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Outline

• Junctions of quantum wires and spin chains 

• Y junction model and its fixed points 

• Numerics (DMRG) 

• From Y junction to networks
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Junction of two quantum wires

• Kane and Fisher: impurities in 1D electron liquid.

double barrier: resonant 
tunnelling (ideal conductance) 

possible by fine tuning
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single barrier: total reflection at 
low energy fixed point for 

repulsive interactions

[1992]

• Renormalization of scattering amplitudes depends 
on electron-electron interactions in the wires. 



Junction of two spin chains

• Eggert and Affleck: impurities in XXZ spin chains.
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[1992]



Junction of two spin chains

• Eggert and Affleck: impurities in XXZ spin chains. [1992]
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open chain closed chain

(analogy with two-channel Kondo effect)

• Integrable spin chains with impurities. 
[Andrei and Johanesson 1984; Zvyagin and Frahm 1997]
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Y junctions (N = 3)

• Conductance matrix
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chiral junction)
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• Breaks reflection symmetry (P) as well as time reversal 
symmetry (T).

(↵+ 3 ⌘ ↵)
<latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit>

G↵+1,↵ 6= G↵�1,↵
<latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit>



• Conductance matrix
23

1

• Breaks reflection symmetry (P) as well as time reversal 
symmetry (T).

Y junctions (N = 3)

I↵ =
3X

↵0=1

G↵↵0V↵0

<latexit sha1_base64="v8jA94ynSrtQqbwrq41qDYB132Y=">AAACIHicbVDLSsNAFJ34rPUVdelmsIiuSqJC3RSKLtRdBfuAJobJdNIOnUnCzEQoIZ/ixl9x40IR3enXOG2jaOuBgXPPuZc79/gxo1JZ1ocxN7+wuLRcWCmurq1vbJpb200ZJQKTBo5YJNo+koTRkDQUVYy0Y0EQ9xlp+YPzkd+6I0LSKLxRw5i4HPVCGlCMlJY8s3LlOYjFfVR1ZMK9dFIcVO3s9vjiu8zFrPnjZ55ZssrWGHCW2DkpgRx1z3x3uhFOOAkVZkjKjm3Fyk2RUBQzkhWdRJIY4QHqkY6mIeJEuun4wAzua6ULg0joFyo4Vn9PpIhLOeS+7uRI9eW0NxL/8zqJCk7dlIZxokiIJ4uChEEVwVFasEsFwYoNNUFYUP1XiPtIIKx0pkUdgj198ixpHpVtq2xfn5RqZ3kcBbAL9sAhsEEF1MAlqIMGwOAePIJn8GI8GE/Gq/E2aZ0z8pkd8AfG5xffraNn</latexit><latexit sha1_base64="v8jA94ynSrtQqbwrq41qDYB132Y=">AAACIHicbVDLSsNAFJ34rPUVdelmsIiuSqJC3RSKLtRdBfuAJobJdNIOnUnCzEQoIZ/ixl9x40IR3enXOG2jaOuBgXPPuZc79/gxo1JZ1ocxN7+wuLRcWCmurq1vbJpb200ZJQKTBo5YJNo+koTRkDQUVYy0Y0EQ9xlp+YPzkd+6I0LSKLxRw5i4HPVCGlCMlJY8s3LlOYjFfVR1ZMK9dFIcVO3s9vjiu8zFrPnjZ55ZssrWGHCW2DkpgRx1z3x3uhFOOAkVZkjKjm3Fyk2RUBQzkhWdRJIY4QHqkY6mIeJEuun4wAzua6ULg0joFyo4Vn9PpIhLOeS+7uRI9eW0NxL/8zqJCk7dlIZxokiIJ4uChEEVwVFasEsFwYoNNUFYUP1XiPtIIKx0pkUdgj198ixpHpVtq2xfn5RqZ3kcBbAL9sAhsEEF1MAlqIMGwOAePIJn8GI8GE/Gq/E2aZ0z8pkd8AfG5xffraNn</latexit><latexit sha1_base64="v8jA94ynSrtQqbwrq41qDYB132Y=">AAACIHicbVDLSsNAFJ34rPUVdelmsIiuSqJC3RSKLtRdBfuAJobJdNIOnUnCzEQoIZ/ixl9x40IR3enXOG2jaOuBgXPPuZc79/gxo1JZ1ocxN7+wuLRcWCmurq1vbJpb200ZJQKTBo5YJNo+koTRkDQUVYy0Y0EQ9xlp+YPzkd+6I0LSKLxRw5i4HPVCGlCMlJY8s3LlOYjFfVR1ZMK9dFIcVO3s9vjiu8zFrPnjZ55ZssrWGHCW2DkpgRx1z3x3uhFOOAkVZkjKjm3Fyk2RUBQzkhWdRJIY4QHqkY6mIeJEuun4wAzua6ULg0joFyo4Vn9PpIhLOeS+7uRI9eW0NxL/8zqJCk7dlIZxokiIJ4uChEEVwVFasEsFwYoNNUFYUP1XiPtIIKx0pkUdgj198ixpHpVtq2xfn5RqZ3kcBbAL9sAhsEEF1MAlqIMGwOAePIJn8GI8GE/Gq/E2aZ0z8pkd8AfG5xffraNn</latexit><latexit sha1_base64="v8jA94ynSrtQqbwrq41qDYB132Y=">AAACIHicbVDLSsNAFJ34rPUVdelmsIiuSqJC3RSKLtRdBfuAJobJdNIOnUnCzEQoIZ/ixl9x40IR3enXOG2jaOuBgXPPuZc79/gxo1JZ1ocxN7+wuLRcWCmurq1vbJpb200ZJQKTBo5YJNo+koTRkDQUVYy0Y0EQ9xlp+YPzkd+6I0LSKLxRw5i4HPVCGlCMlJY8s3LlOYjFfVR1ZMK9dFIcVO3s9vjiu8zFrPnjZ55ZssrWGHCW2DkpgRx1z3x3uhFOOAkVZkjKjm3Fyk2RUBQzkhWdRJIY4QHqkY6mIeJEuun4wAzua6ULg0joFyo4Vn9PpIhLOeS+7uRI9eW0NxL/8zqJCk7dlIZxokiIJ4uChEEVwVFasEsFwYoNNUFYUP1XiPtIIKx0pkUdgj198ixpHpVtq2xfn5RqZ3kcBbAL9sAhsEEF1MAlqIMGwOAePIJn8GI8GE/Gq/E2aZ0z8pkd8AfG5xffraNn</latexit>

chiral junction)
<latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit>

(↵+ 3 ⌘ ↵)
<latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit>

G↵+1,↵ 6= G↵�1,↵
<latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit>



• Conductance matrix

• Ideal circulator: 
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1

(in proper units)

Y junctions (N = 3)

I↵ =
3X

↵0=1

G↵↵0V↵0

<latexit sha1_base64="v8jA94ynSrtQqbwrq41qDYB132Y=">AAACIHicbVDLSsNAFJ34rPUVdelmsIiuSqJC3RSKLtRdBfuAJobJdNIOnUnCzEQoIZ/ixl9x40IR3enXOG2jaOuBgXPPuZc79/gxo1JZ1ocxN7+wuLRcWCmurq1vbJpb200ZJQKTBo5YJNo+koTRkDQUVYy0Y0EQ9xlp+YPzkd+6I0LSKLxRw5i4HPVCGlCMlJY8s3LlOYjFfVR1ZMK9dFIcVO3s9vjiu8zFrPnjZ55ZssrWGHCW2DkpgRx1z3x3uhFOOAkVZkjKjm3Fyk2RUBQzkhWdRJIY4QHqkY6mIeJEuun4wAzua6ULg0joFyo4Vn9PpIhLOeS+7uRI9eW0NxL/8zqJCk7dlIZxokiIJ4uChEEVwVFasEsFwYoNNUFYUP1XiPtIIKx0pkUdgj198ixpHpVtq2xfn5RqZ3kcBbAL9sAhsEEF1MAlqIMGwOAePIJn8GI8GE/Gq/E2aZ0z8pkd8AfG5xffraNn</latexit><latexit sha1_base64="v8jA94ynSrtQqbwrq41qDYB132Y=">AAACIHicbVDLSsNAFJ34rPUVdelmsIiuSqJC3RSKLtRdBfuAJobJdNIOnUnCzEQoIZ/ixl9x40IR3enXOG2jaOuBgXPPuZc79/gxo1JZ1ocxN7+wuLRcWCmurq1vbJpb200ZJQKTBo5YJNo+koTRkDQUVYy0Y0EQ9xlp+YPzkd+6I0LSKLxRw5i4HPVCGlCMlJY8s3LlOYjFfVR1ZMK9dFIcVO3s9vjiu8zFrPnjZ55ZssrWGHCW2DkpgRx1z3x3uhFOOAkVZkjKjm3Fyk2RUBQzkhWdRJIY4QHqkY6mIeJEuun4wAzua6ULg0joFyo4Vn9PpIhLOeS+7uRI9eW0NxL/8zqJCk7dlIZxokiIJ4uChEEVwVFasEsFwYoNNUFYUP1XiPtIIKx0pkUdgj198ixpHpVtq2xfn5RqZ3kcBbAL9sAhsEEF1MAlqIMGwOAePIJn8GI8GE/Gq/E2aZ0z8pkd8AfG5xffraNn</latexit><latexit sha1_base64="v8jA94ynSrtQqbwrq41qDYB132Y=">AAACIHicbVDLSsNAFJ34rPUVdelmsIiuSqJC3RSKLtRdBfuAJobJdNIOnUnCzEQoIZ/ixl9x40IR3enXOG2jaOuBgXPPuZc79/gxo1JZ1ocxN7+wuLRcWCmurq1vbJpb200ZJQKTBo5YJNo+koTRkDQUVYy0Y0EQ9xlp+YPzkd+6I0LSKLxRw5i4HPVCGlCMlJY8s3LlOYjFfVR1ZMK9dFIcVO3s9vjiu8zFrPnjZ55ZssrWGHCW2DkpgRx1z3x3uhFOOAkVZkjKjm3Fyk2RUBQzkhWdRJIY4QHqkY6mIeJEuun4wAzua6ULg0joFyo4Vn9PpIhLOeS+7uRI9eW0NxL/8zqJCk7dlIZxokiIJ4uChEEVwVFasEsFwYoNNUFYUP1XiPtIIKx0pkUdgj198ixpHpVtq2xfn5RqZ3kcBbAL9sAhsEEF1MAlqIMGwOAePIJn8GI8GE/Gq/E2aZ0z8pkd8AfG5xffraNn</latexit><latexit sha1_base64="v8jA94ynSrtQqbwrq41qDYB132Y=">AAACIHicbVDLSsNAFJ34rPUVdelmsIiuSqJC3RSKLtRdBfuAJobJdNIOnUnCzEQoIZ/ixl9x40IR3enXOG2jaOuBgXPPuZc79/gxo1JZ1ocxN7+wuLRcWCmurq1vbJpb200ZJQKTBo5YJNo+koTRkDQUVYy0Y0EQ9xlp+YPzkd+6I0LSKLxRw5i4HPVCGlCMlJY8s3LlOYjFfVR1ZMK9dFIcVO3s9vjiu8zFrPnjZ55ZssrWGHCW2DkpgRx1z3x3uhFOOAkVZkjKjm3Fyk2RUBQzkhWdRJIY4QHqkY6mIeJEuun4wAzua6ULg0joFyo4Vn9PpIhLOeS+7uRI9eW0NxL/8zqJCk7dlIZxokiIJ4uChEEVwVFasEsFwYoNNUFYUP1XiPtIIKx0pkUdgj198ixpHpVtq2xfn5RqZ3kcBbAL9sAhsEEF1MAlqIMGwOAePIJn8GI8GE/Gq/E2aZ0z8pkd8AfG5xffraNn</latexit>

G↵,↵�1 = 1
<latexit sha1_base64="Re6ZyxHcqbbmVoXW94Q3862uR9E=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXGiZiKAboehClxXsA9phyKSZNjSTGZKMUIaCv+LGhSJu/Q53/o3pY6HVA5d7OOdecnPCVHBtPO/LKSwsLi2vFFdLa+sbm1vu9k5DJ5mirE4TkahWSDQTXLK64UawVqoYiUPBmuHgeuw3H5jSPJH3ZpgyPyY9ySNOibFS4O7dBHmHiLRPjqftBI8uceCWvYo3AfpL8IyUYYZa4H52ugnNYiYNFUTrNvZS4+dEGU4FG5U6mWYpoQPSY21LJYmZ9vPJ+SN0aJUuihJlSxo0UX9u5CTWehiHdjImpq/nvbH4n9fOTHTh51ymmWGSTh+KMoFMgsZZoC5XjBoxtIRQxe2tiPaJItTYxEo2BDz/5b+kcVrBXgXfnZWrV7M4irAPB3AEGM6hCrdQgzpQyOEJXuDVeXSenTfnfTpacGY7u/ALzsc3/ymU1w==</latexit><latexit sha1_base64="Re6ZyxHcqbbmVoXW94Q3862uR9E=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXGiZiKAboehClxXsA9phyKSZNjSTGZKMUIaCv+LGhSJu/Q53/o3pY6HVA5d7OOdecnPCVHBtPO/LKSwsLi2vFFdLa+sbm1vu9k5DJ5mirE4TkahWSDQTXLK64UawVqoYiUPBmuHgeuw3H5jSPJH3ZpgyPyY9ySNOibFS4O7dBHmHiLRPjqftBI8uceCWvYo3AfpL8IyUYYZa4H52ugnNYiYNFUTrNvZS4+dEGU4FG5U6mWYpoQPSY21LJYmZ9vPJ+SN0aJUuihJlSxo0UX9u5CTWehiHdjImpq/nvbH4n9fOTHTh51ymmWGSTh+KMoFMgsZZoC5XjBoxtIRQxe2tiPaJItTYxEo2BDz/5b+kcVrBXgXfnZWrV7M4irAPB3AEGM6hCrdQgzpQyOEJXuDVeXSenTfnfTpacGY7u/ALzsc3/ymU1w==</latexit><latexit sha1_base64="Re6ZyxHcqbbmVoXW94Q3862uR9E=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXGiZiKAboehClxXsA9phyKSZNjSTGZKMUIaCv+LGhSJu/Q53/o3pY6HVA5d7OOdecnPCVHBtPO/LKSwsLi2vFFdLa+sbm1vu9k5DJ5mirE4TkahWSDQTXLK64UawVqoYiUPBmuHgeuw3H5jSPJH3ZpgyPyY9ySNOibFS4O7dBHmHiLRPjqftBI8uceCWvYo3AfpL8IyUYYZa4H52ugnNYiYNFUTrNvZS4+dEGU4FG5U6mWYpoQPSY21LJYmZ9vPJ+SN0aJUuihJlSxo0UX9u5CTWehiHdjImpq/nvbH4n9fOTHTh51ymmWGSTh+KMoFMgsZZoC5XjBoxtIRQxe2tiPaJItTYxEo2BDz/5b+kcVrBXgXfnZWrV7M4irAPB3AEGM6hCrdQgzpQyOEJXuDVeXSenTfnfTpacGY7u/ALzsc3/ymU1w==</latexit><latexit sha1_base64="Re6ZyxHcqbbmVoXW94Q3862uR9E=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXGiZiKAboehClxXsA9phyKSZNjSTGZKMUIaCv+LGhSJu/Q53/o3pY6HVA5d7OOdecnPCVHBtPO/LKSwsLi2vFFdLa+sbm1vu9k5DJ5mirE4TkahWSDQTXLK64UawVqoYiUPBmuHgeuw3H5jSPJH3ZpgyPyY9ySNOibFS4O7dBHmHiLRPjqftBI8uceCWvYo3AfpL8IyUYYZa4H52ugnNYiYNFUTrNvZS4+dEGU4FG5U6mWYpoQPSY21LJYmZ9vPJ+SN0aJUuihJlSxo0UX9u5CTWehiHdjImpq/nvbH4n9fOTHTh51ymmWGSTh+KMoFMgsZZoC5XjBoxtIRQxe2tiPaJItTYxEo2BDz/5b+kcVrBXgXfnZWrV7M4irAPB3AEGM6hCrdQgzpQyOEJXuDVeXSenTfnfTpacGY7u/ALzsc3/ymU1w==</latexit>

G↵,↵+1 = 0
<latexit sha1_base64="AM2YeRJEbBcdN912VxBksxnX3lk=">AAAB/nicbVDJSgNBEK2JW4zbqHjy0hgEQQkzIuhFCHrQYwSzQDIMNZ2epEnPQnePEIaAv+LFgyJe/Q5v/o2d5aDRB0U93quiq1+QCq6043xZhYXFpeWV4mppbX1jc8ve3mmoJJOU1WkiEtkKUDHBY1bXXAvWSiXDKBCsGQyux37zgUnFk/heD1PmRdiLecgpaiP59t6Nn3dQpH08mbZjd3Tp+HbZqTgTkL/EnZEyzFDz7c9ON6FZxGJNBSrVdp1UezlKzalgo1InUyxFOsAeaxsaY8SUl0/OH5FDo3RJmEhTsSYT9edGjpFSwygwkxHqvpr3xuJ/XjvT4YWX8zjNNIvp9KEwE0QnZJwF6XLJqBZDQ5BKbm4ltI8SqTaJlUwI7vyX/5LGacV1Ku7dWbl6NYujCPtwAEfgwjlU4RZqUAcKOTzBC7xaj9az9Wa9T0cL1mxnF37B+vgG+pWU1A==</latexit><latexit sha1_base64="AM2YeRJEbBcdN912VxBksxnX3lk=">AAAB/nicbVDJSgNBEK2JW4zbqHjy0hgEQQkzIuhFCHrQYwSzQDIMNZ2epEnPQnePEIaAv+LFgyJe/Q5v/o2d5aDRB0U93quiq1+QCq6043xZhYXFpeWV4mppbX1jc8ve3mmoJJOU1WkiEtkKUDHBY1bXXAvWSiXDKBCsGQyux37zgUnFk/heD1PmRdiLecgpaiP59t6Nn3dQpH08mbZjd3Tp+HbZqTgTkL/EnZEyzFDz7c9ON6FZxGJNBSrVdp1UezlKzalgo1InUyxFOsAeaxsaY8SUl0/OH5FDo3RJmEhTsSYT9edGjpFSwygwkxHqvpr3xuJ/XjvT4YWX8zjNNIvp9KEwE0QnZJwF6XLJqBZDQ5BKbm4ltI8SqTaJlUwI7vyX/5LGacV1Ku7dWbl6NYujCPtwAEfgwjlU4RZqUAcKOTzBC7xaj9az9Wa9T0cL1mxnF37B+vgG+pWU1A==</latexit><latexit sha1_base64="AM2YeRJEbBcdN912VxBksxnX3lk=">AAAB/nicbVDJSgNBEK2JW4zbqHjy0hgEQQkzIuhFCHrQYwSzQDIMNZ2epEnPQnePEIaAv+LFgyJe/Q5v/o2d5aDRB0U93quiq1+QCq6043xZhYXFpeWV4mppbX1jc8ve3mmoJJOU1WkiEtkKUDHBY1bXXAvWSiXDKBCsGQyux37zgUnFk/heD1PmRdiLecgpaiP59t6Nn3dQpH08mbZjd3Tp+HbZqTgTkL/EnZEyzFDz7c9ON6FZxGJNBSrVdp1UezlKzalgo1InUyxFOsAeaxsaY8SUl0/OH5FDo3RJmEhTsSYT9edGjpFSwygwkxHqvpr3xuJ/XjvT4YWX8zjNNIvp9KEwE0QnZJwF6XLJqBZDQ5BKbm4ltI8SqTaJlUwI7vyX/5LGacV1Ku7dWbl6NYujCPtwAEfgwjlU4RZqUAcKOTzBC7xaj9az9Wa9T0cL1mxnF37B+vgG+pWU1A==</latexit><latexit sha1_base64="AM2YeRJEbBcdN912VxBksxnX3lk=">AAAB/nicbVDJSgNBEK2JW4zbqHjy0hgEQQkzIuhFCHrQYwSzQDIMNZ2epEnPQnePEIaAv+LFgyJe/Q5v/o2d5aDRB0U93quiq1+QCq6043xZhYXFpeWV4mppbX1jc8ve3mmoJJOU1WkiEtkKUDHBY1bXXAvWSiXDKBCsGQyux37zgUnFk/heD1PmRdiLecgpaiP59t6Nn3dQpH08mbZjd3Tp+HbZqTgTkL/EnZEyzFDz7c9ON6FZxGJNBSrVdp1UezlKzalgo1InUyxFOsAeaxsaY8SUl0/OH5FDo3RJmEhTsSYT9edGjpFSwygwkxHqvpr3xuJ/XjvT4YWX8zjNNIvp9KEwE0QnZJwF6XLJqBZDQ5BKbm4ltI8SqTaJlUwI7vyX/5LGacV1Ku7dWbl6NYujCPtwAEfgwjlU4RZqUAcKOTzBC7xaj9az9Wa9T0cL1mxnF37B+vgG+pWU1A==</latexit>

• Breaks reflection symmetry (P) as well as time reversal 
symmetry (T).

chiral junction)
<latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit><latexit sha1_base64="E+ql3SgwjIInsFzh7/ZNPWlwHRk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMVWwtpKJvtpl262Q27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSgU36HnfTmlldW19o7xZ2dre2d2r7h+0jco0ZS2qhNKdiBgmuGQt5ChYJ9WMJJFgD9Hoeuo/PDJtuJL3OE5ZmJCB5DGnBK0UdO/4YIhEa/XUq9a8ujeDu0z8gtSgQLNX/er2Fc0SJpEKYkzgeymGOdHIqWCTSjczLCV0RAYssFSShJkwn508cU+s0ndjpW1JdGfq74mcJMaMk8h2JgSHZtGbiv95QYbxZZhzmWbIJJ0vijPhonKn/7t9rhlFMbaEUM3trS4dEk0o2pQqNgR/8eVl0j6r+17dvz2vNa6KOMpwBMdwCj5cQANuoAktoKDgGV7hzUHnxXl3PuatJaeYOYQ/cD5/AJEbkW0=</latexit>

(↵+ 3 ⌘ ↵)
<latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit><latexit sha1_base64="wsuKSzhZYTif38z9BZvX1ZbX/tI=">AAAB/3icbVDLSgMxFL1TX7W+RgU3boJFqAhlRgVdFt24rGAf0BlKJs20oZnMmGQKZezCX3HjQhG3/oY7/8b0sdDWAxdOzrmX3HuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxakktEZiHstmgBXlTNCaZprTZiIpjgJOG0H/Zuw3BlQqFot7PUyoH+GuYCEjWBupbR+UPMyTHj499+hDygbT10nbLjplZwK0SNwZKcIM1bb95XVikkZUaMKxUi3XSbSfYakZ4XRU8FJFE0z6uEtbhgocUeVnk/1H6NgoHRTG0pTQaKL+nshwpNQwCkxnhHVPzXtj8T+vlerwys+YSFJNBZl+FKYc6RiNw0AdJinRfGgIJpKZXRHpYYmJNpEVTAju/MmLpH5Wdp2ye3dRrFzP4sjDIRxBCVy4hArcQhVqQOARnuEV3qwn68V6tz6mrTlrNrMPf2B9/gAZVJWA</latexit>

G↵+1,↵ 6= G↵�1,↵
<latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit><latexit sha1_base64="A5xPktLD8mkRBcJ4vVGNDLXIgEA=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCUC2JCLosutBlBXuBJpTJ9LQdOpnEmYlQQh/Cja/ixoUibl24822ctqFo6w8DP985hzPnD2LOlHacb2thcWl5ZTW3ll/f2Nzatnd2aypKJIUqjXgkGwFRwJmAqmaaQyOWQMKAQz3oX43q9QeQikXiTg9i8EPSFazDKNEGtezidSv1CI97pOgeT8zQE3CPp/xkylt2wSk5Y+F542amgDJVWvaX145oEoLQlBOlmq4Taz8lUjPKYZj3EgUxoX3ShaaxgoSg/HR81BAfGtLGnUiaJzQe098TKQmVGoSB6QyJ7qnZ2gj+V2smunPhp0zEiQZBJ4s6Ccc6wqOEcJtJoJoPjCFUMvNXTHtEEqpNjnkTgjt78rypnZZcp+TenhXKl1kcObSPDtARctE5KqMbVEFVRNEjekav6M16sl6sd+tj0rpgZTN76I+szx+mSJ3v</latexit>



Y junction of quantum wires

• Tunneling in the presence of a magnetic flux:

• Stable chiral fixed points with GA ≠ 0 for flux 𝜙 ≠ 0,𝜋 and 
attractive electron-electron interactions in the wires 
(Luttinger parameter 1< K <3).

