problems:
7?7 Limit behavior of lozenge tilings with non-trapezoidal boundary conditions.
7?7 Asymptotics of

i S)\n/#n(X17...,Xk71n_k)

im

n—oo SAn/Mn(ln)

Greta Panova 28
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