[Oshikawa, Chamon & Affleck 2003; 2006]

Hb = t0
3X

↵=1

ei�/3 †
↵+1(0) ↵(0) + h.c.

<latexit sha1_base64="m+ha3P045zwCYSv5ojxuwaZbbaU="></latexit><latexit sha1_base64="m+ha3P045zwCYSv5ojxuwaZbbaU="></latexit><latexit sha1_base64="m+ha3P045zwCYSv5ojxuwaZbbaU="></latexit><latexit sha1_base64="m+ha3P045zwCYSv5ojxuwaZbbaU="></latexit>

(✏↵↵0 = �✏↵0↵)
<latexit sha1_base64="9q+MYdjI01M183o2RUjPn9bAkq4=">AAACHnicbVDLSgMxFM3UV62vUZdugkVaF5YZUXQjFN24rGAf0BlKJk3b0EwmJBmhDPMlbvwVNy4UEVzp35h2ZqGtB5J7OOdeknsCwajSjvNtFZaWV1bXiuuljc2t7R17d6+lolhi0sQRi2QnQIowyklTU81IR0iCwoCRdjC+mfrtByIVjfi9ngjih2jI6YBipI3Us8+rHhGKMsMTDzExQtldSa9O5p0KzGp63LPLTs2ZAS4SNydlkKPRsz+9foTjkHCNGVKq6zpC+wmSmmJG0pIXKyIQHqMh6RrKUUiUn8zWS+GRUfpwEElzuIYz9fdEgkKlJmFgOkOkR2rem4r/ed1YDy79hHIRa8Jx9tAgZlBHcJoV7FNJsGYTQxCW1PwV4hGSCGuTaMmE4M6vvEhapzXXqbl3Z+X6dR5HERyAQ1AFLrgAdXALGqAJMHgEz+AVvFlP1ov1bn1krQUrn9kHf2B9/QCpbqLI</latexit><latexit sha1_base64="9q+MYdjI01M183o2RUjPn9bAkq4=">AAACHnicbVDLSgMxFM3UV62vUZdugkVaF5YZUXQjFN24rGAf0BlKJk3b0EwmJBmhDPMlbvwVNy4UEVzp35h2ZqGtB5J7OOdeknsCwajSjvNtFZaWV1bXiuuljc2t7R17d6+lolhi0sQRi2QnQIowyklTU81IR0iCwoCRdjC+mfrtByIVjfi9ngjih2jI6YBipI3Us8+rHhGKMsMTDzExQtldSa9O5p0KzGp63LPLTs2ZAS4SNydlkKPRsz+9foTjkHCNGVKq6zpC+wmSmmJG0pIXKyIQHqMh6RrKUUiUn8zWS+GRUfpwEElzuIYz9fdEgkKlJmFgOkOkR2rem4r/ed1YDy79hHIRa8Jx9tAgZlBHcJoV7FNJsGYTQxCW1PwV4hGSCGuTaMmE4M6vvEhapzXXqbl3Z+X6dR5HERyAQ1AFLrgAdXALGqAJMHgEz+AVvFlP1ov1bn1krQUrn9kHf2B9/QCpbqLI</latexit><latexit sha1_base64="9q+MYdjI01M183o2RUjPn9bAkq4=">AAACHnicbVDLSgMxFM3UV62vUZdugkVaF5YZUXQjFN24rGAf0BlKJk3b0EwmJBmhDPMlbvwVNy4UEVzp35h2ZqGtB5J7OOdeknsCwajSjvNtFZaWV1bXiuuljc2t7R17d6+lolhi0sQRi2QnQIowyklTU81IR0iCwoCRdjC+mfrtByIVjfi9ngjih2jI6YBipI3Us8+rHhGKMsMTDzExQtldSa9O5p0KzGp63LPLTs2ZAS4SNydlkKPRsz+9foTjkHCNGVKq6zpC+wmSmmJG0pIXKyIQHqMh6RrKUUiUn8zWS+GRUfpwEElzuIYz9fdEgkKlJmFgOkOkR2rem4r/ed1YDy79hHIRa8Jx9tAgZlBHcJoV7FNJsGYTQxCW1PwV4hGSCGuTaMmE4M6vvEhapzXXqbl3Z+X6dR5HERyAQ1AFLrgAdXALGqAJMHgEz+AVvFlP1ov1bn1krQUrn9kHf2B9/QCpbqLI</latexit><latexit sha1_base64="9q+MYdjI01M183o2RUjPn9bAkq4=">AAACHnicbVDLSgMxFM3UV62vUZdugkVaF5YZUXQjFN24rGAf0BlKJk3b0EwmJBmhDPMlbvwVNy4UEVzp35h2ZqGtB5J7OOdeknsCwajSjvNtFZaWV1bXiuuljc2t7R17d6+lolhi0sQRi2QnQIowyklTU81IR0iCwoCRdjC+mfrtByIVjfi9ngjih2jI6YBipI3Us8+rHhGKMsMTDzExQtldSa9O5p0KzGp63LPLTs2ZAS4SNydlkKPRsz+9foTjkHCNGVKq6zpC+wmSmmJG0pIXKyIQHqMh6RrKUUiUn8zWS+GRUfpwEElzuIYz9fdEgkKlJmFgOkOkR2rem4r/ed1YDy79hHIRa8Jx9tAgZlBHcJoV7FNJsGYTQxCW1PwV4hGSCGuTaMmE4M6vvEhapzXXqbl3Z+X6dR5HERyAQ1AFLrgAdXALGqAJMHgEz+AVvFlP1ov1bn1krQUrn9kHf2B9/QCpbqLI</latexit>

G↵↵0 =
e2

h


GS

2
(3�↵↵0 � 1) +

GA

2
✏↵↵0

�

<latexit sha1_base64="tHhdh3KSES06c6IILNnvI2FvtmI="></latexit><latexit sha1_base64="tHhdh3KSES06c6IILNnvI2FvtmI="></latexit><latexit sha1_base64="tHhdh3KSES06c6IILNnvI2FvtmI="></latexit><latexit sha1_base64="tHhdh3KSES06c6IILNnvI2FvtmI="></latexit>

�
<latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit><latexit sha1_base64="vMCmCBvrQqvMkcZe5c78yK19qu0=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x2+5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3Bb+4xPThifqwU5TFkgyVjzilNhCGqQxH9YbXtObA68SvyQNKNEe1r8Go4RmkilLBTGm73upDXKiLaeCzWqDzLCU0AkZs76jikhmgnx+6wyfOWWEo0S7UhbP1d8TOZHGTGXoOiWxsVn2CvE/r5/Z6DrIuUozyxRdLIoygW2Ci8fxiGtGrZg6Qqjm7lZMY6IJtS6emgvBX355lXQvmr7X9O8vG62bMo4qnMApnIMPV9CCO2hDByjE8Ayv8IYkekHv6GPRWkHlzDH8Afr8AROIjj8=</latexit>

I1
<latexit sha1_base64="U3CaPlPE3uRyCMqRI2m3X0JuiVs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF71VtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHu76Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHpu1bu/rNSv8ziKcAKncA4e1KAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHEB41x</latexit><latexit sha1_base64="U3CaPlPE3uRyCMqRI2m3X0JuiVs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF71VtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHu76Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHpu1bu/rNSv8ziKcAKncA4e1KAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHEB41x</latexit><latexit sha1_base64="U3CaPlPE3uRyCMqRI2m3X0JuiVs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF71VtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHu76Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHpu1bu/rNSv8ziKcAKncA4e1KAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHEB41x</latexit><latexit sha1_base64="U3CaPlPE3uRyCMqRI2m3X0JuiVs=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF71VtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHu76Xr9ccavuHGSVeDmpQI5Gv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/8TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0SjYEb/nlVdK6qHpu1bu/rNSv8ziKcAKncA4e1KAOt9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHEB41x</latexit>

I2
<latexit sha1_base64="9cc8KDIhBmMVXR2oW5HxIXUMfAE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw12/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6RVq3pu1bu/qNSv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPFi41y</latexit><latexit sha1_base64="9cc8KDIhBmMVXR2oW5HxIXUMfAE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw12/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6RVq3pu1bu/qNSv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPFi41y</latexit><latexit sha1_base64="9cc8KDIhBmMVXR2oW5HxIXUMfAE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw12/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6RVq3pu1bu/qNSv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPFi41y</latexit><latexit sha1_base64="9cc8KDIhBmMVXR2oW5HxIXUMfAE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF71VtB/QhrLZTtqlm03Y3Qgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfjm5nffkKleSwfzSRBP6JDyUPOqLHSw12/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6RVq3pu1bu/qNSv8ziKcAKncA4eXEIdbqEBTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QPFi41y</latexit>

I3
<latexit sha1_base64="EUzxi7f1hln3oc4G7mdgaWtn9hQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi94q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4a533itX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXcqnd/Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfHD41z</latexit><latexit sha1_base64="EUzxi7f1hln3oc4G7mdgaWtn9hQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi94q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4a533itX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXcqnd/Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfHD41z</latexit><latexit sha1_base64="EUzxi7f1hln3oc4G7mdgaWtn9hQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi94q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4a533itX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXcqnd/Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfHD41z</latexit><latexit sha1_base64="EUzxi7f1hln3oc4G7mdgaWtn9hQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU0GPRi94q2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzdRvPaHSPJaPZpygH9GB5CFn1Fjp4a533itX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOiEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhFd+xmWSGpRsvihMBTExmf5N+lwhM2JsCWWK21sJG1JFmbHplGwI3uLLy6R5VvXcqnd/Uald53EU4QiO4RQ8uIQa3EIdGsBgAM/wCm+OcF6cd+dj3lpw8plD+APn8wfHD41z</latexit>



Question

• First guess: no! 
Antiferromagnetic spin chain 
equivalent to spinless fermions 
with repulsive interactions.

• Can we get a chiral fixed point with spin-1/2 XXX chains?             

?

• But maybe it exists at finite coupling… 



Why we want to try

• Quantum circulators have been realized in 
nanophotonic devices: chiral quantum optics.   

     Analogue for antiferromagnetic spintronics?
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the exchange of photons. Here directional photon emis-
sion implies a directional coupling between the quantum
emitters via the waveguide: a first emitter sends out a
photon, which is absorbed by a second emitter down-
stream, while photon emission from the second emitter
can only be ’seen’ by emitters located even further down
the chain of emitters, see Fig. 1 (d). On a formal level,
chiral quantum optics allows to realize the paradigm of
cascaded quantum systems [2, 7, 8], where a quantum sys-
tem is directionally coupled to another quantum system
without information backflow. Such unidirectional cou-
pling has immediate applications in quantum information
in order to achieve deterministic quantum state transfer
between qubits via a chiral quantum channel. From the
perspective of solid–state or condensed–matter physics,
the non–reciprocal photon–mediated interaction between
emitters enables the implementation of a new class of un-
conventional quantum many–body systems. The dynam-
ics of familiar reciprocal quantum many–body systems is
often described solely by an interaction Hamiltonian, as
in the case of dipole-dipole or Van der Waals interactions.
In contrast, non–reciprocal interactions require a formu-
lation in terms of a master equation, since these quantum
systems are inherently open.

We emphasize that chiral coupling of emitters to
waveguides is distinct from the physics of chiral edge
channels, which were observed in recent seminal experi-
ments in condensed–matter [9] and photonic systems [10–
14]. Chiral edge channels emerge as manifestations of
topology in 2D materials leading to a topological protec-
tion of the wave transport through the channel towards
backscattering from disorder.

PHYSICS OF NANOPHOTONIC DEVICES

Nanophotonic devices control and confine the flow of
light at a length scale smaller than the optical wave-
length (400-700 nm for visible light). Recent years have
witnessed remarkable progress in the ability to design
and fabricate such nanophotonic structures and they are
now widely employed in quantum optics as a powerful
way of enhancing light–matter interaction [15]. In many
nanophotonic devices, light is strongly confined trans-
versely, i.e., in the plane orthogonal to the propagation
direction. This generally leads to a component of the
electric field, which oscillates along the direction of prop-
agation [16]. According to Gauss’s law, the longitudinal
component is determined by the spatial variation of the
transverse field components; see Box 1. The longitudinal
and transverse field components oscillate ±⇡/2 degrees
out of phase with each other, where the sign depends on
the propagation direction of the light; forward or back-
ward. Thus, the electric field vector rotates with time
meaning that the light field is elliptically polarized and
therefore carries spin angular momentum. In contrast

c d

a b

FIG. 1: Illustration of basic chiral

photon-emitter processes. a Directional excitation
of waveguide modes: Depending on the polarization of
the dipole transition, �+ or ��, photons are emitted in
one or the other direction into the waveguide. b Strong
chiral interaction between a photon and an emitter
leading to a non-reciprocal phase shift of pi for a
forwardly propagation photon (upper figure) and
vanishing interaction for a backwardly propagating

photon (lower figure). c Non-reciprocal absorption, i.e.,
direction-dependent scattering of photons into

non-guided modes. d Chiral light–matter interaction in
a multi-emitter case fundamentally modifies the

collective emission. Throughout the figure the colored
arrows (blue/red) illustrate the local circular

polarization of the electric field at the position of the
emitter for the propagation direction indicated by the

black arrows.

to paraxial waves, the spin in general has a component
transverse to the propagation direction [17]. The direc-
tion dependence of the relative phase between the longi-
tudinal and transverse fields implies that the transverse
spin component flips sign with the inversion of propaga-
tion direction [4, 5]. This locking of transverse spin and
propagation direction of confined light leads to chiral ef-
fects in the interaction of light with polarized emitters.
The properties of light in transversely confined geome-
tries and the concept of transverse spin are introduced in
more detail in Box 1.

In order to illustrate the polarization properties of
transversely confined light fields, Fig. 2 shows the local
electric field polarization for a subwavelength-diameter

 [Lodahl et al., Nature 2017]

[Scheucher et al., Science 2016]

[Baltz … Tserkovnyak, RMP 2018]



Why we want to try

• Relation to chiral spin liquids? 

[Bauer et al., Nat. Phys. 2014]

in the physics of network models of edge states akin to the
Chalker-Coddington network model for the integer quantum
Hall transition38. We will then turn to powerful numerical tools
to unambiguously identify the universal properties of the chiral
spin liquid.

The key step of our first argument is to view each triangle of
spins as the seed of a chiral topological phase, a puddle encircled
by an edge state, as illustrated in Fig. 2a. The natural candidate for
the phase filling the puddle is the bosonic n¼ 1/2 Laughlin
state39, which is the simplest bosonic quantum Hall state known
to possess the SU(2) symmetry required by our construction. It is
also the state envisioned by Kalmeyer and Laughlin4. Forming a
lattice out of the elementary triangles, we should then consider a
situation with many individual puddles of this topological phase.
To see what collective state is formed, we have to understand how
two corner-sharing triangles of the Kagome lattice are joined.
This situation of edges meeting at the corner spin shared by two
triangles is an incarnation of two-channel Kondo physics40,41, for
which it is well-known that the edges will heal42,43 if the coupling
to the centre spin is symmetric, as illustrated in Fig. 2b and
discussed in more detail in the Methods section. Thus, the corner
spin has merged the two triangles to form a larger puddle
encircled by a single edge state, that is, to form a larger region of
the topological phase. We can repeat the above step (Fig. 2) for all
pairs of corner-sharing triangles of the Kagome lattice. The
system then forms one macroscopic, extended region of a single
topological phase with one edge state encircling its outer
boundary, as illustrated in Fig. 1b, and with closed loops
encircling the interior hexagons of the Kagome lattice. We thus
obtain a direct realization of the Kalmeyer–Laughlin state for a
CSL phase.

Numerical identification of the CSL. We now turn to a
numerical identification of the CSL at the chiral point y¼p/2 of
Hamiltonian (2) and in its vicinity by studying the three hallmark
properties of a chiral topological phase: the presence of a gapped
spectrum with a topological degeneracy on the torus, a gapless
edge state with a universal spectrum of low-energy excitations,
and anyonic bulk excitations. On a technical level, we resort to
exact diagonalization and density-matrix renormalization group
(DMRG) calculations to extract energy spectra, entanglement
spectra and modular matrices for various system configurations.
To label their diameter and boundary condition, we will use the
notation introduced in ref. 30; see also the Methods section.

We first demonstrate that the system has a finite gap in the
thermodynamic limit. To this end, we consider a sequence of
XT4-0 tori of length up to 5 unit cells, shown in Fig. 3a. For
systems with NZ18 sites, there clearly is a low-lying excitation,
which can be attributed to a twofold near-degeneracy of the
ground state. All excitations above these near-degenerate ground
states are separated by a spectral gap of roughly DE0.05. Further
consistent evidence for the gap can be obtained from exact
diagonalization of a 36-site XT6-3 cluster and on XT4-2 clusters
of size up to 30 sites (not shown). As a further consistency check,
we can extract the gap for long, thin cylinders using DMRG.
Performing this for cylinders of type XC4-0 with up to 100 sites,

a b

Figure 1 | Hamiltonian and network model perspective. (a) Kagome lattice considered in this manuscript, where grey shading indicates the elementary
triangles. Arrows on the bonds indicate the direction induced by the magnetic flux F enclosed in each triangle. (b) Visualization of the network-model
perspective on the chiral spin liquid phase arising from Hamiltonian (2). Consistent with a chiral topological phase, a collective edge state encircles the
whole systems. In this particular model, additional closed edges encircle each hexagon.

Two-channel Kondo physics

a

b

Figure 2 | Network model perspective. (a) Sketch of a puddle of
topological phase replacing each triangle of three spins. (b) Behaviour of
two corner-sharing triangular puddles of the topological phase.
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Figure 3 | Exact diagonalization results. (a) Excitation energies on small
tori of type XT4-0 up to length 5. (b) Energy gap on a thin, long strip of
width 4 sites; dashed lines indicate the extrapolation to N-N. The two
different branches denote systems with an even (black) and odd (blue)
number of unit cells. (c) Entanglement entropy at the centre of the same
system as (b) on a semi-logarithmic scale for even (black) and odd (blue)
number of unit cells; dashed lines indicate a fit. Both fits are consistent with
c¼ 1. In all panels, N is the total number of lattice sites.
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the exchange of photons. Here directional photon emis-
sion implies a directional coupling between the quantum
emitters via the waveguide: a first emitter sends out a
photon, which is absorbed by a second emitter down-
stream, while photon emission from the second emitter
can only be ’seen’ by emitters located even further down
the chain of emitters, see Fig. 1 (d). On a formal level,
chiral quantum optics allows to realize the paradigm of
cascaded quantum systems [2, 7, 8], where a quantum sys-
tem is directionally coupled to another quantum system
without information backflow. Such unidirectional cou-
pling has immediate applications in quantum information
in order to achieve deterministic quantum state transfer
between qubits via a chiral quantum channel. From the
perspective of solid–state or condensed–matter physics,
the non–reciprocal photon–mediated interaction between
emitters enables the implementation of a new class of un-
conventional quantum many–body systems. The dynam-
ics of familiar reciprocal quantum many–body systems is
often described solely by an interaction Hamiltonian, as
in the case of dipole-dipole or Van der Waals interactions.
In contrast, non–reciprocal interactions require a formu-
lation in terms of a master equation, since these quantum
systems are inherently open.

We emphasize that chiral coupling of emitters to
waveguides is distinct from the physics of chiral edge
channels, which were observed in recent seminal experi-
ments in condensed–matter [9] and photonic systems [10–
14]. Chiral edge channels emerge as manifestations of
topology in 2D materials leading to a topological protec-
tion of the wave transport through the channel towards
backscattering from disorder.

PHYSICS OF NANOPHOTONIC DEVICES

Nanophotonic devices control and confine the flow of
light at a length scale smaller than the optical wave-
length (400-700 nm for visible light). Recent years have
witnessed remarkable progress in the ability to design
and fabricate such nanophotonic structures and they are
now widely employed in quantum optics as a powerful
way of enhancing light–matter interaction [15]. In many
nanophotonic devices, light is strongly confined trans-
versely, i.e., in the plane orthogonal to the propagation
direction. This generally leads to a component of the
electric field, which oscillates along the direction of prop-
agation [16]. According to Gauss’s law, the longitudinal
component is determined by the spatial variation of the
transverse field components; see Box 1. The longitudinal
and transverse field components oscillate ±⇡/2 degrees
out of phase with each other, where the sign depends on
the propagation direction of the light; forward or back-
ward. Thus, the electric field vector rotates with time
meaning that the light field is elliptically polarized and
therefore carries spin angular momentum. In contrast
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a b

FIG. 1: Illustration of basic chiral

photon-emitter processes. a Directional excitation
of waveguide modes: Depending on the polarization of
the dipole transition, �+ or ��, photons are emitted in
one or the other direction into the waveguide. b Strong
chiral interaction between a photon and an emitter
leading to a non-reciprocal phase shift of pi for a
forwardly propagation photon (upper figure) and
vanishing interaction for a backwardly propagating

photon (lower figure). c Non-reciprocal absorption, i.e.,
direction-dependent scattering of photons into

non-guided modes. d Chiral light–matter interaction in
a multi-emitter case fundamentally modifies the

collective emission. Throughout the figure the colored
arrows (blue/red) illustrate the local circular

polarization of the electric field at the position of the
emitter for the propagation direction indicated by the

black arrows.

to paraxial waves, the spin in general has a component
transverse to the propagation direction [17]. The direc-
tion dependence of the relative phase between the longi-
tudinal and transverse fields implies that the transverse
spin component flips sign with the inversion of propaga-
tion direction [4, 5]. This locking of transverse spin and
propagation direction of confined light leads to chiral ef-
fects in the interaction of light with polarized emitters.
The properties of light in transversely confined geome-
tries and the concept of transverse spin are introduced in
more detail in Box 1.

In order to illustrate the polarization properties of
transversely confined light fields, Fig. 2 shows the local
electric field polarization for a subwavelength-diameter

 [Lodahl et al., Nature 2017]

[Kalmeyer & Laughlin 1987; Wen, Wilczek & Zee 1989]

• Quantum circulators have been realized in 
nanophotonic devices: chiral quantum optics.   

     Analogue for antiferromagnetic spintronics?



• J𝝌 can be realized as a Floquet spin model. 

H =J
3X

↵=1

X

j�1

S↵(j) · S↵(j + 1)

+ J�S1(1) · [S2(1)⇥ S3(1)]
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T : S 7! �S
<latexit sha1_base64="9D4Na98XHvJaEpJaX7/xDYUCiS0=">AAACD3icbZDLSsNAFIZPvNZ6i7p0M1gUN5ZEBMVV0Y3Lir1BG8pkOmmHTiZhZiKU0jdw46u4caGIW7fufBsnaRBt/WHg4z/nMOf8fsyZ0o7zZS0sLi2vrBbWiusbm1vb9s5uQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DqtN++pVCwSNT2KqRfivmABI1gbq2sfdUKsBwRzVLvM0A/QnYFY6Qid/Dhdu+SUnUxoHtwcSpCr2rU/O72IJCEVmnCsVNt1Yu2NsdSMcDopdhJFY0yGuE/bBgUOqfLG2T0TdGicHgoiaZ7QKHN/T4xxqNQo9E1nuqCaraXmf7V2ooMLb8xEnGgqyPSjIOHI3JqGg3pMUqL5yAAmkpldERlgiYk2ERZNCO7syfPQOC27Ttm9PStVrvI4CrAPB3AMLpxDBW6gCnUg8ABP8AKv1qP1bL1Z79PWBSuf2YM/sj6+AbJkm8o=</latexit><latexit sha1_base64="9D4Na98XHvJaEpJaX7/xDYUCiS0=">AAACD3icbZDLSsNAFIZPvNZ6i7p0M1gUN5ZEBMVV0Y3Lir1BG8pkOmmHTiZhZiKU0jdw46u4caGIW7fufBsnaRBt/WHg4z/nMOf8fsyZ0o7zZS0sLi2vrBbWiusbm1vb9s5uQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DqtN++pVCwSNT2KqRfivmABI1gbq2sfdUKsBwRzVLvM0A/QnYFY6Qid/Dhdu+SUnUxoHtwcSpCr2rU/O72IJCEVmnCsVNt1Yu2NsdSMcDopdhJFY0yGuE/bBgUOqfLG2T0TdGicHgoiaZ7QKHN/T4xxqNQo9E1nuqCaraXmf7V2ooMLb8xEnGgqyPSjIOHI3JqGg3pMUqL5yAAmkpldERlgiYk2ERZNCO7syfPQOC27Ttm9PStVrvI4CrAPB3AMLpxDBW6gCnUg8ABP8AKv1qP1bL1Z79PWBSuf2YM/sj6+AbJkm8o=</latexit><latexit sha1_base64="9D4Na98XHvJaEpJaX7/xDYUCiS0=">AAACD3icbZDLSsNAFIZPvNZ6i7p0M1gUN5ZEBMVV0Y3Lir1BG8pkOmmHTiZhZiKU0jdw46u4caGIW7fufBsnaRBt/WHg4z/nMOf8fsyZ0o7zZS0sLi2vrBbWiusbm1vb9s5uQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DqtN++pVCwSNT2KqRfivmABI1gbq2sfdUKsBwRzVLvM0A/QnYFY6Qid/Dhdu+SUnUxoHtwcSpCr2rU/O72IJCEVmnCsVNt1Yu2NsdSMcDopdhJFY0yGuE/bBgUOqfLG2T0TdGicHgoiaZ7QKHN/T4xxqNQo9E1nuqCaraXmf7V2ooMLb8xEnGgqyPSjIOHI3JqGg3pMUqL5yAAmkpldERlgiYk2ERZNCO7syfPQOC27Ttm9PStVrvI4CrAPB3AMLpxDBW6gCnUg8ABP8AKv1qP1bL1Z79PWBSuf2YM/sj6+AbJkm8o=</latexit><latexit sha1_base64="9D4Na98XHvJaEpJaX7/xDYUCiS0=">AAACD3icbZDLSsNAFIZPvNZ6i7p0M1gUN5ZEBMVV0Y3Lir1BG8pkOmmHTiZhZiKU0jdw46u4caGIW7fufBsnaRBt/WHg4z/nMOf8fsyZ0o7zZS0sLi2vrBbWiusbm1vb9s5uQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DqtN++pVCwSNT2KqRfivmABI1gbq2sfdUKsBwRzVLvM0A/QnYFY6Qid/Dhdu+SUnUxoHtwcSpCr2rU/O72IJCEVmnCsVNt1Yu2NsdSMcDopdhJFY0yGuE/bBgUOqfLG2T0TdGicHgoiaZ7QKHN/T4xxqNQo9E1nuqCaraXmf7V2ooMLb8xEnGgqyPSjIOHI3JqGg3pMUqL5yAAmkpldERlgiYk2ERZNCO7syfPQOC27Ttm9PStVrvI4CrAPB3AMLpxDBW6gCnUg8ABP8AKv1qP1bL1Z79PWBSuf2YM/sj6+AbJkm8o=</latexit>

[Claassen, Jiang, Moritz & Devereaux 2017]

J�
<latexit sha1_base64="1IZZ6UMHd4D0X9svvfdt9+0/Gfo=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIY2roruhFXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzmfueeSEUFv9XThAQxGnEaUYy0kdrXgz4e00G54tjn9arnV6FjO07N9dyceDX/zIeuUXJUwBLNQfm9PxQ4jQnXmCGleq6T6CBDUlPMyKzUTxVJEJ6gEekZylFMVJDNr53BE6MMYSSkKa7hXP0+kaFYqWkcms4Y6bH67eXiX14v1VE9yChPUk04XiyKUga1gPnrcEglwZpNDUFYUnMrxGMkEdYmoJIJ4etT+D9pe7br2O6NX2lcLOMogiNwDE6BC2qgAa5AE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ6zAjzE=</latexit><latexit sha1_base64="1IZZ6UMHd4D0X9svvfdt9+0/Gfo=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIY2roruhFXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzmfueeSEUFv9XThAQxGnEaUYy0kdrXgz4e00G54tjn9arnV6FjO07N9dyceDX/zIeuUXJUwBLNQfm9PxQ4jQnXmCGleq6T6CBDUlPMyKzUTxVJEJ6gEekZylFMVJDNr53BE6MMYSSkKa7hXP0+kaFYqWkcms4Y6bH67eXiX14v1VE9yChPUk04XiyKUga1gPnrcEglwZpNDUFYUnMrxGMkEdYmoJIJ4etT+D9pe7br2O6NX2lcLOMogiNwDE6BC2qgAa5AE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ6zAjzE=</latexit><latexit sha1_base64="1IZZ6UMHd4D0X9svvfdt9+0/Gfo=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIY2roruhFXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzmfueeSEUFv9XThAQxGnEaUYy0kdrXgz4e00G54tjn9arnV6FjO07N9dyceDX/zIeuUXJUwBLNQfm9PxQ4jQnXmCGleq6T6CBDUlPMyKzUTxVJEJ6gEekZylFMVJDNr53BE6MMYSSkKa7hXP0+kaFYqWkcms4Y6bH67eXiX14v1VE9yChPUk04XiyKUga1gPnrcEglwZpNDUFYUnMrxGMkEdYmoJIJ4etT+D9pe7br2O6NX2lcLOMogiNwDE6BC2qgAa5AE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ6zAjzE=</latexit><latexit sha1_base64="1IZZ6UMHd4D0X9svvfdt9+0/Gfo=">AAAB7XicdVDLSsNAFJ3UV62vqks3g0VwFZIY2roruhFXFewD2lAm00k7djITZiZCCf0HNy4Ucev/uPNvnLQVVPTAhcM593LvPWHCqNKO82EVVlbX1jeKm6Wt7Z3dvfL+QVuJVGLSwoIJ2Q2RIoxy0tJUM9JNJEFxyEgnnFzmfueeSEUFv9XThAQxGnEaUYy0kdrXgz4e00G54tjn9arnV6FjO07N9dyceDX/zIeuUXJUwBLNQfm9PxQ4jQnXmCGleq6T6CBDUlPMyKzUTxVJEJ6gEekZylFMVJDNr53BE6MMYSSkKa7hXP0+kaFYqWkcms4Y6bH67eXiX14v1VE9yChPUk04XiyKUga1gPnrcEglwZpNDUFYUnMrxGMkEdYmoJIJ4etT+D9pe7br2O6NX2lcLOMogiNwDE6BC2qgAa5AE7QABnfgATyBZ0tYj9aL9bpoLVjLmUPwA9bbJ6zAjzE=</latexit>

J
<latexit sha1_base64="t2j+nmR9ECG8Eb6I8pYJEglXDN8=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSbaYLMruhFXLdgHtKFMppN27GQSZiZCCf0CNy4UcesnufNvnLQVVPTAhcM593LvPUHCmdIIfViFldW19Y3iZmlre2d3r7x/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOMLnK/c49lYrF4lZPE+pHeCRYyAjWRmreDMoVZCPXcx0Eke0ixzvPiefVqq4LHRvNUQFLNAbl9/4wJmlEhSYcK9VzUKL9DEvNCKezUj9VNMFkgke0Z6jAEVV+Nj90Bk+MMoRhLE0JDefq94kMR0pNo8B0RliP1W8vF//yeqkOa37GRJJqKshiUZhyqGOYfw2HTFKi+dQQTCQzt0IyxhITbbIpmRC+PoX/k/aZ7SDbaVYr9ctlHEVwBI7BKXDABaiDa9AALUAABQ/gCTxbd9aj9WK9LloL1nLmEPyA9fYJEN2NHA==</latexit><latexit sha1_base64="t2j+nmR9ECG8Eb6I8pYJEglXDN8=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSbaYLMruhFXLdgHtKFMppN27GQSZiZCCf0CNy4UcesnufNvnLQVVPTAhcM593LvPUHCmdIIfViFldW19Y3iZmlre2d3r7x/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOMLnK/c49lYrF4lZPE+pHeCRYyAjWRmreDMoVZCPXcx0Eke0ixzvPiefVqq4LHRvNUQFLNAbl9/4wJmlEhSYcK9VzUKL9DEvNCKezUj9VNMFkgke0Z6jAEVV+Nj90Bk+MMoRhLE0JDefq94kMR0pNo8B0RliP1W8vF//yeqkOa37GRJJqKshiUZhyqGOYfw2HTFKi+dQQTCQzt0IyxhITbbIpmRC+PoX/k/aZ7SDbaVYr9ctlHEVwBI7BKXDABaiDa9AALUAABQ/gCTxbd9aj9WK9LloL1nLmEPyA9fYJEN2NHA==</latexit><latexit sha1_base64="t2j+nmR9ECG8Eb6I8pYJEglXDN8=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSbaYLMruhFXLdgHtKFMppN27GQSZiZCCf0CNy4UcesnufNvnLQVVPTAhcM593LvPUHCmdIIfViFldW19Y3iZmlre2d3r7x/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOMLnK/c49lYrF4lZPE+pHeCRYyAjWRmreDMoVZCPXcx0Eke0ixzvPiefVqq4LHRvNUQFLNAbl9/4wJmlEhSYcK9VzUKL9DEvNCKezUj9VNMFkgke0Z6jAEVV+Nj90Bk+MMoRhLE0JDefq94kMR0pNo8B0RliP1W8vF//yeqkOa37GRJJqKshiUZhyqGOYfw2HTFKi+dQQTCQzt0IyxhITbbIpmRC+PoX/k/aZ7SDbaVYr9ctlHEVwBI7BKXDABaiDa9AALUAABQ/gCTxbd9aj9WK9LloL1nLmEPyA9fYJEN2NHA==</latexit><latexit sha1_base64="t2j+nmR9ECG8Eb6I8pYJEglXDN8=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSbaYLMruhFXLdgHtKFMppN27GQSZiZCCf0CNy4UcesnufNvnLQVVPTAhcM593LvPUHCmdIIfViFldW19Y3iZmlre2d3r7x/0FZxKgltkZjHshtgRTkTtKWZ5rSbSIqjgNNOMLnK/c49lYrF4lZPE+pHeCRYyAjWRmreDMoVZCPXcx0Eke0ixzvPiefVqq4LHRvNUQFLNAbl9/4wJmlEhSYcK9VzUKL9DEvNCKezUj9VNMFkgke0Z6jAEVV+Nj90Bk+MMoRhLE0JDefq94kMR0pNo8B0RliP1W8vF//yeqkOa37GRJJqKshiUZhyqGOYfw2HTFKi+dQQTCQzt0IyxhITbbIpmRC+PoX/k/aZ7SDbaVYr9ctlHEVwBI7BKXDABaiDa9AALUAABQ/gCTxbd9aj9WK9LloL1nLmEPyA9fYJEN2NHA==</latexit>

↵ = 1
<latexit sha1_base64="2HX260h0SejW3FWNYydnELXQHPg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTJdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo7uZ33piSvNYPppJwvwIB5KHnKKxUruLIhnijdcrV9yqOwdZJV5OKpCj3it/dfsxTSMmDRWodcdzE+NnqAyngk1L3VSzBOkIB6xjqcSIaT+b3zslZ1bpkzBWtqQhc/X3RIaR1pMosJ0RmqFe9mbif14nNeG1n3GZpIZJulgUpoKYmMyeJ32uGDViYglSxe2thA5RITU2opINwVt+eZU0L6qeW/UeLiu12zyOIpzAKZyDB1dQg3uoQwMoCHiGV3hzxs6L8+58LFoLTj5zDH/gfP4AgSePmg==</latexit><latexit sha1_base64="2HX260h0SejW3FWNYydnELXQHPg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTJdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo7uZ33piSvNYPppJwvwIB5KHnKKxUruLIhnijdcrV9yqOwdZJV5OKpCj3it/dfsxTSMmDRWodcdzE+NnqAyngk1L3VSzBOkIB6xjqcSIaT+b3zslZ1bpkzBWtqQhc/X3RIaR1pMosJ0RmqFe9mbif14nNeG1n3GZpIZJulgUpoKYmMyeJ32uGDViYglSxe2thA5RITU2opINwVt+eZU0L6qeW/UeLiu12zyOIpzAKZyDB1dQg3uoQwMoCHiGV3hzxs6L8+58LFoLTj5zDH/gfP4AgSePmg==</latexit><latexit sha1_base64="2HX260h0SejW3FWNYydnELXQHPg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTJdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo7uZ33piSvNYPppJwvwIB5KHnKKxUruLIhnijdcrV9yqOwdZJV5OKpCj3it/dfsxTSMmDRWodcdzE+NnqAyngk1L3VSzBOkIB6xjqcSIaT+b3zslZ1bpkzBWtqQhc/X3RIaR1pMosJ0RmqFe9mbif14nNeG1n3GZpIZJulgUpoKYmMyeJ32uGDViYglSxe2thA5RITU2opINwVt+eZU0L6qeW/UeLiu12zyOIpzAKZyDB1dQg3uoQwMoCHiGV3hzxs6L8+58LFoLTj5zDH/gfP4AgSePmg==</latexit><latexit sha1_base64="2HX260h0SejW3FWNYydnELXQHPg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OKxgv2ANpTJdtMu3WzS3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8eNXWcKsoaNBaxageomeCSNQw3grUTxTAKBGsFo7uZ33piSvNYPppJwvwIB5KHnKKxUruLIhnijdcrV9yqOwdZJV5OKpCj3it/dfsxTSMmDRWodcdzE+NnqAyngk1L3VSzBOkIB6xjqcSIaT+b3zslZ1bpkzBWtqQhc/X3RIaR1pMosJ0RmqFe9mbif14nNeG1n3GZpIZJulgUpoKYmMyeJ32uGDViYglSxe2thA5RITU2opINwVt+eZU0L6qeW/UeLiu12zyOIpzAKZyDB1dQg3uoQwMoCHiGV3hzxs6L8+58LFoLTj5zDH/gfP4AgSePmg==</latexit>

↵ = 2
<latexit sha1_base64="Lz9+fGCOaDCIT4UfdupgPcnly4I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhda1frrhVdw6ySrycVCBHo1/+6g1imkZMGipQ667nJsbPUBlOBZuWeqlmCdIxDlnXUokR0342v3dKzqwyIGGsbElD5urviQwjrSdRYDsjNCO97M3E/7xuasIrP+MySQ2TdLEoTAUxMZk9TwZcMWrExBKkittbCR2hQmpsRCUbgrf88ipp1aqeW/XuLyr1mzyOIpzAKZyDB5dQhztoQBMoCHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgquPmw==</latexit><latexit sha1_base64="Lz9+fGCOaDCIT4UfdupgPcnly4I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhda1frrhVdw6ySrycVCBHo1/+6g1imkZMGipQ667nJsbPUBlOBZuWeqlmCdIxDlnXUokR0342v3dKzqwyIGGsbElD5urviQwjrSdRYDsjNCO97M3E/7xuasIrP+MySQ2TdLEoTAUxMZk9TwZcMWrExBKkittbCR2hQmpsRCUbgrf88ipp1aqeW/XuLyr1mzyOIpzAKZyDB5dQhztoQBMoCHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgquPmw==</latexit><latexit sha1_base64="Lz9+fGCOaDCIT4UfdupgPcnly4I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhda1frrhVdw6ySrycVCBHo1/+6g1imkZMGipQ667nJsbPUBlOBZuWeqlmCdIxDlnXUokR0342v3dKzqwyIGGsbElD5urviQwjrSdRYDsjNCO97M3E/7xuasIrP+MySQ2TdLEoTAUxMZk9TwZcMWrExBKkittbCR2hQmpsRCUbgrf88ipp1aqeW/XuLyr1mzyOIpzAKZyDB5dQhztoQBMoCHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgquPmw==</latexit><latexit sha1_base64="Lz9+fGCOaDCIT4UfdupgPcnly4I=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoBeh6MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhda1frrhVdw6ySrycVCBHo1/+6g1imkZMGipQ667nJsbPUBlOBZuWeqlmCdIxDlnXUokR0342v3dKzqwyIGGsbElD5urviQwjrSdRYDsjNCO97M3E/7xuasIrP+MySQ2TdLEoTAUxMZk9TwZcMWrExBKkittbCR2hQmpsRCUbgrf88ipp1aqeW/XuLyr1mzyOIpzAKZyDB5dQhztoQBMoCHiGV3hzHp0X5935WLQWnHzmGP7A+fwBgquPmw==</latexit>
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• Three-spin interaction at the boundary preserves SU(2) 
but breaks reflection (P) and time reversal (T) symmetries. 

[Buccheri, Egger, R.P. & Ramos, PRB 2018]

Model: Y junction of spin-1/2 Heisenberg chains



• Three-spin interaction at the boundary preserves SU(2) 
but breaks reflection (P) and time reversal (T) symmetries. 

• J𝝌 can be realized as a Floquet spin model. 
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[Claassen, Jiang, Moritz & Devereaux 2017]

[Buccheri, Egger, R.P. & Ramos, PRB 2018]

Model: Y junction of spin-1/2 Heisenberg chains



• Spin-1/2 chain described by CFT with central charge c=1: 
SU(2)1 Wess-Zumino-Witten (WZW) model. 

• Hamiltonian:

Effective field theory for a single Heisenberg chain

[Affleck & Haldane 1987]
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Y junction at weak coupling

L
<latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit><latexit sha1_base64="5puov2m8/Zu/Hvbse1+ETxmDeIg=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoY2GRgPmA5Ah7m7lkzd7esbsnhCO/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWD2aSoB/RoeQhZ9RYqXHfL1fcqjsHWSVeTiqQo94vf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx86JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZfU0GXCEzYmIJZYrbWwkbUUWZsdmUbAje8surpHVR9dyq17is1G7yOIpwAqdwDh5cQQ3uoA5NYIDwDK/w5jw6L86787FoLTj5zDH8gfP5A6OJjNA=</latexit>

R
<latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit><latexit sha1_base64="NfFBQKCbADihv37V0PCkDJe5Zns=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8dW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUuO+XK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwBrKGM1g==</latexit>

• Continuum limit for J𝜒 = 0:.

• Open (O) boundary conditions at 𝑥 = 0:

• Boundary spin operator:

H0 =
3X

↵=1

2⇡v

3

Z 1

0
dx

⇥
J2
R,↵ + J2

L,↵

⇤

<latexit sha1_base64="lDauuaK4aVIdhht03DM7+Au0zMA="></latexit><latexit sha1_base64="lDauuaK4aVIdhht03DM7+Au0zMA="></latexit><latexit sha1_base64="lDauuaK4aVIdhht03DM7+Au0zMA="></latexit><latexit sha1_base64="lDauuaK4aVIdhht03DM7+Au0zMA="></latexit>

JR,↵(x) = JL,↵(�x)
<latexit sha1_base64="SJapUx34qp7lVCVZn9eOyxS+Sso=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARWtCSiKAboehGxEUVe4EmhMl00g6dXJiZSEvoa7jxVdy4UMSlrnwbJ22Q2vrDwM93zmHO+d2IUSEN41vLLSwuLa/kVwtr6xubW/r2TkOEMcekjkMW8paLBGE0IHVJJSOtiBPku4w03f5lWm8+EC5oGNzLYURsH3UD6lGMpEKOblg+kj3Xg9dOcndoIRb10Kg0KJ9P8ZtffjQoO3rRqBhjwXljZqYIMtUc/dPqhDj2SSAxQ0K0TSOSdoK4pJiRUcGKBYkQ7qMuaSsbIJ8IOxlfNoIHinSgF3L1AgnHdHoiQb4QQ99Vnem+YraWwv9q7Vh6Z3ZCgyiWJMCTj7yYQRnCNCbYoZxgyYbKIMyp2hXiHuIISxVmQYVgzp48bxrHFdOomLcnxepFFkce7IF9UAImOAVVcAVqoA4weATP4BW8aU/ai/aufUxac1o2swv+SPv6AZHAn18=</latexit><latexit sha1_base64="SJapUx34qp7lVCVZn9eOyxS+Sso=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARWtCSiKAboehGxEUVe4EmhMl00g6dXJiZSEvoa7jxVdy4UMSlrnwbJ22Q2vrDwM93zmHO+d2IUSEN41vLLSwuLa/kVwtr6xubW/r2TkOEMcekjkMW8paLBGE0IHVJJSOtiBPku4w03f5lWm8+EC5oGNzLYURsH3UD6lGMpEKOblg+kj3Xg9dOcndoIRb10Kg0KJ9P8ZtffjQoO3rRqBhjwXljZqYIMtUc/dPqhDj2SSAxQ0K0TSOSdoK4pJiRUcGKBYkQ7qMuaSsbIJ8IOxlfNoIHinSgF3L1AgnHdHoiQb4QQ99Vnem+YraWwv9q7Vh6Z3ZCgyiWJMCTj7yYQRnCNCbYoZxgyYbKIMyp2hXiHuIISxVmQYVgzp48bxrHFdOomLcnxepFFkce7IF9UAImOAVVcAVqoA4weATP4BW8aU/ai/aufUxac1o2swv+SPv6AZHAn18=</latexit><latexit sha1_base64="SJapUx34qp7lVCVZn9eOyxS+Sso=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARWtCSiKAboehGxEUVe4EmhMl00g6dXJiZSEvoa7jxVdy4UMSlrnwbJ22Q2vrDwM93zmHO+d2IUSEN41vLLSwuLa/kVwtr6xubW/r2TkOEMcekjkMW8paLBGE0IHVJJSOtiBPku4w03f5lWm8+EC5oGNzLYURsH3UD6lGMpEKOblg+kj3Xg9dOcndoIRb10Kg0KJ9P8ZtffjQoO3rRqBhjwXljZqYIMtUc/dPqhDj2SSAxQ0K0TSOSdoK4pJiRUcGKBYkQ7qMuaSsbIJ8IOxlfNoIHinSgF3L1AgnHdHoiQb4QQ99Vnem+YraWwv9q7Vh6Z3ZCgyiWJMCTj7yYQRnCNCbYoZxgyYbKIMyp2hXiHuIISxVmQYVgzp48bxrHFdOomLcnxepFFkce7IF9UAImOAVVcAVqoA4weATP4BW8aU/ai/aufUxac1o2swv+SPv6AZHAn18=</latexit><latexit sha1_base64="SJapUx34qp7lVCVZn9eOyxS+Sso=">AAACGXicbZDLSsNAFIYn9VbrLerSzWARWtCSiKAboehGxEUVe4EmhMl00g6dXJiZSEvoa7jxVdy4UMSlrnwbJ22Q2vrDwM93zmHO+d2IUSEN41vLLSwuLa/kVwtr6xubW/r2TkOEMcekjkMW8paLBGE0IHVJJSOtiBPku4w03f5lWm8+EC5oGNzLYURsH3UD6lGMpEKOblg+kj3Xg9dOcndoIRb10Kg0KJ9P8ZtffjQoO3rRqBhjwXljZqYIMtUc/dPqhDj2SSAxQ0K0TSOSdoK4pJiRUcGKBYkQ7qMuaSsbIJ8IOxlfNoIHinSgF3L1AgnHdHoiQb4QQ99Vnem+YraWwv9q7Vh6Z3ZCgyiWJMCTj7yYQRnCNCbYoZxgyYbKIMyp2hXiHuIISxVmQYVgzp48bxrHFdOomLcnxepFFkce7IF9UAImOAVVcAVqoA4weATP4BW8aU/ai/aufUxac1o2swv+SPv6AZHAn18=</latexit>

S↵(j = 1) ⇠ JL,↵(0)
<latexit sha1_base64="7Es6tOkP+l7XJ4/q0XkOo9+gEaY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgtSElU0I1QdCPioqJ9QFPCZDppx04mYWYilNAPceOvuHGhiBsXgn/jpE1BWw9cOJxzL/fe40WMSmVZ38bc/MLi0nJuJb+6tr6xaW5t12UYC0xqOGShaHpIEkY5qSmqGGlGgqDAY6Th9S9Sv/FAhKQhv1ODiLQD1OXUpxgpLbnmkRMg1fN8eOsmDmJRDw2L92d2yZE0gBPvyk2uDyauVXLNglW2RoCzxM5IAWSouuan0wlxHBCuMENStmwrUu0ECUUxI8O8E0sSIdxHXdLSlKOAyHYyem4I97XSgX4odHEFR+rviQQFUg4CT3em58ppLxX/81qx8k/bCeVRrAjH40V+zKAKYZoU7FBBsGIDTRAWVN8KcQ8JhJXOM69DsKdfniX1w7Jtle2b40LlPIsjB3bBHigCG5yACrgEVVADGDyCZ/AK3own48V4Nz7GrXNGNrMD/sD4+gG66qB7</latexit><latexit sha1_base64="7Es6tOkP+l7XJ4/q0XkOo9+gEaY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgtSElU0I1QdCPioqJ9QFPCZDppx04mYWYilNAPceOvuHGhiBsXgn/jpE1BWw9cOJxzL/fe40WMSmVZ38bc/MLi0nJuJb+6tr6xaW5t12UYC0xqOGShaHpIEkY5qSmqGGlGgqDAY6Th9S9Sv/FAhKQhv1ODiLQD1OXUpxgpLbnmkRMg1fN8eOsmDmJRDw2L92d2yZE0gBPvyk2uDyauVXLNglW2RoCzxM5IAWSouuan0wlxHBCuMENStmwrUu0ECUUxI8O8E0sSIdxHXdLSlKOAyHYyem4I97XSgX4odHEFR+rviQQFUg4CT3em58ppLxX/81qx8k/bCeVRrAjH40V+zKAKYZoU7FBBsGIDTRAWVN8KcQ8JhJXOM69DsKdfniX1w7Jtle2b40LlPIsjB3bBHigCG5yACrgEVVADGDyCZ/AK3own48V4Nz7GrXNGNrMD/sD4+gG66qB7</latexit><latexit sha1_base64="7Es6tOkP+l7XJ4/q0XkOo9+gEaY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgtSElU0I1QdCPioqJ9QFPCZDppx04mYWYilNAPceOvuHGhiBsXgn/jpE1BWw9cOJxzL/fe40WMSmVZ38bc/MLi0nJuJb+6tr6xaW5t12UYC0xqOGShaHpIEkY5qSmqGGlGgqDAY6Th9S9Sv/FAhKQhv1ODiLQD1OXUpxgpLbnmkRMg1fN8eOsmDmJRDw2L92d2yZE0gBPvyk2uDyauVXLNglW2RoCzxM5IAWSouuan0wlxHBCuMENStmwrUu0ECUUxI8O8E0sSIdxHXdLSlKOAyHYyem4I97XSgX4odHEFR+rviQQFUg4CT3em58ppLxX/81qx8k/bCeVRrAjH40V+zKAKYZoU7FBBsGIDTRAWVN8KcQ8JhJXOM69DsKdfniX1w7Jtle2b40LlPIsjB3bBHigCG5yACrgEVVADGDyCZ/AK3own48V4Nz7GrXNGNrMD/sD4+gG66qB7</latexit><latexit sha1_base64="7Es6tOkP+l7XJ4/q0XkOo9+gEaY=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgtSElU0I1QdCPioqJ9QFPCZDppx04mYWYilNAPceOvuHGhiBsXgn/jpE1BWw9cOJxzL/fe40WMSmVZ38bc/MLi0nJuJb+6tr6xaW5t12UYC0xqOGShaHpIEkY5qSmqGGlGgqDAY6Th9S9Sv/FAhKQhv1ODiLQD1OXUpxgpLbnmkRMg1fN8eOsmDmJRDw2L92d2yZE0gBPvyk2uDyauVXLNglW2RoCzxM5IAWSouuan0wlxHBCuMENStmwrUu0ECUUxI8O8E0sSIdxHXdLSlKOAyHYyem4I97XSgX4odHEFR+rviQQFUg4CT3em58ppLxX/81qx8k/bCeVRrAjH40V+zKAKYZoU7FBBsGIDTRAWVN8KcQ8JhJXOM69DsKdfniX1w7Jtle2b40LlPIsjB3bBHigCG5yACrgEVVADGDyCZ/AK3own48V4Nz7GrXNGNrMD/sD4+gG66qB7</latexit>

• Boundary operators are irrelevant: stable fixed point. 

�H = C1

X

↵

JL,↵(0) · JL,↵+1(0) + C2JL,1(0) · [JL,2(0)⇥ JL,3(0)] + . . .
<latexit sha1_base64="l1Sqeelcr/eWzlNZuJS1b7vEiic="></latexit><latexit sha1_base64="l1Sqeelcr/eWzlNZuJS1b7vEiic="></latexit><latexit sha1_base64="l1Sqeelcr/eWzlNZuJS1b7vEiic="></latexit><latexit sha1_base64="l1Sqeelcr/eWzlNZuJS1b7vEiic="></latexit>

dimension 2 dimension 3



Y junction at strong coupling

• For J𝜒 ≫ J, start by diagonalizing 
boundary interaction: 

• Low-energy states form an effective pseudospin 1/2:

! = ei2⇡/3
<latexit sha1_base64="ghn/Xdv8/cnxPGYgiSQYu8fVnr8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5pUQS9C0YvHCvYDmlg222m7dJMNuxshhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDmTGnH+bYKK6tr6xvFzdLW9s7unr1/0FIikRSaVHAhOwFRwFkETc00h04sgYQBh3Ywvpn67UeQionoXqcx+CEZRmzAKNFG6tllT4QwJPgKHjJW82J2ejbp2RWn6syAl4mbkwrK0ejZX15f0CSESFNOlOq6Tqz9jEjNKIdJyUsUxISOyRC6hkYkBOVns+Mn+NgofTwQ0lSk8Uz9PZGRUKk0DExnSPRILXpT8T+vm+jBpZ+xKE40RHS+aJBwrAWeJoH7TALVPDWEUMnMrZiOiCRUm7xKJgR38eVl0qpVXafq3p1X6td5HEV0iI7QCXLRBaqjW9RATURRip7RK3qznqwX6936mLcWrHymjP7A+vwBoX6UGA==</latexit><latexit sha1_base64="ghn/Xdv8/cnxPGYgiSQYu8fVnr8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5pUQS9C0YvHCvYDmlg222m7dJMNuxshhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDmTGnH+bYKK6tr6xvFzdLW9s7unr1/0FIikRSaVHAhOwFRwFkETc00h04sgYQBh3Ywvpn67UeQionoXqcx+CEZRmzAKNFG6tllT4QwJPgKHjJW82J2ejbp2RWn6syAl4mbkwrK0ejZX15f0CSESFNOlOq6Tqz9jEjNKIdJyUsUxISOyRC6hkYkBOVns+Mn+NgofTwQ0lSk8Uz9PZGRUKk0DExnSPRILXpT8T+vm+jBpZ+xKE40RHS+aJBwrAWeJoH7TALVPDWEUMnMrZiOiCRUm7xKJgR38eVl0qpVXafq3p1X6td5HEV0iI7QCXLRBaqjW9RATURRip7RK3qznqwX6936mLcWrHymjP7A+vwBoX6UGA==</latexit><latexit sha1_base64="ghn/Xdv8/cnxPGYgiSQYu8fVnr8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5pUQS9C0YvHCvYDmlg222m7dJMNuxshhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDmTGnH+bYKK6tr6xvFzdLW9s7unr1/0FIikRSaVHAhOwFRwFkETc00h04sgYQBh3Ywvpn67UeQionoXqcx+CEZRmzAKNFG6tllT4QwJPgKHjJW82J2ejbp2RWn6syAl4mbkwrK0ejZX15f0CSESFNOlOq6Tqz9jEjNKIdJyUsUxISOyRC6hkYkBOVns+Mn+NgofTwQ0lSk8Uz9PZGRUKk0DExnSPRILXpT8T+vm+jBpZ+xKE40RHS+aJBwrAWeJoH7TALVPDWEUMnMrZiOiCRUm7xKJgR38eVl0qpVXafq3p1X6td5HEV0iI7QCXLRBaqjW9RATURRip7RK3qznqwX6936mLcWrHymjP7A+vwBoX6UGA==</latexit><latexit sha1_base64="ghn/Xdv8/cnxPGYgiSQYu8fVnr8=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5pUQS9C0YvHCvYDmlg222m7dJMNuxshhPpXvHhQxKs/xJv/xm2bg7Y+GHi8N8PMvCDmTGnH+bYKK6tr6xvFzdLW9s7unr1/0FIikRSaVHAhOwFRwFkETc00h04sgYQBh3Ywvpn67UeQionoXqcx+CEZRmzAKNFG6tllT4QwJPgKHjJW82J2ejbp2RWn6syAl4mbkwrK0ejZX15f0CSESFNOlOq6Tqz9jEjNKIdJyUsUxISOyRC6hkYkBOVns+Mn+NgofTwQ0lSk8Uz9PZGRUKk0DExnSPRILXpT8T+vm+jBpZ+xKE40RHS+aJBwrAWeJoH7TALVPDWEUMnMrZiOiCRUm7xKJgR38eVl0qpVXafq3p1X6td5HEV0iI7QCXLRBaqjW9RATURRip7RK3qznqwX6936mLcWrHymjP7A+vwBoX6UGA==</latexit>

|+i = ip
3

�
| #""i+ !| ""#i+ !2| "#"i

�

<latexit sha1_base64="+IP9E7LRgW17eeBX/vHXwYWO5ME="></latexit><latexit sha1_base64="+IP9E7LRgW17eeBX/vHXwYWO5ME="></latexit><latexit sha1_base64="+IP9E7LRgW17eeBX/vHXwYWO5ME="></latexit><latexit sha1_base64="+IP9E7LRgW17eeBX/vHXwYWO5ME="></latexit>

|�i = � ip
3

�
| "##i+ !2| #"#i+ !| ##"i

�

<latexit sha1_base64="bkd8HywkbaDih1tU+9qSS0rUJpE="></latexit><latexit sha1_base64="bkd8HywkbaDih1tU+9qSS0rUJpE="></latexit><latexit sha1_base64="bkd8HywkbaDih1tU+9qSS0rUJpE="></latexit><latexit sha1_base64="bkd8HywkbaDih1tU+9qSS0rUJpE="></latexit>

E
<latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit><latexit sha1_base64="o1sEXvFqUeKBMq6SR1NtvhgJRzs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GNRBI8t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCopeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJYPZpKgH9Gh5CFn1FipcdcvV9yqOwdZJV5OKpCj3i9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukdVH13KrXuKzUbvI4inACp3AOHlxBDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDmO2MyQ==</latexit>

0

(2)
<latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit>

(4)
<latexit sha1_base64="RTi/Cf9v36rHp0N2g4dUk3Y/18g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5XaRb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1buvles3eRwFOIUzqIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFESo0d</latexit><latexit sha1_base64="RTi/Cf9v36rHp0N2g4dUk3Y/18g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5XaRb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1buvles3eRwFOIUzqIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFESo0d</latexit><latexit sha1_base64="RTi/Cf9v36rHp0N2g4dUk3Y/18g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5XaRb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1buvles3eRwFOIUzqIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFESo0d</latexit><latexit sha1_base64="RTi/Cf9v36rHp0N2g4dUk3Y/18g=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSLUS0mkoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD5XaRb9UdqvuHGSVeDkpQ45Gv/TVG8QsjbhCJqkxXc9N0M+oRsEknxZ7qeEJZWM65F1LFY248bP5qVNybpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDK/9TKgkRa7YYlGYSoIxmf1NBkJzhnJiCWVa2FsJG1FNGdp0ijYEb/nlVdK6rHpu1buvles3eRwFOIUzqIAHV1CHO2hAExgM4Rle4c2Rzovz7nwsWtecfOYE/sD5/AFESo0d</latexit>

(2)
<latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit><latexit sha1_base64="VrTfsjcIcC3U5+dJ05KXKJCziQE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBahXkpSBD0WvXisaGuhDWWznbRLN5uwuxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BiMb2b+4xMqzWP5YCYJ+hEdSh5yRo2V7qv183654tbcOcgq8XJSgRzNfvmrN4hZGqE0TFCtu56bGD+jynAmcFrqpRoTysZ0iF1LJY1Q+9n81Ck5s8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzyMy6T1KBki0VhKoiJyexvMuAKmRETSyhT3N5K2IgqyoxNp2RD8JZfXiXtes1za97dRaVxncdRhBM4hSp4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w9BQI0b</latexit>

S =
1

2
, � = �

p
3

4<latexit sha1_base64="99vNIQNJYQ5aHNCddwiWCyIe+F8=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEUKqkVIKlUgULYxH0ITVR5bhOa9Vxgu0gVVF3Fn6FhQGEWPkBNv4GN80ALUe60vE598r3Hi9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+Z0HIiQN+Z2aRMQN0JBTn2KktNQ3i7d1xxcI29WyU3bwiNZP03fiyHuhkrPptNY3S1bFSgGXiZ2REsjQ7JtfziDEcUC4wgxJ2bOtSLkJEopiRqYFJ5YkQniMhqSnKUcBkW6S3jKFx1oZQD8UuriCqfp7IkGBlJPA050BUiO56M3E/7xerPwLN6E8ihXheP6RHzOoQjgLBg6oIFixiSYIC6p3hXiEdBRKx1fQIdiLJy+TdrViWxX7plZqXGZx5MERKIITYINz0ADXoAlaAINH8AxewZvxZLwY78bHvDVnZDOH4A+Mzx9yXJoN</latexit><latexit sha1_base64="99vNIQNJYQ5aHNCddwiWCyIe+F8=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEUKqkVIKlUgULYxH0ITVR5bhOa9Vxgu0gVVF3Fn6FhQGEWPkBNv4GN80ALUe60vE598r3Hi9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+Z0HIiQN+Z2aRMQN0JBTn2KktNQ3i7d1xxcI29WyU3bwiNZP03fiyHuhkrPptNY3S1bFSgGXiZ2REsjQ7JtfziDEcUC4wgxJ2bOtSLkJEopiRqYFJ5YkQniMhqSnKUcBkW6S3jKFx1oZQD8UuriCqfp7IkGBlJPA050BUiO56M3E/7xerPwLN6E8ihXheP6RHzOoQjgLBg6oIFixiSYIC6p3hXiEdBRKx1fQIdiLJy+TdrViWxX7plZqXGZx5MERKIITYINz0ADXoAlaAINH8AxewZvxZLwY78bHvDVnZDOH4A+Mzx9yXJoN</latexit><latexit sha1_base64="99vNIQNJYQ5aHNCddwiWCyIe+F8=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEUKqkVIKlUgULYxH0ITVR5bhOa9Vxgu0gVVF3Fn6FhQGEWPkBNv4GN80ALUe60vE598r3Hi9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+Z0HIiQN+Z2aRMQN0JBTn2KktNQ3i7d1xxcI29WyU3bwiNZP03fiyHuhkrPptNY3S1bFSgGXiZ2REsjQ7JtfziDEcUC4wgxJ2bOtSLkJEopiRqYFJ5YkQniMhqSnKUcBkW6S3jKFx1oZQD8UuriCqfp7IkGBlJPA050BUiO56M3E/7xerPwLN6E8ihXheP6RHzOoQjgLBg6oIFixiSYIC6p3hXiEdBRKx1fQIdiLJy+TdrViWxX7plZqXGZx5MERKIITYINz0ADXoAlaAINH8AxewZvxZLwY78bHvDVnZDOH4A+Mzx9yXJoN</latexit><latexit sha1_base64="99vNIQNJYQ5aHNCddwiWCyIe+F8=">AAACC3icbVC7TsMwFHXKq5RXgJHFaoXEUKqkVIKlUgULYxH0ITVR5bhOa9Vxgu0gVVF3Fn6FhQGEWPkBNv4GN80ALUe60vE598r3Hi9iVCrL+jZyK6tr6xv5zcLW9s7unrl/0JZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON76a+Z0HIiQN+Z2aRMQN0JBTn2KktNQ3i7d1xxcI29WyU3bwiNZP03fiyHuhkrPptNY3S1bFSgGXiZ2REsjQ7JtfziDEcUC4wgxJ2bOtSLkJEopiRqYFJ5YkQniMhqSnKUcBkW6S3jKFx1oZQD8UuriCqfp7IkGBlJPA050BUiO56M3E/7xerPwLN6E8ihXheP6RHzOoQjgLBg6oIFixiSYIC6p3hXiEdBRKx1fQIdiLJy+TdrViWxX7plZqXGZx5MERKIITYINz0ADXoAlaAINH8AxewZvxZLwY78bHvDVnZDOH4A+Mzx9yXJoN</latexit>

S =
1

2
, � =

p
3

4<latexit sha1_base64="3zEoCcDfw89uWA9Eg5M6K/qv4gU=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwCGE3BrQRgjaWEc0DsiHMTmaTIbMPZ+4KYdnaxl+xsVDE1i+w82+cJFto4oELZ865l7n3uJHgCizr28gtLa+sruXXCxubW9s75u5eU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13dDXxWw9MKh4GdzCOWNcng4B7nBLQUs88vL1wPEmoXSk5JYcO+eyZOOpeQnKaptWeWbTK1hR4kdgZKaIM9Z755fRDGvssACqIUh3biqCbEAmcCpYWnFixiNARGbCOpgHxmeom01NSfKyVPvZCqSsAPFV/TyTEV2rsu7rTJzBU895E/M/rxOCddxMeRDGwgM4+8mKBIcSTXHCfS0ZBjDUhVHK9K6ZDoqMAnV5Bh2DPn7xImpWybZXtm2qxdpnFkUcH6AidIBudoRq6RnXUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AAKmZ1g==</latexit><latexit sha1_base64="3zEoCcDfw89uWA9Eg5M6K/qv4gU=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwCGE3BrQRgjaWEc0DsiHMTmaTIbMPZ+4KYdnaxl+xsVDE1i+w82+cJFto4oELZ865l7n3uJHgCizr28gtLa+sruXXCxubW9s75u5eU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13dDXxWw9MKh4GdzCOWNcng4B7nBLQUs88vL1wPEmoXSk5JYcO+eyZOOpeQnKaptWeWbTK1hR4kdgZKaIM9Z755fRDGvssACqIUh3biqCbEAmcCpYWnFixiNARGbCOpgHxmeom01NSfKyVPvZCqSsAPFV/TyTEV2rsu7rTJzBU895E/M/rxOCddxMeRDGwgM4+8mKBIcSTXHCfS0ZBjDUhVHK9K6ZDoqMAnV5Bh2DPn7xImpWybZXtm2qxdpnFkUcH6AidIBudoRq6RnXUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AAKmZ1g==</latexit><latexit sha1_base64="3zEoCcDfw89uWA9Eg5M6K/qv4gU=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwCGE3BrQRgjaWEc0DsiHMTmaTIbMPZ+4KYdnaxl+xsVDE1i+w82+cJFto4oELZ865l7n3uJHgCizr28gtLa+sruXXCxubW9s75u5eU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13dDXxWw9MKh4GdzCOWNcng4B7nBLQUs88vL1wPEmoXSk5JYcO+eyZOOpeQnKaptWeWbTK1hR4kdgZKaIM9Z755fRDGvssACqIUh3biqCbEAmcCpYWnFixiNARGbCOpgHxmeom01NSfKyVPvZCqSsAPFV/TyTEV2rsu7rTJzBU895E/M/rxOCddxMeRDGwgM4+8mKBIcSTXHCfS0ZBjDUhVHK9K6ZDoqMAnV5Bh2DPn7xImpWybZXtm2qxdpnFkUcH6AidIBudoRq6RnXUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AAKmZ1g==</latexit><latexit sha1_base64="3zEoCcDfw89uWA9Eg5M6K/qv4gU=">AAACCnicbVC7SgNBFJ2Nrxhfq5Y2o0GwCGE3BrQRgjaWEc0DsiHMTmaTIbMPZ+4KYdnaxl+xsVDE1i+w82+cJFto4oELZ865l7n3uJHgCizr28gtLa+sruXXCxubW9s75u5eU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13dDXxWw9MKh4GdzCOWNcng4B7nBLQUs88vL1wPEmoXSk5JYcO+eyZOOpeQnKaptWeWbTK1hR4kdgZKaIM9Z755fRDGvssACqIUh3biqCbEAmcCpYWnFixiNARGbCOpgHxmeom01NSfKyVPvZCqSsAPFV/TyTEV2rsu7rTJzBU895E/M/rxOCddxMeRDGwgM4+8mKBIcSTXHCfS0ZBjDUhVHK9K6ZDoqMAnV5Bh2DPn7xImpWybZXtm2qxdpnFkUcH6AidIBudoRq6RnXUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AAKmZ1g==</latexit>

S =
3

2
, � = 0

<latexit sha1_base64="LvGuql4jhmkYuIpSCG8Thnb3l5U=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1KSKuilUPTisaL9gCaUzXbTLt1swu5GLKV/xYsHRbz6R7z5b9y2OWjrg4HHezPMzAsSzpR2nG8rt7a+sbmV3y7s7O7tH9iHxZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HNzG8/UqlYLB70OKF+hAeChYxgbaSeXbyveaHE5Lxa9soeGbKa07NLTsWZA60SNyMlyNDo2V9ePyZpRIUmHCvVdZ1E+xMsNSOcTgteqmiCyQgPaNdQgSOq/Mn89ik6NUofhbE0JTSaq78nJjhSahwFpjPCeqiWvZn4n9dNdXjlT5hIUk0FWSwKU450jGZBoD6TlGg+NgQTycytiAyxiUKbuAomBHf55VXSqlZcp+LeXZTq11kceTiGEzgDFy6hDrfQgCYQeIJneIU3a2q9WO/Wx6I1Z2UzR/AH1ucP0emS/Q==</latexit><latexit sha1_base64="LvGuql4jhmkYuIpSCG8Thnb3l5U=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1KSKuilUPTisaL9gCaUzXbTLt1swu5GLKV/xYsHRbz6R7z5b9y2OWjrg4HHezPMzAsSzpR2nG8rt7a+sbmV3y7s7O7tH9iHxZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HNzG8/UqlYLB70OKF+hAeChYxgbaSeXbyveaHE5Lxa9soeGbKa07NLTsWZA60SNyMlyNDo2V9ePyZpRIUmHCvVdZ1E+xMsNSOcTgteqmiCyQgPaNdQgSOq/Mn89ik6NUofhbE0JTSaq78nJjhSahwFpjPCeqiWvZn4n9dNdXjlT5hIUk0FWSwKU450jGZBoD6TlGg+NgQTycytiAyxiUKbuAomBHf55VXSqlZcp+LeXZTq11kceTiGEzgDFy6hDrfQgCYQeIJneIU3a2q9WO/Wx6I1Z2UzR/AH1ucP0emS/Q==</latexit><latexit sha1_base64="LvGuql4jhmkYuIpSCG8Thnb3l5U=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1KSKuilUPTisaL9gCaUzXbTLt1swu5GLKV/xYsHRbz6R7z5b9y2OWjrg4HHezPMzAsSzpR2nG8rt7a+sbmV3y7s7O7tH9iHxZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HNzG8/UqlYLB70OKF+hAeChYxgbaSeXbyveaHE5Lxa9soeGbKa07NLTsWZA60SNyMlyNDo2V9ePyZpRIUmHCvVdZ1E+xMsNSOcTgteqmiCyQgPaNdQgSOq/Mn89ik6NUofhbE0JTSaq78nJjhSahwFpjPCeqiWvZn4n9dNdXjlT5hIUk0FWSwKU450jGZBoD6TlGg+NgQTycytiAyxiUKbuAomBHf55VXSqlZcp+LeXZTq11kceTiGEzgDFy6hDrfQgCYQeIJneIU3a2q9WO/Wx6I1Z2UzR/AH1ucP0emS/Q==</latexit><latexit sha1_base64="LvGuql4jhmkYuIpSCG8Thnb3l5U=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCh1KSKuilUPTisaL9gCaUzXbTLt1swu5GLKV/xYsHRbz6R7z5b9y2OWjrg4HHezPMzAsSzpR2nG8rt7a+sbmV3y7s7O7tH9iHxZaKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HNzG8/UqlYLB70OKF+hAeChYxgbaSeXbyveaHE5Lxa9soeGbKa07NLTsWZA60SNyMlyNDo2V9ePyZpRIUmHCvVdZ1E+xMsNSOcTgteqmiCyQgPaNdQgSOq/Mn89ik6NUofhbE0JTSaq78nJjhSahwFpjPCeqiWvZn4n9dNdXjlT5hIUk0FWSwKU450jGZBoD6TlGg+NgQTycytiAyxiUKbuAomBHf55VXSqlZcp+LeXZTq11kceTiGEzgDFy6hDrfQgCYQeIJneIU3a2q9WO/Wx6I1Z2UzR/AH1ucP0emS/Q==</latexit>

Hb = J��̂
<latexit sha1_base64="UeiPabff3QEPLWSXJ5oOr0yjVWc=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJCLoRim6Kqwr2Ak0Ik+mkGTq5MDMRaii+ihsXirj1Pdz5Nk7aLLT1h4GP/5zDOfP7KWdSWda3sbS8srq2Xtmobm5t7+yae/sdmWSC0DZJeCJ6PpaUs5i2FVOc9lJBceRz2vVHN0W9+0CFZEl8r8YpdSM8jFnACFba8szDpudf3XoOCZkTYoUKQJ5Zs+rWVGgR7BJqUKrlmV/OICFZRGNFOJayb1upcnMsFCOcTqpOJmmKyQgPaV9jjCMq3Xx6/QSdaGeAgkToFys0dX9P5DiSchz5ujPCKpTztcL8r9bPVHDp5ixOM0VjMlsUZBypBBVRoAETlCg+1oCJYPpWREIsMFE6sKoOwZ7/8iJ0zuq2VbfvzmuN6zKOChzBMZyCDRfQgCa0oA0EHuEZXuHNeDJejHfjY9a6ZJQzB/BHxucPIWyUWw==</latexit><latexit sha1_base64="UeiPabff3QEPLWSXJ5oOr0yjVWc=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJCLoRim6Kqwr2Ak0Ik+mkGTq5MDMRaii+ihsXirj1Pdz5Nk7aLLT1h4GP/5zDOfP7KWdSWda3sbS8srq2Xtmobm5t7+yae/sdmWSC0DZJeCJ6PpaUs5i2FVOc9lJBceRz2vVHN0W9+0CFZEl8r8YpdSM8jFnACFba8szDpudf3XoOCZkTYoUKQJ5Zs+rWVGgR7BJqUKrlmV/OICFZRGNFOJayb1upcnMsFCOcTqpOJmmKyQgPaV9jjCMq3Xx6/QSdaGeAgkToFys0dX9P5DiSchz5ujPCKpTztcL8r9bPVHDp5ixOM0VjMlsUZBypBBVRoAETlCg+1oCJYPpWREIsMFE6sKoOwZ7/8iJ0zuq2VbfvzmuN6zKOChzBMZyCDRfQgCa0oA0EHuEZXuHNeDJejHfjY9a6ZJQzB/BHxucPIWyUWw==</latexit><latexit sha1_base64="UeiPabff3QEPLWSXJ5oOr0yjVWc=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJCLoRim6Kqwr2Ak0Ik+mkGTq5MDMRaii+ihsXirj1Pdz5Nk7aLLT1h4GP/5zDOfP7KWdSWda3sbS8srq2Xtmobm5t7+yae/sdmWSC0DZJeCJ6PpaUs5i2FVOc9lJBceRz2vVHN0W9+0CFZEl8r8YpdSM8jFnACFba8szDpudf3XoOCZkTYoUKQJ5Zs+rWVGgR7BJqUKrlmV/OICFZRGNFOJayb1upcnMsFCOcTqpOJmmKyQgPaV9jjCMq3Xx6/QSdaGeAgkToFys0dX9P5DiSchz5ujPCKpTztcL8r9bPVHDp5ixOM0VjMlsUZBypBBVRoAETlCg+1oCJYPpWREIsMFE6sKoOwZ7/8iJ0zuq2VbfvzmuN6zKOChzBMZyCDRfQgCa0oA0EHuEZXuHNeDJejHfjY9a6ZJQzB/BHxucPIWyUWw==</latexit><latexit sha1_base64="UeiPabff3QEPLWSXJ5oOr0yjVWc=">AAAB/XicbZDLSsNAFIZPvNZ6i5edm8EiuCqJCLoRim6Kqwr2Ak0Ik+mkGTq5MDMRaii+ihsXirj1Pdz5Nk7aLLT1h4GP/5zDOfP7KWdSWda3sbS8srq2Xtmobm5t7+yae/sdmWSC0DZJeCJ6PpaUs5i2FVOc9lJBceRz2vVHN0W9+0CFZEl8r8YpdSM8jFnACFba8szDpudf3XoOCZkTYoUKQJ5Zs+rWVGgR7BJqUKrlmV/OICFZRGNFOJayb1upcnMsFCOcTqpOJmmKyQgPaV9jjCMq3Xx6/QSdaGeAgkToFys0dX9P5DiSchz5ujPCKpTztcL8r9bPVHDp5ixOM0VjMlsUZBypBBVRoAETlCg+1oCJYPpWREIsMFE6sKoOwZ7/8iJ0zuq2VbfvzmuN6zKOChzBMZyCDRfQgCa0oA0EHuEZXuHNeDJejHfjY9a6ZJQzB/BHxucPIWyUWw==</latexit>

�̂ = S1(1) · [S2(1)⇥ S3(1)]
<latexit sha1_base64="yVi7SgSvZpWTQwgDhrHPxYqkL5M=">AAACLHicbZBLS8NAEMc39VXrq+rRy2IR6qUkVdCLUOzFY0X7gCSUzXbTLt082J0IJfQDefGrCOLBIl79HG7aQrV1YODPb2aYmb8XC67ANCdGbm19Y3Mrv13Y2d3bPygeHrVUlEjKmjQSkex4RDHBQ9YEDoJ1YslI4AnW9ob1rN5+YlLxKHyEUczcgPRD7nNKQKNuse4MCGCHDviNExAYeD5+6Fpl69yhvQiwvYDVDAIPmMILeKGh2y2WzIo5DbwqrLkooXk0usU3pxfRJGAhUEGUsi0zBjclEjgVbFxwEsViQoekz2wtQ6KXuun02TE+06SH/UjqDAFP6e+JlARKjQJPd2ZnquVaBv+r2Qn4127KwzgBFtLZIj8RGCKcOYd7XDIKYqQFoZLrWzEdEEkoaH8L2gRr+eVV0apWLLNi3V+WardzO/LoBJ2iMrLQFaqhO9RATUTRM3pFH2hivBjvxqfxNWvNGfOZY/QnjO8fhPKlRw==</latexit><latexit sha1_base64="yVi7SgSvZpWTQwgDhrHPxYqkL5M=">AAACLHicbZBLS8NAEMc39VXrq+rRy2IR6qUkVdCLUOzFY0X7gCSUzXbTLt082J0IJfQDefGrCOLBIl79HG7aQrV1YODPb2aYmb8XC67ANCdGbm19Y3Mrv13Y2d3bPygeHrVUlEjKmjQSkex4RDHBQ9YEDoJ1YslI4AnW9ob1rN5+YlLxKHyEUczcgPRD7nNKQKNuse4MCGCHDviNExAYeD5+6Fpl69yhvQiwvYDVDAIPmMILeKGh2y2WzIo5DbwqrLkooXk0usU3pxfRJGAhUEGUsi0zBjclEjgVbFxwEsViQoekz2wtQ6KXuun02TE+06SH/UjqDAFP6e+JlARKjQJPd2ZnquVaBv+r2Qn4127KwzgBFtLZIj8RGCKcOYd7XDIKYqQFoZLrWzEdEEkoaH8L2gRr+eVV0apWLLNi3V+WardzO/LoBJ2iMrLQFaqhO9RATUTRM3pFH2hivBjvxqfxNWvNGfOZY/QnjO8fhPKlRw==</latexit><latexit sha1_base64="yVi7SgSvZpWTQwgDhrHPxYqkL5M=">AAACLHicbZBLS8NAEMc39VXrq+rRy2IR6qUkVdCLUOzFY0X7gCSUzXbTLt082J0IJfQDefGrCOLBIl79HG7aQrV1YODPb2aYmb8XC67ANCdGbm19Y3Mrv13Y2d3bPygeHrVUlEjKmjQSkex4RDHBQ9YEDoJ1YslI4AnW9ob1rN5+YlLxKHyEUczcgPRD7nNKQKNuse4MCGCHDviNExAYeD5+6Fpl69yhvQiwvYDVDAIPmMILeKGh2y2WzIo5DbwqrLkooXk0usU3pxfRJGAhUEGUsi0zBjclEjgVbFxwEsViQoekz2wtQ6KXuun02TE+06SH/UjqDAFP6e+JlARKjQJPd2ZnquVaBv+r2Qn4127KwzgBFtLZIj8RGCKcOYd7XDIKYqQFoZLrWzEdEEkoaH8L2gRr+eVV0apWLLNi3V+WardzO/LoBJ2iMrLQFaqhO9RATUTRM3pFH2hivBjvxqfxNWvNGfOZY/QnjO8fhPKlRw==</latexit><latexit sha1_base64="yVi7SgSvZpWTQwgDhrHPxYqkL5M=">AAACLHicbZBLS8NAEMc39VXrq+rRy2IR6qUkVdCLUOzFY0X7gCSUzXbTLt082J0IJfQDefGrCOLBIl79HG7aQrV1YODPb2aYmb8XC67ANCdGbm19Y3Mrv13Y2d3bPygeHrVUlEjKmjQSkex4RDHBQ9YEDoJ1YslI4AnW9ob1rN5+YlLxKHyEUczcgPRD7nNKQKNuse4MCGCHDviNExAYeD5+6Fpl69yhvQiwvYDVDAIPmMILeKGh2y2WzIo5DbwqrLkooXk0usU3pxfRJGAhUEGUsi0zBjclEjgVbFxwEsViQoekz2wtQ6KXuun02TE+06SH/UjqDAFP6e+JlARKjQJPd2ZnquVaBv+r2Qn4127KwzgBFtLZIj8RGCKcOYd7XDIKYqQFoZLrWzEdEEkoaH8L2gRr+eVV0apWLLNi3V+WardzO/LoBJ2iMrLQFaqhO9RATUTRM3pFH2hivBjvxqfxNWvNGfOZY/QnjO8fhPKlRw==</latexit>

J� > 0
<latexit sha1_base64="xiDdYWVjfcDZr/WkMgmlGpS4WiM=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSGtm6k6EZcVbAPaEOZTCft0MkkzkyEEvoTblwo4tbfceffOGkrqOiBC4dz7uXee4KEM6UR+rCWlldW19YLG8XNre2d3dLefkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfgy99v3VCoWi1s9Sagf4aFgISNYG6lz3e+RETtH/VIZ2We1iutVILIRqjqukxO36p160DFKjjJYoNEvvfcGMUkjKjThWKmugxLtZ1hqRjidFnupogkmYzykXUMFjqjys9m9U3hslAEMY2lKaDhTv09kOFJqEgWmM8J6pH57ufiX1011WPMzJpJUU0Hmi8KUQx3D/Hk4YJISzSeGYCKZuRWSEZaYaBNR0YTw9Sn8n7Rc20G2c+OV6xeLOArgEByBE+CAKqiDK9AATUAABw/gCTxbd9aj9WK9zluXrMXMAfgB6+0TohWPsw==</latexit><latexit sha1_base64="xiDdYWVjfcDZr/WkMgmlGpS4WiM=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSGtm6k6EZcVbAPaEOZTCft0MkkzkyEEvoTblwo4tbfceffOGkrqOiBC4dz7uXee4KEM6UR+rCWlldW19YLG8XNre2d3dLefkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfgy99v3VCoWi1s9Sagf4aFgISNYG6lz3e+RETtH/VIZ2We1iutVILIRqjqukxO36p160DFKjjJYoNEvvfcGMUkjKjThWKmugxLtZ1hqRjidFnupogkmYzykXUMFjqjys9m9U3hslAEMY2lKaDhTv09kOFJqEgWmM8J6pH57ufiX1011WPMzJpJUU0Hmi8KUQx3D/Hk4YJISzSeGYCKZuRWSEZaYaBNR0YTw9Sn8n7Rc20G2c+OV6xeLOArgEByBE+CAKqiDK9AATUAABw/gCTxbd9aj9WK9zluXrMXMAfgB6+0TohWPsw==</latexit><latexit sha1_base64="xiDdYWVjfcDZr/WkMgmlGpS4WiM=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSGtm6k6EZcVbAPaEOZTCft0MkkzkyEEvoTblwo4tbfceffOGkrqOiBC4dz7uXee4KEM6UR+rCWlldW19YLG8XNre2d3dLefkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfgy99v3VCoWi1s9Sagf4aFgISNYG6lz3e+RETtH/VIZ2We1iutVILIRqjqukxO36p160DFKjjJYoNEvvfcGMUkjKjThWKmugxLtZ1hqRjidFnupogkmYzykXUMFjqjys9m9U3hslAEMY2lKaDhTv09kOFJqEgWmM8J6pH57ufiX1011WPMzJpJUU0Hmi8KUQx3D/Hk4YJISzSeGYCKZuRWSEZaYaBNR0YTw9Sn8n7Rc20G2c+OV6xeLOArgEByBE+CAKqiDK9AATUAABw/gCTxbd9aj9WK9zluXrMXMAfgB6+0TohWPsw==</latexit><latexit sha1_base64="xiDdYWVjfcDZr/WkMgmlGpS4WiM=">AAAB73icdVDLSsNAFJ34rPVVdelmsAiuwiSGtm6k6EZcVbAPaEOZTCft0MkkzkyEEvoTblwo4tbfceffOGkrqOiBC4dz7uXee4KEM6UR+rCWlldW19YLG8XNre2d3dLefkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bwfgy99v3VCoWi1s9Sagf4aFgISNYG6lz3e+RETtH/VIZ2We1iutVILIRqjqukxO36p160DFKjjJYoNEvvfcGMUkjKjThWKmugxLtZ1hqRjidFnupogkmYzykXUMFjqjys9m9U3hslAEMY2lKaDhTv09kOFJqEgWmM8J6pH57ufiX1011WPMzJpJUU0Hmi8KUQx3D/Hk4YJISzSeGYCKZuRWSEZaYaBNR0YTw9Sn8n7Rc20G2c+OV6xeLOArgEByBE+CAKqiDK9AATUAABw/gCTxbd9aj9WK9zluXrMXMAfgB6+0TohWPsw==</latexit>

(PT )2 = �1
<latexit sha1_base64="8FKoEM9KOWbmsOg7Yp41I1Yq7xQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahLixJEXQjFN24rNAXtLFMppN26OTBzEQIof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjhtxJpVlfRuFtfWNza3idmlnd2//wDw86sgwFoS2SchD0XOxpJwFtK2Y4rQXCYp9l9OuO73N/O4jFZKFQUslEXV8PA6YxwhWWhqa5erAx2pCME+brdnZQ/363B6aFatmzYFWiZ2TCuRoDs2vwSgksU8DRTiWsm9bkXJSLBQjnM5Kg1jSCJMpHtO+pgH2qXTSefgZOtXKCHmh0C9QaK7+3kixL2Xiu3oySyqXvUz8z+vHyrtyUhZEsaIBWRzyYo5UiLIm0IgJShRPNMFEMJ0VkQkWmCjdV0mXYC9/eZV06jXbqtn3F5XGTV5HEY7hBKpgwyU04A6a0AYCCTzDK7wZT8aL8W58LEYLRr5Thj8wPn8ADmCTtw==</latexit><latexit sha1_base64="8FKoEM9KOWbmsOg7Yp41I1Yq7xQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahLixJEXQjFN24rNAXtLFMppN26OTBzEQIof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjhtxJpVlfRuFtfWNza3idmlnd2//wDw86sgwFoS2SchD0XOxpJwFtK2Y4rQXCYp9l9OuO73N/O4jFZKFQUslEXV8PA6YxwhWWhqa5erAx2pCME+brdnZQ/363B6aFatmzYFWiZ2TCuRoDs2vwSgksU8DRTiWsm9bkXJSLBQjnM5Kg1jSCJMpHtO+pgH2qXTSefgZOtXKCHmh0C9QaK7+3kixL2Xiu3oySyqXvUz8z+vHyrtyUhZEsaIBWRzyYo5UiLIm0IgJShRPNMFEMJ0VkQkWmCjdV0mXYC9/eZV06jXbqtn3F5XGTV5HEY7hBKpgwyU04A6a0AYCCTzDK7wZT8aL8W58LEYLRr5Thj8wPn8ADmCTtw==</latexit><latexit sha1_base64="8FKoEM9KOWbmsOg7Yp41I1Yq7xQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahLixJEXQjFN24rNAXtLFMppN26OTBzEQIof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjhtxJpVlfRuFtfWNza3idmlnd2//wDw86sgwFoS2SchD0XOxpJwFtK2Y4rQXCYp9l9OuO73N/O4jFZKFQUslEXV8PA6YxwhWWhqa5erAx2pCME+brdnZQ/363B6aFatmzYFWiZ2TCuRoDs2vwSgksU8DRTiWsm9bkXJSLBQjnM5Kg1jSCJMpHtO+pgH2qXTSefgZOtXKCHmh0C9QaK7+3kixL2Xiu3oySyqXvUz8z+vHyrtyUhZEsaIBWRzyYo5UiLIm0IgJShRPNMFEMJ0VkQkWmCjdV0mXYC9/eZV06jXbqtn3F5XGTV5HEY7hBKpgwyU04A6a0AYCCTzDK7wZT8aL8W58LEYLRr5Thj8wPn8ADmCTtw==</latexit><latexit sha1_base64="8FKoEM9KOWbmsOg7Yp41I1Yq7xQ=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBahLixJEXQjFN24rNAXtLFMppN26OTBzEQIof6KGxeKuPVD3Pk3TtostPXAwOGce7lnjhtxJpVlfRuFtfWNza3idmlnd2//wDw86sgwFoS2SchD0XOxpJwFtK2Y4rQXCYp9l9OuO73N/O4jFZKFQUslEXV8PA6YxwhWWhqa5erAx2pCME+brdnZQ/363B6aFatmzYFWiZ2TCuRoDs2vwSgksU8DRTiWsm9bkXJSLBQjnM5Kg1jSCJMpHtO+pgH2qXTSefgZOtXKCHmh0C9QaK7+3kixL2Xiu3oySyqXvUz8z+vHyrtyUhZEsaIBWRzyYo5UiLIm0IgJShRPNMFEMJ0VkQkWmCjdV0mXYC9/eZV06jXbqtn3F5XGTV5HEY7hBKpgwyU04A6a0AYCCTzDK7wZT8aL8W58LEYLRr5Thj8wPn8ADmCTtw==</latexit>



Effective Hamiltonian at strong coupling 

• Can be described by boundary CFT. [Cardy; Affleck and Ludwig]

• Projection onto low-energy subspace gives 
“impurity spin” coupled to three chains.

HK = JKSimp ·
X

↵

S↵(2)
<latexit sha1_base64="4w5cc8LYO/nVvxjy4/8JW4LIQ+4="></latexit><latexit sha1_base64="4w5cc8LYO/nVvxjy4/8JW4LIQ+4="></latexit><latexit sha1_base64="4w5cc8LYO/nVvxjy4/8JW4LIQ+4="></latexit><latexit sha1_base64="4w5cc8LYO/nVvxjy4/8JW4LIQ+4="></latexit>
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3
<latexit sha1_base64="V5x6EMyy1IOWwLQDGyba9/u6fz0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQS9C0YvUSwX7Ae1Ssmm2DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPbqd8cUaVZJB/NOKa+wH3JQkawsZJf7d5fd0KFSVqdnHeLJbfszoCWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTieFTqJpjMkQ92nbUokF1X46O3qCTqzSQ2GkbEmDZurviRQLrccisJ0Cm4Fe9Kbif147MeGVnzIZJ4ZKMl8UJhyZCE0TQD2mKDF8bAkmitlbERlgm4GxORVsCN7iy8ukcVb23LL3cFGq3GRx5OEIjuEUPLiECtxBDepA4Ame4RXenJHz4rw7H/PWnJPNHMIfOJ8/BnWRmg==</latexit><latexit sha1_base64="V5x6EMyy1IOWwLQDGyba9/u6fz0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQS9C0YvUSwX7Ae1Ssmm2DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPbqd8cUaVZJB/NOKa+wH3JQkawsZJf7d5fd0KFSVqdnHeLJbfszoCWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTieFTqJpjMkQ92nbUokF1X46O3qCTqzSQ2GkbEmDZurviRQLrccisJ0Cm4Fe9Kbif147MeGVnzIZJ4ZKMl8UJhyZCE0TQD2mKDF8bAkmitlbERlgm4GxORVsCN7iy8ukcVb23LL3cFGq3GRx5OEIjuEUPLiECtxBDepA4Ame4RXenJHz4rw7H/PWnJPNHMIfOJ8/BnWRmg==</latexit><latexit sha1_base64="V5x6EMyy1IOWwLQDGyba9/u6fz0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQS9C0YvUSwX7Ae1Ssmm2DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPbqd8cUaVZJB/NOKa+wH3JQkawsZJf7d5fd0KFSVqdnHeLJbfszoCWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTieFTqJpjMkQ92nbUokF1X46O3qCTqzSQ2GkbEmDZurviRQLrccisJ0Cm4Fe9Kbif147MeGVnzIZJ4ZKMl8UJhyZCE0TQD2mKDF8bAkmitlbERlgm4GxORVsCN7iy8ukcVb23LL3cFGq3GRx5OEIjuEUPLiECtxBDepA4Ame4RXenJHz4rw7H/PWnJPNHMIfOJ8/BnWRmg==</latexit><latexit sha1_base64="V5x6EMyy1IOWwLQDGyba9/u6fz0=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVQS9C0YvUSwX7Ae1Ssmm2DU2ya5ItlKW/w4sHRbz6Y7z5b0zbPWjrg4HHezPMzAtizrRx3W8nt7K6tr6R3yxsbe/s7hX3Dxo6ShShdRLxSLUCrClnktYNM5y2YkWxCDhtBsPbqd8cUaVZJB/NOKa+wH3JQkawsZJf7d5fd0KFSVqdnHeLJbfszoCWiZeREmSodYtfnV5EEkGlIRxr3fbc2PgpVoYRTieFTqJpjMkQ92nbUokF1X46O3qCTqzSQ2GkbEmDZurviRQLrccisJ0Cm4Fe9Kbif147MeGVnzIZJ4ZKMl8UJhyZCE0TQD2mKDF8bAkmitlbERlgm4GxORVsCN7iy8ukcVb23LL3cFGq3GRx5OEIjuEUPLiECtxBDepA4Ame4RXenJHz4rw7H/PWnJPNHMIfOJ8/BnWRmg==</latexit>

Simp
<latexit sha1_base64="D51h1ZGH/oX1NUl6kG87His483E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisaB/QhDCZTtqhkwczN2KJWfgrblwo4tbfcOffOGmz0NYDA4dz7uWeOX4iuALL+jYqS8srq2vV9drG5tb2jrm711FxKilr01jEsucTxQSPWBs4CNZLJCOhL1jXH18VfveeScXj6A4mCXNDMox4wCkBLXnmgRMSGPkBvvUyB9gDZDxM8twz61bDmgIvErskdVSi5ZlfziCmacgioIIo1betBNyMSOBUsLzmpIolhI7JkPU1jUjIlJtN8+f4WCsDHMRSvwjwVP29kZFQqUno68kirZr3CvE/r59CcOFmPEpSYBGdHQpSgSHGRRl4wCWjICaaECq5zorpiEhCQVdW0yXY819eJJ3Thm017JuzevOyrKOKDtEROkE2OkdNdI1aqI0oekTP6BW9GU/Gi/FufMxGK0a5s4/+wPj8AaI+ln4=</latexit><latexit sha1_base64="D51h1ZGH/oX1NUl6kG87His483E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisaB/QhDCZTtqhkwczN2KJWfgrblwo4tbfcOffOGmz0NYDA4dz7uWeOX4iuALL+jYqS8srq2vV9drG5tb2jrm711FxKilr01jEsucTxQSPWBs4CNZLJCOhL1jXH18VfveeScXj6A4mCXNDMox4wCkBLXnmgRMSGPkBvvUyB9gDZDxM8twz61bDmgIvErskdVSi5ZlfziCmacgioIIo1betBNyMSOBUsLzmpIolhI7JkPU1jUjIlJtN8+f4WCsDHMRSvwjwVP29kZFQqUno68kirZr3CvE/r59CcOFmPEpSYBGdHQpSgSHGRRl4wCWjICaaECq5zorpiEhCQVdW0yXY819eJJ3Thm017JuzevOyrKOKDtEROkE2OkdNdI1aqI0oekTP6BW9GU/Gi/FufMxGK0a5s4/+wPj8AaI+ln4=</latexit><latexit sha1_base64="D51h1ZGH/oX1NUl6kG87His483E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisaB/QhDCZTtqhkwczN2KJWfgrblwo4tbfcOffOGmz0NYDA4dz7uWeOX4iuALL+jYqS8srq2vV9drG5tb2jrm711FxKilr01jEsucTxQSPWBs4CNZLJCOhL1jXH18VfveeScXj6A4mCXNDMox4wCkBLXnmgRMSGPkBvvUyB9gDZDxM8twz61bDmgIvErskdVSi5ZlfziCmacgioIIo1betBNyMSOBUsLzmpIolhI7JkPU1jUjIlJtN8+f4WCsDHMRSvwjwVP29kZFQqUno68kirZr3CvE/r59CcOFmPEpSYBGdHQpSgSHGRRl4wCWjICaaECq5zorpiEhCQVdW0yXY819eJJ3Thm017JuzevOyrKOKDtEROkE2OkdNdI1aqI0oekTP6BW9GU/Gi/FufMxGK0a5s4/+wPj8AaI+ln4=</latexit><latexit sha1_base64="D51h1ZGH/oX1NUl6kG87His483E=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEBF0W3bisaB/QhDCZTtqhkwczN2KJWfgrblwo4tbfcOffOGmz0NYDA4dz7uWeOX4iuALL+jYqS8srq2vV9drG5tb2jrm711FxKilr01jEsucTxQSPWBs4CNZLJCOhL1jXH18VfveeScXj6A4mCXNDMox4wCkBLXnmgRMSGPkBvvUyB9gDZDxM8twz61bDmgIvErskdVSi5ZlfziCmacgioIIo1betBNyMSOBUsLzmpIolhI7JkPU1jUjIlJtN8+f4WCsDHMRSvwjwVP29kZFQqUno68kirZr3CvE/r59CcOFmPEpSYBGdHQpSgSHGRRl4wCWjICaaECq5zorpiEhCQVdW0yXY819eJJ3Thm017JuzevOyrKOKDtEROkE2OkdNdI1aqI0oekTP6BW9GU/Gi/FufMxGK0a5s4/+wPj8AaI+ln4=</latexit>

• Flow to strong coupling: three-channel Kondo fixed point (K).

• Kondo coupling is marginally relevant:

�K =
JK
2⇡v

<latexit sha1_base64="6XT/RShfUFvipA2mmFbFlw58juw=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmKoBuh6EbspoJ9QBPCZDJph04mYWZSKCEbN/6KGxeKuPUf3Pk3TtsstPXAwOGcc7lzj58wKpVlfRulldW19Y3yZmVre2d3z9w/6Mg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH91M/e6YCElj/qAmCXEjNOA0pBgpLXnmscN0OEBe88oJBcLZndfMs7qTUDjOPbNq1awZ4DKxC1IFBVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eyKHJ5qJYBhLPTjCs7U3xMZiqScRL5ORkgN5aI3Ff/z+qkKL92M8iRVhOP5ojBlUMVwWgkMqCBYsYkmCAuq/wrxEOkylC6uokuwF09eJp16zbZq9v15tXFd1FEGR+AEnAEbXIAGuAUt0AYYPIJn8ArejCfjxXg3PubRklHMHII/MD5/AATRmEA=</latexit><latexit sha1_base64="6XT/RShfUFvipA2mmFbFlw58juw=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmKoBuh6EbspoJ9QBPCZDJph04mYWZSKCEbN/6KGxeKuPUf3Pk3TtsstPXAwOGcc7lzj58wKpVlfRulldW19Y3yZmVre2d3z9w/6Mg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH91M/e6YCElj/qAmCXEjNOA0pBgpLXnmscN0OEBe88oJBcLZndfMs7qTUDjOPbNq1awZ4DKxC1IFBVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eyKHJ5qJYBhLPTjCs7U3xMZiqScRL5ORkgN5aI3Ff/z+qkKL92M8iRVhOP5ojBlUMVwWgkMqCBYsYkmCAuq/wrxEOkylC6uokuwF09eJp16zbZq9v15tXFd1FEGR+AEnAEbXIAGuAUt0AYYPIJn8ArejCfjxXg3PubRklHMHII/MD5/AATRmEA=</latexit><latexit sha1_base64="6XT/RShfUFvipA2mmFbFlw58juw=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmKoBuh6EbspoJ9QBPCZDJph04mYWZSKCEbN/6KGxeKuPUf3Pk3TtsstPXAwOGcc7lzj58wKpVlfRulldW19Y3yZmVre2d3z9w/6Mg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH91M/e6YCElj/qAmCXEjNOA0pBgpLXnmscN0OEBe88oJBcLZndfMs7qTUDjOPbNq1awZ4DKxC1IFBVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eyKHJ5qJYBhLPTjCs7U3xMZiqScRL5ORkgN5aI3Ff/z+qkKL92M8iRVhOP5ojBlUMVwWgkMqCBYsYkmCAuq/wrxEOkylC6uokuwF09eJp16zbZq9v15tXFd1FEGR+AEnAEbXIAGuAUt0AYYPIJn8ArejCfjxXg3PubRklHMHII/MD5/AATRmEA=</latexit><latexit sha1_base64="6XT/RShfUFvipA2mmFbFlw58juw=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmKoBuh6EbspoJ9QBPCZDJph04mYWZSKCEbN/6KGxeKuPUf3Pk3TtsstPXAwOGcc7lzj58wKpVlfRulldW19Y3yZmVre2d3z9w/6Mg4FZi0ccxi0fORJIxy0lZUMdJLBEGRz0jXH91M/e6YCElj/qAmCXEjNOA0pBgpLXnmscN0OEBe88oJBcLZndfMs7qTUDjOPbNq1awZ4DKxC1IFBVqe+eUEMU4jwhVmSMq+bSXKzZBQFDOSV5xUkgThERqQvqYcRUS62eyKHJ5qJYBhLPTjCs7U3xMZiqScRL5ORkgN5aI3Ff/z+qkKL92M8iRVhOP5ojBlUMVwWgkMqCBYsYkmCAuq/wrxEOkylC6uokuwF09eJp16zbZq9v15tXFd1FEGR+AEnAEbXIAGuAUt0AYYPIJn8ArejCfjxXg3PubRklHMHII/MD5/AATRmEA=</latexit>

d�K

d`
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2
�3
K + . . .

<latexit sha1_base64="LspmwtfJ9WPX4IngeHQ2MY5oIuY="></latexit><latexit sha1_base64="LspmwtfJ9WPX4IngeHQ2MY5oIuY="></latexit><latexit sha1_base64="LspmwtfJ9WPX4IngeHQ2MY5oIuY="></latexit><latexit sha1_base64="LspmwtfJ9WPX4IngeHQ2MY5oIuY="></latexit>

` = ln(⇤0/⇤)
<latexit sha1_base64="O0asySl+pWWyi5mljGU5chQZ4qc=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoMQm7grgjZC0MbCIoJ5QDYss7N3kyGzs8vMrBCWNDb+io2FIrb+g51/4yTZQqMHBg7n3MOde/yEM6Vt+8sqLCwuLa8UV0tr6xubW+XtnZaKU0mhSWMey45PFHAmoKmZ5tBJJJDI59D2h1cTv30PUrFY3OlRAr2I9AULGSXaSF553wXO8YXLRdW9MbGAePZxzo68csWu2VPgv8TJSQXlaHjlTzeIaRqB0JQTpbqOneheRqRmlMO45KYKEkKHpA9dQwWJQPWy6RVjfGiUAIexNE9oPFV/JjISKTWKfDMZET1Q895E/M/rpjo872VMJKkGQWeLwpRjHeNJJThgEqjmI0MIlcz8FdMBkYRqU1zJlODMn/yXtE5qjl1zbk8r9cu8jiLaQweoihx0huroGjVQE1H0gJ7QC3q1Hq1n6816n40WrDyzi37B+vgGZ/qXOA==</latexit><latexit sha1_base64="O0asySl+pWWyi5mljGU5chQZ4qc=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoMQm7grgjZC0MbCIoJ5QDYss7N3kyGzs8vMrBCWNDb+io2FIrb+g51/4yTZQqMHBg7n3MOde/yEM6Vt+8sqLCwuLa8UV0tr6xubW+XtnZaKU0mhSWMey45PFHAmoKmZ5tBJJJDI59D2h1cTv30PUrFY3OlRAr2I9AULGSXaSF553wXO8YXLRdW9MbGAePZxzo68csWu2VPgv8TJSQXlaHjlTzeIaRqB0JQTpbqOneheRqRmlMO45KYKEkKHpA9dQwWJQPWy6RVjfGiUAIexNE9oPFV/JjISKTWKfDMZET1Q895E/M/rpjo872VMJKkGQWeLwpRjHeNJJThgEqjmI0MIlcz8FdMBkYRqU1zJlODMn/yXtE5qjl1zbk8r9cu8jiLaQweoihx0huroGjVQE1H0gJ7QC3q1Hq1n6816n40WrDyzi37B+vgGZ/qXOA==</latexit><latexit sha1_base64="O0asySl+pWWyi5mljGU5chQZ4qc=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoMQm7grgjZC0MbCIoJ5QDYss7N3kyGzs8vMrBCWNDb+io2FIrb+g51/4yTZQqMHBg7n3MOde/yEM6Vt+8sqLCwuLa8UV0tr6xubW+XtnZaKU0mhSWMey45PFHAmoKmZ5tBJJJDI59D2h1cTv30PUrFY3OlRAr2I9AULGSXaSF553wXO8YXLRdW9MbGAePZxzo68csWu2VPgv8TJSQXlaHjlTzeIaRqB0JQTpbqOneheRqRmlMO45KYKEkKHpA9dQwWJQPWy6RVjfGiUAIexNE9oPFV/JjISKTWKfDMZET1Q895E/M/rpjo872VMJKkGQWeLwpRjHeNJJThgEqjmI0MIlcz8FdMBkYRqU1zJlODMn/yXtE5qjl1zbk8r9cu8jiLaQweoihx0huroGjVQE1H0gJ7QC3q1Hq1n6816n40WrDyzi37B+vgGZ/qXOA==</latexit><latexit sha1_base64="O0asySl+pWWyi5mljGU5chQZ4qc=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoMQm7grgjZC0MbCIoJ5QDYss7N3kyGzs8vMrBCWNDb+io2FIrb+g51/4yTZQqMHBg7n3MOde/yEM6Vt+8sqLCwuLa8UV0tr6xubW+XtnZaKU0mhSWMey45PFHAmoKmZ5tBJJJDI59D2h1cTv30PUrFY3OlRAr2I9AULGSXaSF553wXO8YXLRdW9MbGAePZxzo68csWu2VPgv8TJSQXlaHjlTzeIaRqB0JQTpbqOneheRqRmlMO45KYKEkKHpA9dQwWJQPWy6RVjfGiUAIexNE9oPFV/JjISKTWKfDMZET1Q895E/M/rpjo872VMJKkGQWeLwpRjHeNJJThgEqjmI0MIlcz8FdMBkYRqU1zJlODMn/yXtE5qjl1zbk8r9cu8jiLaQweoihx0huroGjVQE1H0gJ7QC3q1Hq1n6816n40WrDyzi37B+vgGZ/qXOA==</latexit>



total spin

Boundary CFT approach

• For three chains:

[Zamolodchikov & Fateev 1987; Fateev & Lukyanov 1988; Affleck, Oshikawa & Saleur 2001]

• Conformally invariant boundary condition for Kondo fixed 
point obtained by fusion with spin-1/2 primary of WZW 
model representing the sum of spin currents. 

• Conformal embedding for two chains:  

[Eggert and Affleck]

central charge:

c =
3
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“flavor”

SU(2)1 ⇥ SU(2)1 ! SU(2)2 ⇥ Ising
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SU(2)1 ⇥ SU(2)1 ⇥ SU(2)1 ! SU(2)3 ⇥ Z(5)
3

<latexit sha1_base64="941vJhXPiy2iANAiAORhSKkKF0g=">AAACS3icbZBLS8NAFIUn1Wqtr6hLN8Ei1E1JqqLLohuXFU0rNrFMptN26OTBzI1YQv+fGzfu/BNuXCjiwkkbwT4uDBy+cy/3zvEiziSY5puWW1rOr6wW1orrG5tb2/rObkOGsSDUJiEPxZ2HJeUsoDYw4PQuEhT7HqdNb3CZ+s1HKiQLg1sYRtT1cS9gXUYwKNTWPQfoEyQ3drl6NGpbDjCfykXMmIXhNDn+a/Mx9D0vuVfoISmfKksvmRVzXMa8sDJRQlnV2/qr0wlJ7NMACMdStiwzAjfBAhjhdFR0YkkjTAa4R1tKBljtdZNxFiPjUJGO0Q2FegEYY/p/IsG+lEPfU53ppXLWS+EirxVD99xNWBDFQAMyWdSNuaGCSIM1OkxQAnyoBCaCqVsN0scCE1DxF1UI1uyX50WjWrHMinV9UqpdZHEU0D46QGVkoTNUQ1eojmxE0DN6R5/oS3vRPrRv7WfSmtOymT00Vbn8L37GsnU=</latexit><latexit sha1_base64="941vJhXPiy2iANAiAORhSKkKF0g=">AAACS3icbZBLS8NAFIUn1Wqtr6hLN8Ei1E1JqqLLohuXFU0rNrFMptN26OTBzI1YQv+fGzfu/BNuXCjiwkkbwT4uDBy+cy/3zvEiziSY5puWW1rOr6wW1orrG5tb2/rObkOGsSDUJiEPxZ2HJeUsoDYw4PQuEhT7HqdNb3CZ+s1HKiQLg1sYRtT1cS9gXUYwKNTWPQfoEyQ3drl6NGpbDjCfykXMmIXhNDn+a/Mx9D0vuVfoISmfKksvmRVzXMa8sDJRQlnV2/qr0wlJ7NMACMdStiwzAjfBAhjhdFR0YkkjTAa4R1tKBljtdZNxFiPjUJGO0Q2FegEYY/p/IsG+lEPfU53ppXLWS+EirxVD99xNWBDFQAMyWdSNuaGCSIM1OkxQAnyoBCaCqVsN0scCE1DxF1UI1uyX50WjWrHMinV9UqpdZHEU0D46QGVkoTNUQ1eojmxE0DN6R5/oS3vRPrRv7WfSmtOymT00Vbn8L37GsnU=</latexit><latexit sha1_base64="941vJhXPiy2iANAiAORhSKkKF0g=">AAACS3icbZBLS8NAFIUn1Wqtr6hLN8Ei1E1JqqLLohuXFU0rNrFMptN26OTBzI1YQv+fGzfu/BNuXCjiwkkbwT4uDBy+cy/3zvEiziSY5puWW1rOr6wW1orrG5tb2/rObkOGsSDUJiEPxZ2HJeUsoDYw4PQuEhT7HqdNb3CZ+s1HKiQLg1sYRtT1cS9gXUYwKNTWPQfoEyQ3drl6NGpbDjCfykXMmIXhNDn+a/Mx9D0vuVfoISmfKksvmRVzXMa8sDJRQlnV2/qr0wlJ7NMACMdStiwzAjfBAhjhdFR0YkkjTAa4R1tKBljtdZNxFiPjUJGO0Q2FegEYY/p/IsG+lEPfU53ppXLWS+EirxVD99xNWBDFQAMyWdSNuaGCSIM1OkxQAnyoBCaCqVsN0scCE1DxF1UI1uyX50WjWrHMinV9UqpdZHEU0D46QGVkoTNUQ1eojmxE0DN6R5/oS3vRPrRv7WfSmtOymT00Vbn8L37GsnU=</latexit><latexit sha1_base64="941vJhXPiy2iANAiAORhSKkKF0g=">AAACS3icbZBLS8NAFIUn1Wqtr6hLN8Ei1E1JqqLLohuXFU0rNrFMptN26OTBzI1YQv+fGzfu/BNuXCjiwkkbwT4uDBy+cy/3zvEiziSY5puWW1rOr6wW1orrG5tb2/rObkOGsSDUJiEPxZ2HJeUsoDYw4PQuEhT7HqdNb3CZ+s1HKiQLg1sYRtT1cS9gXUYwKNTWPQfoEyQ3drl6NGpbDjCfykXMmIXhNDn+a/Mx9D0vuVfoISmfKksvmRVzXMa8sDJRQlnV2/qr0wlJ7NMACMdStiwzAjfBAhjhdFR0YkkjTAa4R1tKBljtdZNxFiPjUJGO0Q2FegEYY/p/IsG+lEPfU53ppXLWS+EirxVD99xNWBDFQAMyWdSNuaGCSIM1OkxQAnyoBCaCqVsN0scCE1DxF1UI1uyX50WjWrHMinV9UqpdZHEU0D46QGVkoTNUQ1eojmxE0DN6R5/oS3vRPrRv7WfSmtOymT00Vbn8L37GsnU=</latexit>

[Buccheri, Egger, R.P. & Ramos, PRB 2018]

belongs to family of Z3  CFTs with W3 algebra(p)



Stability of the Kondo fixed point

• Boundary operators:
dimension 7/5 dimension 8/5(irrelevant!)

�H = C 0
1J�1 · �1 + C 0

2⌦ + . . .
<latexit sha1_base64="R2YykZk4W/BHFkkNbPM2DbsYVLg="></latexit><latexit sha1_base64="R2YykZk4W/BHFkkNbPM2DbsYVLg="></latexit><latexit sha1_base64="R2YykZk4W/BHFkkNbPM2DbsYVLg="></latexit><latexit sha1_base64="R2YykZk4W/BHFkkNbPM2DbsYVLg="></latexit>

• Operator content from partition function ZAB on the 
cylinder (even-length chains). 

• Z3 symmetry (cyclic permutation of chains) rules out relevant 
perturbation and stabilizes three-channel Kondo fixed point. 
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Table II. Operator content in the cylinder partition function ZAB for boundary conditions A and B. We consider chains with
an even number of sites and integer total spin. We separate singlet (s = 0) from triplet (s = 1) states. The numbers represent
the dimension �f of the primary fields in the Z(5)

3 CFT; in brackets, the number of primary fields with the same dimension.

AB s = 0 (�s = 0) s = 1 (�s = 2/5)
OO 0, 2(⇥2) 3/5(⇥2), 8/5
KK 0, 3/5(⇥2), 8/5, 2(⇥2) 0, 3/5(⇥2), 8/5, 2(⇥2)
CC 0, 1/2(⇥3), 2(⇥2) 1/10(⇥3), 3/5(⇥2), 8/5
KO 3/5(⇥2), 8/5 0, 3/5(⇥2), 8/5, 2(⇥2)

Let us now consider the scalar spin chirality operator ˆC
j

= ✏abcSa

j,1S
b

j,2S
c

j,3. Substituting the expansion for the
spin operators in Eq. (2) of the main text, we find that the slowest decaying component stems from the staggered
magnetization in all three chains: ˆC

j

⇠ (�1)

j✏abcna

1(x)nb

2(x)nc

3(x). This scalar operator has scaling dimension 3/2 and
zero conformal spin. The counterpart in the embedding SU(2)3 ⇥ Z(5)

3 must be a linear combination of the operators
with the same scaling dimension. The actual combination can be fixed by imposing that the operator be invariant
under cyclic exchange and odd under P and T . We must then have

ˆC
j

(⌧) ⇠ itr[�1/2(z) ⌦ �1/2(z̄)][ (z) 

⇤
(z̄) � (z) 

⇤
(z̄)], (25)

for x = ja in the bulk (i.e. far from the boundary). To obtain the chirality at the boundary, ˆC =

ˆC1, we take the
boundary limit x ! 0 in Eq. (25) using the fusion rules for the SU(2)3 WZNW model and Z(5)

3 theory. The leading
operator generated by the OPEs is

ˆC(⌧) ⇠ ⌦(⌧), (26)

i.e., the chirality at the boundary is represented by the dimension-8/5 primary field of Z(5)
3 . In fact, this operator

appears in the partition function on the cylinder with Kondo boundary conditions at both ends, ZKK, see Table II.
The latter is obtained from the partition function with open boundary conditions, ZOO, by double fusion with the
spin-1/2 primary in the SU(2)3 sector. Therefore, the dimension-8/5 boundary operator is an allowed perturbation to
the three-channel Kondo fixed point if T -symmetry is broken but PT and Z3 symmetries are preserved. We note that
the relevant (dimension-3/5) operators  and  ⇤ also appear in ZKK, but they are not allowed in the Hamiltonian
as long as the Z3 cyclic exchange symmetry is preserved.

We have also obtained the C± fixed points by fusion with either of the two dimension-1/9 primary fields in the Z(5)
3

sector [57]. The boundary operators that perturb the C± points can be read off from ZCC in Table II. The sum of
the s = 0 dimension-1/2 operators is identified with the �1 perturbation in Eq. (9) of the main text. For J

�

> Jc

�

,
the s = 1 operator with � =

2
5 +

1
10 can be combined with Simp to produce the �2 perturbation.

3. DMRG methods

In order to study the Y junction with the chiral boundary interaction in this work, we have used a suitable
extension of the DMRG proposed by Guo and White [61]. It is possible to use the ordinary DMRG [41] to investigate
such junctions by mapping the junction to a one-dimensional system with long-range interactions. However, the
computational effort required to treat these interactions is equivalent to considering periodic boundary conditions.
Therefore, a large truncated Hilbert space is necessary in order to obtain results with a reasonable accuracy. In
contrast, the accuracy achieved by the procedure of Ref. [61] is close to that of DMRG for open chains.

Using the DMRG to estimate the energies and the three-spin correlations of finite-size Y junctions, we have con-
sidered up to m = 150 kept states per block. At the final sweep, the truncation error is typically smaller than 10

�8.
In order to check the accuracy of our DMRG results, for fixed system size, we compared the numerical data obtained
by keeping m ⇡ 150 and m = 50 states. We have observed that the energies are obtained with a precision of at
least ⇠ 10

�5. Finally, we emphasize that errors related to the choice of fitting interval in determining the power-law
exponent ⌫(J

x

) of three-spin correlations, cf. Table I in the main text, are at least one order of magnitude smaller
than the values acquired by the DMRG. In Table III, we summarize our DMRG results for different fitting intervals
in order to validate this statement.

BA

� = �s +�f
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Looking for a critical point

C K

0 J�Jc
�

O

• P and T symmetries are restored at stable fixed points. 

chiral FP?



Imposing chiral boundary conditions

• SU(2) invariant chiral fixed points (C):

JR,↵(x) = JL,↵±1(�x)
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• Boundary CFT: fusion with Z3-charged fields in Z3  sector. (5)
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Table II. Operator content in the cylinder partition function ZAB for boundary conditions A and B. We consider chains with
an even number of sites and integer total spin. We separate singlet (s = 0) from triplet (s = 1) states. The numbers represent
the dimension �f of the primary fields in the Z(5)

3 CFT; in brackets, the number of primary fields with the same dimension.

AB s = 0 (�s = 0) s = 1 (�s = 2/5)
OO 0, 2(⇥2) 3/5(⇥2), 8/5
KK 0, 3/5(⇥2), 8/5, 2(⇥2) 0, 3/5(⇥2), 8/5, 2(⇥2)
CC 0, 1/2(⇥3), 2(⇥2) 1/10(⇥3), 3/5(⇥2), 8/5
KO 3/5(⇥2), 8/5 0, 3/5(⇥2), 8/5, 2(⇥2)

Let us now consider the scalar spin chirality operator ˆC
j

= ✏abcSa

j,1S
b

j,2S
c

j,3. Substituting the expansion for the
spin operators in Eq. (2) of the main text, we find that the slowest decaying component stems from the staggered
magnetization in all three chains: ˆC

j

⇠ (�1)

j✏abcna

1(x)nb

2(x)nc

3(x). This scalar operator has scaling dimension 3/2 and
zero conformal spin. The counterpart in the embedding SU(2)3 ⇥ Z(5)

3 must be a linear combination of the operators
with the same scaling dimension. The actual combination can be fixed by imposing that the operator be invariant
under cyclic exchange and odd under P and T . We must then have

ˆC
j

(⌧) ⇠ itr[�1/2(z) ⌦ �1/2(z̄)][ (z) 

⇤
(z̄) � (z) 

⇤
(z̄)], (25)

for x = ja in the bulk (i.e. far from the boundary). To obtain the chirality at the boundary, ˆC =

ˆC1, we take the
boundary limit x ! 0 in Eq. (25) using the fusion rules for the SU(2)3 WZNW model and Z(5)

3 theory. The leading
operator generated by the OPEs is

ˆC(⌧) ⇠ ⌦(⌧), (26)

i.e., the chirality at the boundary is represented by the dimension-8/5 primary field of Z(5)
3 . In fact, this operator

appears in the partition function on the cylinder with Kondo boundary conditions at both ends, ZKK, see Table II.
The latter is obtained from the partition function with open boundary conditions, ZOO, by double fusion with the
spin-1/2 primary in the SU(2)3 sector. Therefore, the dimension-8/5 boundary operator is an allowed perturbation to
the three-channel Kondo fixed point if T -symmetry is broken but PT and Z3 symmetries are preserved. We note that
the relevant (dimension-3/5) operators  and  ⇤ also appear in ZKK, but they are not allowed in the Hamiltonian
as long as the Z3 cyclic exchange symmetry is preserved.

We have also obtained the C± fixed points by fusion with either of the two dimension-1/9 primary fields in the Z(5)
3

sector [57]. The boundary operators that perturb the C± points can be read off from ZCC in Table II. The sum of
the s = 0 dimension-1/2 operators is identified with the �1 perturbation in Eq. (9) of the main text. For J

�

> Jc

�

,
the s = 1 operator with � =

2
5 +

1
10 can be combined with Simp to produce the �2 perturbation.

3. DMRG methods

In order to study the Y junction with the chiral boundary interaction in this work, we have used a suitable
extension of the DMRG proposed by Guo and White [61]. It is possible to use the ordinary DMRG [41] to investigate
such junctions by mapping the junction to a one-dimensional system with long-range interactions. However, the
computational effort required to treat these interactions is equivalent to considering periodic boundary conditions.
Therefore, a large truncated Hilbert space is necessary in order to obtain results with a reasonable accuracy. In
contrast, the accuracy achieved by the procedure of Ref. [61] is close to that of DMRG for open chains.

Using the DMRG to estimate the energies and the three-spin correlations of finite-size Y junctions, we have con-
sidered up to m = 150 kept states per block. At the final sweep, the truncation error is typically smaller than 10

�8.
In order to check the accuracy of our DMRG results, for fixed system size, we compared the numerical data obtained
by keeping m ⇡ 150 and m = 50 states. We have observed that the energies are obtained with a precision of at
least ⇠ 10

�5. Finally, we emphasize that errors related to the choice of fitting interval in determining the power-law
exponent ⌫(J

x

) of three-spin correlations, cf. Table I in the main text, are at least one order of magnitude smaller
than the values acquired by the DMRG. In Table III, we summarize our DMRG results for different fitting intervals
in order to validate this statement.



Imposing chiral boundary conditions

• SU(2) invariant chiral fixed points (C):

• Relevant perturbation: �H = �1
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• C point requires fine tuning 𝜆1=0; magnetization switches 
from integer to half-integer values (cf. double barrier). 
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JR,↵(x) = JL,↵±1(�x)
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• Boundary CFT: fusion with Z3-charged fields in Z3  sector. (5)



A check: boundary entropy

• Critical point must have the highest “ground state 
degeneracy” g because g decreases under the 
renormalization group flow (g-theorem).

[Affleck, Ludwig 1991]
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gC = 2
<latexit sha1_base64="juWxIrKKIu+ibdqKBrI4ls4ydOg=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUI5uIxgnlAsobZSW8yZPbBTK8alv0PLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm4Wt4vbO7t5+6eCwpaNEcWjySEaq4zENUoTQRIESOrECFngS2t64PvXbD6C0iMI7nMTgBmwYCl9whka6H/bTHsITpvUsu6r2S2W7Ys9Al4mTkzLJ0eiXvnqDiCcBhMgl07rr2DG6KVMouISs2Es0xIyP2RC6hoYsAO2ms6szemqUAfUjZSpEOlN/T6Qs0HoSeKYzYDjSi95U/M/rJuhfuqkI4wQh5PNFfiIpRnQaAR0IBRzlxBDGlTC3Uj5iinE0QRVNCM7iy8ukVa04dsW5PS/XrvM4CuSYnJAz4pALUiM3pEGahBNFnskrebMerRfr3fqYt65Y+cwR+QPr8weasJKP</latexit><latexit sha1_base64="juWxIrKKIu+ibdqKBrI4ls4ydOg=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUI5uIxgnlAsobZSW8yZPbBTK8alv0PLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm4Wt4vbO7t5+6eCwpaNEcWjySEaq4zENUoTQRIESOrECFngS2t64PvXbD6C0iMI7nMTgBmwYCl9whka6H/bTHsITpvUsu6r2S2W7Ys9Al4mTkzLJ0eiXvnqDiCcBhMgl07rr2DG6KVMouISs2Es0xIyP2RC6hoYsAO2ms6szemqUAfUjZSpEOlN/T6Qs0HoSeKYzYDjSi95U/M/rJuhfuqkI4wQh5PNFfiIpRnQaAR0IBRzlxBDGlTC3Uj5iinE0QRVNCM7iy8ukVa04dsW5PS/XrvM4CuSYnJAz4pALUiM3pEGahBNFnskrebMerRfr3fqYt65Y+cwR+QPr8weasJKP</latexit><latexit sha1_base64="juWxIrKKIu+ibdqKBrI4ls4ydOg=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUI5uIxgnlAsobZSW8yZPbBTK8alv0PLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm4Wt4vbO7t5+6eCwpaNEcWjySEaq4zENUoTQRIESOrECFngS2t64PvXbD6C0iMI7nMTgBmwYCl9whka6H/bTHsITpvUsu6r2S2W7Ys9Al4mTkzLJ0eiXvnqDiCcBhMgl07rr2DG6KVMouISs2Es0xIyP2RC6hoYsAO2ms6szemqUAfUjZSpEOlN/T6Qs0HoSeKYzYDjSi95U/M/rJuhfuqkI4wQh5PNFfiIpRnQaAR0IBRzlxBDGlTC3Uj5iinE0QRVNCM7iy8ukVa04dsW5PS/XrvM4CuSYnJAz4pALUiM3pEGahBNFnskrebMerRfr3fqYt65Y+cwR+QPr8weasJKP</latexit><latexit sha1_base64="juWxIrKKIu+ibdqKBrI4ls4ydOg=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6EUI5uIxgnlAsobZSW8yZPbBTK8alv0PLx4U8eq/ePNvnCR70MSChqKqm+4uL5ZCo21/Wyura+sbm4Wt4vbO7t5+6eCwpaNEcWjySEaq4zENUoTQRIESOrECFngS2t64PvXbD6C0iMI7nMTgBmwYCl9whka6H/bTHsITpvUsu6r2S2W7Ys9Al4mTkzLJ0eiXvnqDiCcBhMgl07rr2DG6KVMouISs2Es0xIyP2RC6hoYsAO2ms6szemqUAfUjZSpEOlN/T6Qs0HoSeKYzYDjSi95U/M/rJuhfuqkI4wQh5PNFfiIpRnQaAR0IBRzlxBDGlTC3Uj5iinE0QRVNCM7iy8ukVa04dsW5PS/XrvM4CuSYnJAz4pALUiM3pEGahBNFnskrebMerRfr3fqYt65Y+cwR+QPr8weasJKP</latexit>

Kondo: 

Chiral: (same as double barrier/resonant level)



Three-spin correlations

• At the chiral fixed point:

• At O and K points, apply first-order perturbation theory in 
the irrelevant chiral operator (scaling dimension Δ): 

G3(x) = hS1(x) · [S2(x)⇥ S3(x)]i
<latexit sha1_base64="/9YI2qf6InVEZBGpmz9N9MQna2A="></latexit><latexit sha1_base64="/9YI2qf6InVEZBGpmz9N9MQna2A="></latexit><latexit sha1_base64="/9YI2qf6InVEZBGpmz9N9MQna2A="></latexit><latexit sha1_base64="/9YI2qf6InVEZBGpmz9N9MQna2A="></latexit>

G3(x) ⇠
(�1)x

x
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<latexit sha1_base64="/P2uhK9Dnu9UgLBBO4W/904zGfw=">AAACCnicbVC7TsNAEDyHVwgvAyXNQYSUFAQ7QYIyggLKIJGHFDvW+XJOTjk/dHdGiSzXNPwKDQUI0fIFdPwNl8QFBEZaaTSzq90dN2JUSMP40nJLyyura/n1wsbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213dDX12/eECxoGd3ISEdtHg4B6FCOpJEc/vHZqpXHZEtSHlscRTkonZrk3TpNxL6mdVtPU0YtGxZgB/iVmRoogQ8PRP61+iGOfBBIzJETXNCJpJ4hLihlJC1YsSITwCA1IV9EA+UTYyeyVFB4rpQ+9kKsKJJypPycS5Asx8V3V6SM5FIveVPzP68bSu7ATGkSxJAGeL/JiBmUIp7nAPuUESzZRBGFO1a0QD5EKRKr0CioEc/Hlv6RVrZhGxbw9K9Yvszjy4AAcgRIwwTmogxvQAE2AwQN4Ai/gVXvUnrU37X3emtOymX3wC9rHN/ZkmSs=</latexit><latexit sha1_base64="/P2uhK9Dnu9UgLBBO4W/904zGfw=">AAACCnicbVC7TsNAEDyHVwgvAyXNQYSUFAQ7QYIyggLKIJGHFDvW+XJOTjk/dHdGiSzXNPwKDQUI0fIFdPwNl8QFBEZaaTSzq90dN2JUSMP40nJLyyura/n1wsbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213dDX12/eECxoGd3ISEdtHg4B6FCOpJEc/vHZqpXHZEtSHlscRTkonZrk3TpNxL6mdVtPU0YtGxZgB/iVmRoogQ8PRP61+iGOfBBIzJETXNCJpJ4hLihlJC1YsSITwCA1IV9EA+UTYyeyVFB4rpQ+9kKsKJJypPycS5Asx8V3V6SM5FIveVPzP68bSu7ATGkSxJAGeL/JiBmUIp7nAPuUESzZRBGFO1a0QD5EKRKr0CioEc/Hlv6RVrZhGxbw9K9Yvszjy4AAcgRIwwTmogxvQAE2AwQN4Ai/gVXvUnrU37X3emtOymX3wC9rHN/ZkmSs=</latexit><latexit sha1_base64="/P2uhK9Dnu9UgLBBO4W/904zGfw=">AAACCnicbVC7TsNAEDyHVwgvAyXNQYSUFAQ7QYIyggLKIJGHFDvW+XJOTjk/dHdGiSzXNPwKDQUI0fIFdPwNl8QFBEZaaTSzq90dN2JUSMP40nJLyyura/n1wsbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213dDX12/eECxoGd3ISEdtHg4B6FCOpJEc/vHZqpXHZEtSHlscRTkonZrk3TpNxL6mdVtPU0YtGxZgB/iVmRoogQ8PRP61+iGOfBBIzJETXNCJpJ4hLihlJC1YsSITwCA1IV9EA+UTYyeyVFB4rpQ+9kKsKJJypPycS5Asx8V3V6SM5FIveVPzP68bSu7ATGkSxJAGeL/JiBmUIp7nAPuUESzZRBGFO1a0QD5EKRKr0CioEc/Hlv6RVrZhGxbw9K9Yvszjy4AAcgRIwwTmogxvQAE2AwQN4Ai/gVXvUnrU37X3emtOymX3wC9rHN/ZkmSs=</latexit><latexit sha1_base64="/P2uhK9Dnu9UgLBBO4W/904zGfw=">AAACCnicbVC7TsNAEDyHVwgvAyXNQYSUFAQ7QYIyggLKIJGHFDvW+XJOTjk/dHdGiSzXNPwKDQUI0fIFdPwNl8QFBEZaaTSzq90dN2JUSMP40nJLyyura/n1wsbm1vaOvrvXEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213dDX12/eECxoGd3ISEdtHg4B6FCOpJEc/vHZqpXHZEtSHlscRTkonZrk3TpNxL6mdVtPU0YtGxZgB/iVmRoogQ8PRP61+iGOfBBIzJETXNCJpJ4hLihlJC1YsSITwCA1IV9EA+UTYyeyVFB4rpQ+9kKsKJJypPycS5Asx8V3V6SM5FIveVPzP68bSu7ATGkSxJAGeL/JiBmUIp7nAPuUESzZRBGFO1a0QD5EKRKr0CioEc/Hlv6RVrZhGxbw9K9Yvszjy4AAcgRIwwTmogxvQAE2AwQN4Ai/gVXvUnrU37X3emtOymX3wC9rHN/ZkmSs=</latexit>

G3(x) ⇠
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x
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<latexit sha1_base64="zl+uXSDbVD8kAm0sYj7njFlLX0o=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoUUtSBV0WFXRZwT6gSctkOrFDJw9mJtIS8hNu/BU3LhRxK7jzb5ymWWjrgQuHc+7l3nuckFEhDeNbyy0sLi2v5FcLa+sbm1v69k5TBBHHpIEDFvC2gwRh1CcNSSUj7ZAT5DmMtJzh5cRvPRAuaODfyXFIbA/d+9SlGEkl9fSj695JaVS2BPWg5XKE49KxWe6OknjUja0rwiQ6THWzmiQ9vWhUjBRwnpgZKYIM9Z7+ZfUDHHnEl5ghITqmEUo7RlxSzEhSsCJBQoSH6J50FPWRR4Qdp18l8EApfegGXJUvYar+noiRJ8TYc1Snh+RAzHoT8T+vE0n33I6pH0aS+Hi6yI0YlAGcRAT7lBMs2VgRhDlVt0I8QCoDqYIsqBDM2ZfnSbNaMY2KeXtarF1kceTBHtgHJWCCM1ADN6AOGgCDR/AMXsGb9qS9aO/ax7Q1p2Uzu+APtM8fiOmd0Q==</latexit><latexit sha1_base64="zl+uXSDbVD8kAm0sYj7njFlLX0o=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoUUtSBV0WFXRZwT6gSctkOrFDJw9mJtIS8hNu/BU3LhRxK7jzb5ymWWjrgQuHc+7l3nuckFEhDeNbyy0sLi2v5FcLa+sbm1v69k5TBBHHpIEDFvC2gwRh1CcNSSUj7ZAT5DmMtJzh5cRvPRAuaODfyXFIbA/d+9SlGEkl9fSj695JaVS2BPWg5XKE49KxWe6OknjUja0rwiQ6THWzmiQ9vWhUjBRwnpgZKYIM9Z7+ZfUDHHnEl5ghITqmEUo7RlxSzEhSsCJBQoSH6J50FPWRR4Qdp18l8EApfegGXJUvYar+noiRJ8TYc1Snh+RAzHoT8T+vE0n33I6pH0aS+Hi6yI0YlAGcRAT7lBMs2VgRhDlVt0I8QCoDqYIsqBDM2ZfnSbNaMY2KeXtarF1kceTBHtgHJWCCM1ADN6AOGgCDR/AMXsGb9qS9aO/ax7Q1p2Uzu+APtM8fiOmd0Q==</latexit><latexit sha1_base64="zl+uXSDbVD8kAm0sYj7njFlLX0o=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoUUtSBV0WFXRZwT6gSctkOrFDJw9mJtIS8hNu/BU3LhRxK7jzb5ymWWjrgQuHc+7l3nuckFEhDeNbyy0sLi2v5FcLa+sbm1v69k5TBBHHpIEDFvC2gwRh1CcNSSUj7ZAT5DmMtJzh5cRvPRAuaODfyXFIbA/d+9SlGEkl9fSj695JaVS2BPWg5XKE49KxWe6OknjUja0rwiQ6THWzmiQ9vWhUjBRwnpgZKYIM9Z7+ZfUDHHnEl5ghITqmEUo7RlxSzEhSsCJBQoSH6J50FPWRR4Qdp18l8EApfegGXJUvYar+noiRJ8TYc1Snh+RAzHoT8T+vE0n33I6pH0aS+Hi6yI0YlAGcRAT7lBMs2VgRhDlVt0I8QCoDqYIsqBDM2ZfnSbNaMY2KeXtarF1kceTBHtgHJWCCM1ADN6AOGgCDR/AMXsGb9qS9aO/ax7Q1p2Uzu+APtM8fiOmd0Q==</latexit><latexit sha1_base64="zl+uXSDbVD8kAm0sYj7njFlLX0o=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VoUUtSBV0WFXRZwT6gSctkOrFDJw9mJtIS8hNu/BU3LhRxK7jzb5ymWWjrgQuHc+7l3nuckFEhDeNbyy0sLi2v5FcLa+sbm1v69k5TBBHHpIEDFvC2gwRh1CcNSSUj7ZAT5DmMtJzh5cRvPRAuaODfyXFIbA/d+9SlGEkl9fSj695JaVS2BPWg5XKE49KxWe6OknjUja0rwiQ6THWzmiQ9vWhUjBRwnpgZKYIM9Z7+ZfUDHHnEl5ghITqmEUo7RlxSzEhSsCJBQoSH6J50FPWRR4Qdp18l8EApfegGXJUvYar+noiRJ8TYc1Snh+RAzHoT8T+vE0n33I6pH0aS+Hi6yI0YlAGcRAT7lBMs2VgRhDlVt0I8QCoDqYIsqBDM2ZfnSbNaMY2KeXtarF1kceTBHtgHJWCCM1ADN6AOGgCDR/AMXsGb9qS9aO/ax7Q1p2Uzu+APtM8fiOmd0Q==</latexit>

� = 3
<latexit sha1_base64="2jVKP0oak7UyD6JiK1e8Moi2aCs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKevBYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz85hMqzWP5YEYJ+hHtSx5yRo2VWp1bFIZenXVLZbfiTkEWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgeNiJ9WYUDakfWxbKmmE2s+m947JsVV6JIyVLWnIVP09kdFI61EU2M6ImoGe9ybif147NeGln3GZpAYlmy0KU0FMTCbPkx5XyIwYWUKZ4vZWwgZUUWZsREUbgjf/8iJpnFY8t+Ldn5er13kcBTiEIzgBDy6gCndQgzowEPAMr/DmPDovzrvzMWtdcvKZA/gD5/MHWQKPgA==</latexit><latexit sha1_base64="2jVKP0oak7UyD6JiK1e8Moi2aCs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKevBYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz85hMqzWP5YEYJ+hHtSx5yRo2VWp1bFIZenXVLZbfiTkEWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgeNiJ9WYUDakfWxbKmmE2s+m947JsVV6JIyVLWnIVP09kdFI61EU2M6ImoGe9ybif147NeGln3GZpAYlmy0KU0FMTCbPkx5XyIwYWUKZ4vZWwgZUUWZsREUbgjf/8iJpnFY8t+Ldn5er13kcBTiEIzgBDy6gCndQgzowEPAMr/DmPDovzrvzMWtdcvKZA/gD5/MHWQKPgA==</latexit><latexit sha1_base64="2jVKP0oak7UyD6JiK1e8Moi2aCs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKevBYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz85hMqzWP5YEYJ+hHtSx5yRo2VWp1bFIZenXVLZbfiTkEWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgeNiJ9WYUDakfWxbKmmE2s+m947JsVV6JIyVLWnIVP09kdFI61EU2M6ImoGe9ybif147NeGln3GZpAYlmy0KU0FMTCbPkx5XyIwYWUKZ4vZWwgZUUWZsREUbgjf/8iJpnFY8t+Ldn5er13kcBTiEIzgBDy6gCndQgzowEPAMr/DmPDovzrvzMWtdcvKZA/gD5/MHWQKPgA==</latexit><latexit sha1_base64="2jVKP0oak7UyD6JiK1e8Moi2aCs=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokKehGKevBYwX5AG8pmO2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYng2rjut7O0vLK6tl7YKG5ube/slvb2GzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3kz85hMqzWP5YEYJ+hHtSx5yRo2VWp1bFIZenXVLZbfiTkEWiZeTMuSodUtfnV7M0gilYYJq3fbcxPgZVYYzgeNiJ9WYUDakfWxbKmmE2s+m947JsVV6JIyVLWnIVP09kdFI61EU2M6ImoGe9ybif147NeGln3GZpAYlmy0KU0FMTCbPkx5XyIwYWUKZ4vZWwgZUUWZsREUbgjf/8iJpnFY8t+Ldn5er13kcBTiEIzgBDy6gCndQgzowEPAMr/DmPDovzrvzMWtdcvKZA/gD5/MHWQKPgA==</latexit>
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<latexit sha1_base64="bn8RxmWz0OksU2OX+UDfU8bb60w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi2ItQ1IPHCvYDmlg220m7dLMJuxulhP4PLx4U8ep/8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhaXllda24XtrY3NreKe/utVScSopNGvNYdgKikDOBTc00x04ikUQBx3Ywupr67QeUisXiTo8T9CMyECxklGgj3XvXyDW58EJJaO2sV644VWcG+y9xc1KBHI1e+dPrxzSNUGjKiVJd10m0nxGpGeU4KXmpwoTQERlg11BBIlR+Nrt6Yh8ZpW+HsTQltD1Tf05kJFJqHAWmMyJ6qBa9qfif1011WPMzJpJUo6DzRWHKbR3b0wjsPpNINR8bQqhk5labDolJQJugSiYEd/Hlv6R1UnWdqnt7Wqlf5nEU4QAO4RhcOIc63EADmkBBwhO8wKv1aD1bb9b7vLVg5TP78AvWxzeh8ZHu</latexit><latexit sha1_base64="bn8RxmWz0OksU2OX+UDfU8bb60w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi2ItQ1IPHCvYDmlg220m7dLMJuxulhP4PLx4U8ep/8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhaXllda24XtrY3NreKe/utVScSopNGvNYdgKikDOBTc00x04ikUQBx3Ywupr67QeUisXiTo8T9CMyECxklGgj3XvXyDW58EJJaO2sV644VWcG+y9xc1KBHI1e+dPrxzSNUGjKiVJd10m0nxGpGeU4KXmpwoTQERlg11BBIlR+Nrt6Yh8ZpW+HsTQltD1Tf05kJFJqHAWmMyJ6qBa9qfif1011WPMzJpJUo6DzRWHKbR3b0wjsPpNINR8bQqhk5labDolJQJugSiYEd/Hlv6R1UnWdqnt7Wqlf5nEU4QAO4RhcOIc63EADmkBBwhO8wKv1aD1bb9b7vLVg5TP78AvWxzeh8ZHu</latexit><latexit sha1_base64="bn8RxmWz0OksU2OX+UDfU8bb60w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi2ItQ1IPHCvYDmlg220m7dLMJuxulhP4PLx4U8ep/8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhaXllda24XtrY3NreKe/utVScSopNGvNYdgKikDOBTc00x04ikUQBx3Ywupr67QeUisXiTo8T9CMyECxklGgj3XvXyDW58EJJaO2sV644VWcG+y9xc1KBHI1e+dPrxzSNUGjKiVJd10m0nxGpGeU4KXmpwoTQERlg11BBIlR+Nrt6Yh8ZpW+HsTQltD1Tf05kJFJqHAWmMyJ6qBa9qfif1011WPMzJpJUo6DzRWHKbR3b0wjsPpNINR8bQqhk5labDolJQJugSiYEd/Hlv6R1UnWdqnt7Wqlf5nEU4QAO4RhcOIc63EADmkBBwhO8wKv1aD1bb9b7vLVg5TP78AvWxzeh8ZHu</latexit><latexit sha1_base64="bn8RxmWz0OksU2OX+UDfU8bb60w=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69BIvgqSSi2ItQ1IPHCvYDmlg220m7dLMJuxulhP4PLx4U8ep/8ea/cdvmoNUHA4/3ZpiZFyScKe04X1ZhaXllda24XtrY3NreKe/utVScSopNGvNYdgKikDOBTc00x04ikUQBx3Ywupr67QeUisXiTo8T9CMyECxklGgj3XvXyDW58EJJaO2sV644VWcG+y9xc1KBHI1e+dPrxzSNUGjKiVJd10m0nxGpGeU4KXmpwoTQERlg11BBIlR+Nrt6Yh8ZpW+HsTQltD1Tf05kJFJqHAWmMyJ6qBa9qfif1011WPMzJpJUo6DzRWHKbR3b0wjsPpNINR8bQqhk5labDolJQJugSiYEd/Hlv6R1UnWdqnt7Wqlf5nEU4QAO4RhcOIc63EADmkBBwhO8wKv1aD1bb9b7vLVg5TP78AvWxzeh8ZHu</latexit>

Open:

Kondo:

x

<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

G3(x) ⇠ (�1)xhei
p
⇡['L1(x)�'L2(�x)]

e

i

p
⇡['L2(x)+'L3(�x)]

e

�i

p
⇡['L3(x)+'L1(�x)]i

<latexit sha1_base64="NAIxq0xMvlJVuEdEB7oOWaJMaKY=">AAACnXicdZFRSxtBEMf3rtZqbGta39qHLg2FhJJwmxT0MShFW0QsGCPkzmNvM0kW9/auu3uScNy38pP45rdxEw+iUQcW/vOf/bGzM1EquDaed+e4b9berr/b2Kxsvf/wcbv66fO5TjLFoMcSkaiLiGoQXELPcCPgIlVA40hAP7o6mNf716A0T+SZmaUQxHQs+YgzaqwVVm8Ow0592vA1j3G9SRqXU19QORaA4TLnvv6vTO6nvBj411SlEx7mx6SwQHOZt4t6c9oIileB9hz4ucw7S6D5MtFZIUhJ+GrRW1iteS1vEfi5IKWooTJOw+qtP0xYFoM0TFCtB8RLTZBTZTgTUFT8TENK2RUdw8BKSWPQQb6YboF/WG eIR4myRxq8cB8TOY21nsWRvRlTM9Grtbn5Um2QmdFekHOZZgYke3holAlsEjxfFR5yBcyImRWUKW57xWxCFWXGLrRih0BWv/xcnLdbxGuRf79q3f1yHBvoK/qO6oigXdRFR+gU9RBzvjhd54/z1/3m/naP3ZOHq65TMjvoSbj9e6aPzUg=</latexit><latexit sha1_base64="NAIxq0xMvlJVuEdEB7oOWaJMaKY=">AAACnXicdZFRSxtBEMf3rtZqbGta39qHLg2FhJJwmxT0MShFW0QsGCPkzmNvM0kW9/auu3uScNy38pP45rdxEw+iUQcW/vOf/bGzM1EquDaed+e4b9berr/b2Kxsvf/wcbv66fO5TjLFoMcSkaiLiGoQXELPcCPgIlVA40hAP7o6mNf716A0T+SZmaUQxHQs+YgzaqwVVm8Ow0592vA1j3G9SRqXU19QORaA4TLnvv6vTO6nvBj411SlEx7mx6SwQHOZt4t6c9oIileB9hz4ucw7S6D5MtFZIUhJ+GrRW1iteS1vEfi5IKWooTJOw+qtP0xYFoM0TFCtB8RLTZBTZTgTUFT8TENK2RUdw8BKSWPQQb6YboF/WG eIR4myRxq8cB8TOY21nsWRvRlTM9Grtbn5Um2QmdFekHOZZgYke3holAlsEjxfFR5yBcyImRWUKW57xWxCFWXGLrRih0BWv/xcnLdbxGuRf79q3f1yHBvoK/qO6oigXdRFR+gU9RBzvjhd54/z1/3m/naP3ZOHq65TMjvoSbj9e6aPzUg=</latexit><latexit sha1_base64="NAIxq0xMvlJVuEdEB7oOWaJMaKY=">AAACnXicdZFRSxtBEMf3rtZqbGta39qHLg2FhJJwmxT0MShFW0QsGCPkzmNvM0kW9/auu3uScNy38pP45rdxEw+iUQcW/vOf/bGzM1EquDaed+e4b9berr/b2Kxsvf/wcbv66fO5TjLFoMcSkaiLiGoQXELPcCPgIlVA40hAP7o6mNf716A0T+SZmaUQxHQs+YgzaqwVVm8Ow0592vA1j3G9SRqXU19QORaA4TLnvv6vTO6nvBj411SlEx7mx6SwQHOZt4t6c9oIileB9hz4ucw7S6D5MtFZIUhJ+GrRW1iteS1vEfi5IKWooTJOw+qtP0xYFoM0TFCtB8RLTZBTZTgTUFT8TENK2RUdw8BKSWPQQb6YboF/WG eIR4myRxq8cB8TOY21nsWRvRlTM9Grtbn5Um2QmdFekHOZZgYke3holAlsEjxfFR5yBcyImRWUKW57xWxCFWXGLrRih0BWv/xcnLdbxGuRf79q3f1yHBvoK/qO6oigXdRFR+gU9RBzvjhd54/z1/3m/naP3ZOHq65TMjvoSbj9e6aPzUg=</latexit><latexit sha1_base64="NAIxq0xMvlJVuEdEB7oOWaJMaKY=">AAACnXicdZFRSxtBEMf3rtZqbGta39qHLg2FhJJwmxT0MShFW0QsGCPkzmNvM0kW9/auu3uScNy38pP45rdxEw+iUQcW/vOf/bGzM1EquDaed+e4b9berr/b2Kxsvf/wcbv66fO5TjLFoMcSkaiLiGoQXELPcCPgIlVA40hAP7o6mNf716A0T+SZmaUQxHQs+YgzaqwVVm8Ow0592vA1j3G9SRqXU19QORaA4TLnvv6vTO6nvBj411SlEx7mx6SwQHOZt4t6c9oIileB9hz4ucw7S6D5MtFZIUhJ+GrRW1iteS1vEfi5IKWooTJOw+qtP0xYFoM0TFCtB8RLTZBTZTgTUFT8TENK2RUdw8BKSWPQQb6YboF/WG eIR4myRxq8cB8TOY21nsWRvRlTM9Grtbn5Um2QmdFekHOZZgYke3holAlsEjxfFR5yBcyImRWUKW57xWxCFWXGLrRih0BWv/xcnLdbxGuRf79q3f1yHBvoK/qO6oigXdRFR+gU9RBzvjhd54/z1/3m/naP3ZOHq65TMjvoSbj9e6aPzUg=</latexit>



Numerics: pinpointing the critical point
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• Density matrix renormalization group (DMRG) for Y junctions 
with open boundary at j = L. 

Eg = E
0

(Sz
tot

= 1)� E
0

(Sz
tot

= 0)• Finite-size gap:

OO boundary conditions 
(singlet ground state)

KO boundary conditions 
(triplet ground state)

[Guo and White 2006]

Eg = ⇡v/L
<latexit sha1_base64="B/6i9pEnhf4k6KCF3z4wJGDvoQM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe6KoBehKIIHDxXsB2yXkk2zbWg2WZLZQln6M7x4UMSrv8ab/8a03YO2Phh4vDfDzLwwEdyA6347hZXVtfWN4mZpa3tnd6+8f9A0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHt1G+NmDZcyScYJyyISV/yiFMCVvLvuv3rTsLx6OyhW664VXcGvEy8nFRQjnq3/NXpKZrGTAIVxBjfcxMIMqKBU8EmpU5qWELokPSZb6kkMTNBNjt5gk+s0sOR0rYk4Jn6eyIjsTHjOLSdMYGBWfSm4n+en0J0FWRcJikwSeeLolRgUHj6P+5xzSiIsSWEam5vxXRANKFgUyrZELzFl5dJ87zquVXv8aJSu8njKKIjdIxOkYcuUQ3dozpqIIoUekav6M0B58V5dz7mrQUnnzlEf+B8/gAXn5B2</latexit><latexit sha1_base64="B/6i9pEnhf4k6KCF3z4wJGDvoQM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe6KoBehKIIHDxXsB2yXkk2zbWg2WZLZQln6M7x4UMSrv8ab/8a03YO2Phh4vDfDzLwwEdyA6347hZXVtfWN4mZpa3tnd6+8f9A0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHt1G+NmDZcyScYJyyISV/yiFMCVvLvuv3rTsLx6OyhW664VXcGvEy8nFRQjnq3/NXpKZrGTAIVxBjfcxMIMqKBU8EmpU5qWELokPSZb6kkMTNBNjt5gk+s0sOR0rYk4Jn6eyIjsTHjOLSdMYGBWfSm4n+en0J0FWRcJikwSeeLolRgUHj6P+5xzSiIsSWEam5vxXRANKFgUyrZELzFl5dJ87zquVXv8aJSu8njKKIjdIxOkYcuUQ3dozpqIIoUekav6M0B58V5dz7mrQUnnzlEf+B8/gAXn5B2</latexit><latexit sha1_base64="B/6i9pEnhf4k6KCF3z4wJGDvoQM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe6KoBehKIIHDxXsB2yXkk2zbWg2WZLZQln6M7x4UMSrv8ab/8a03YO2Phh4vDfDzLwwEdyA6347hZXVtfWN4mZpa3tnd6+8f9A0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHt1G+NmDZcyScYJyyISV/yiFMCVvLvuv3rTsLx6OyhW664VXcGvEy8nFRQjnq3/NXpKZrGTAIVxBjfcxMIMqKBU8EmpU5qWELokPSZb6kkMTNBNjt5gk+s0sOR0rYk4Jn6eyIjsTHjOLSdMYGBWfSm4n+en0J0FWRcJikwSeeLolRgUHj6P+5xzSiIsSWEam5vxXRANKFgUyrZELzFl5dJ87zquVXv8aJSu8njKKIjdIxOkYcuUQ3dozpqIIoUekav6M0B58V5dz7mrQUnnzlEf+B8/gAXn5B2</latexit><latexit sha1_base64="B/6i9pEnhf4k6KCF3z4wJGDvoQM=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BIvgqe6KoBehKIIHDxXsB2yXkk2zbWg2WZLZQln6M7x4UMSrv8ab/8a03YO2Phh4vDfDzLwwEdyA6347hZXVtfWN4mZpa3tnd6+8f9A0KtWUNagSSrdDYpjgkjWAg2DtRDMSh4K1wuHt1G+NmDZcyScYJyyISV/yiFMCVvLvuv3rTsLx6OyhW664VXcGvEy8nFRQjnq3/NXpKZrGTAIVxBjfcxMIMqKBU8EmpU5qWELokPSZb6kkMTNBNjt5gk+s0sOR0rYk4Jn6eyIjsTHjOLSdMYGBWfSm4n+en0J0FWRcJikwSeeLolRgUHj6P+5xzSiIsSWEam5vxXRANKFgUyrZELzFl5dJ87zquVXv8aJSu8njKKIjdIxOkYcuUQ3dozpqIIoUekav6M0B58V5dz7mrQUnnzlEf+B8/gAXn5B2</latexit>

Eg = 0
<latexit sha1_base64="fFdIWoKAk2wiqE3qyIpiz+/EkUo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQFMFjBWMLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pZXVtfaO8Wdna3tndq+4fPOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3Uz91hMqzRP5YMYpBjEdSB5xRo2V/Nve4MrtVWtu3Z2BLBOvIDUo0OxVv7r9hGUxSsME1brjuakJcqoMZwInlW6mMaVsRAfYsVTSGHWQz46dkBOr9EmUKFvSkJn6eyKnsdbjOLSdMTVDvehNxf+8TmaiyyDnMs0MSjZfFGWCmIRMPyd9rpAZMbaEMsXtrYQNqaLM2HwqNgRv8eVl8nhW99y6d39ea1wXcZThCI7hFDy4gAbcQRN8YMDhGV7hzZHOi/PufMxbS04xcwh/4Hz+AAE+jiQ=</latexit><latexit sha1_base64="fFdIWoKAk2wiqE3qyIpiz+/EkUo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQFMFjBWMLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pZXVtfaO8Wdna3tndq+4fPOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3Uz91hMqzRP5YMYpBjEdSB5xRo2V/Nve4MrtVWtu3Z2BLBOvIDUo0OxVv7r9hGUxSsME1brjuakJcqoMZwInlW6mMaVsRAfYsVTSGHWQz46dkBOr9EmUKFvSkJn6eyKnsdbjOLSdMTVDvehNxf+8TmaiyyDnMs0MSjZfFGWCmIRMPyd9rpAZMbaEMsXtrYQNqaLM2HwqNgRv8eVl8nhW99y6d39ea1wXcZThCI7hFDy4gAbcQRN8YMDhGV7hzZHOi/PufMxbS04xcwh/4Hz+AAE+jiQ=</latexit><latexit sha1_base64="fFdIWoKAk2wiqE3qyIpiz+/EkUo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQFMFjBWMLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pZXVtfaO8Wdna3tndq+4fPOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3Uz91hMqzRP5YMYpBjEdSB5xRo2V/Nve4MrtVWtu3Z2BLBOvIDUo0OxVv7r9hGUxSsME1brjuakJcqoMZwInlW6mMaVsRAfYsVTSGHWQz46dkBOr9EmUKFvSkJn6eyKnsdbjOLSdMTVDvehNxf+8TmaiyyDnMs0MSjZfFGWCmIRMPyd9rpAZMbaEMsXtrYQNqaLM2HwqNgRv8eVl8nhW99y6d39ea1wXcZThCI7hFDy4gAbcQRN8YMDhGV7hzZHOi/PufMxbS04xcwh/4Hz+AAE+jiQ=</latexit><latexit sha1_base64="fFdIWoKAk2wiqE3qyIpiz+/EkUo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQFMFjBWMLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHA4/3ZpiZF6aCa+O6305pZXVtfaO8Wdna3tndq+4fPOokUwx9lohEtUOqUXCJvuFGYDtVSONQYCsc3Uz91hMqzRP5YMYpBjEdSB5xRo2V/Nve4MrtVWtu3Z2BLBOvIDUo0OxVv7r9hGUxSsME1brjuakJcqoMZwInlW6mMaVsRAfYsVTSGHWQz46dkBOr9EmUKFvSkJn6eyKnsdbjOLSdMTVDvehNxf+8TmaiyyDnMs0MSjZfFGWCmIRMPyd9rpAZMbaEMsXtrYQNqaLM2HwqNgRv8eVl8nhW99y6d39ea1wXcZThCI7hFDy4gAbcQRN8YMDhGV7hzZHOi/PufMxbS04xcwh/4Hz+AAE+jiQ=</latexit>

Jc
� ⇡ 3.1J
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Figure 2. DMRG results for the finite-size energy gap Eg/J ,
rescaled by the chain length L, vs J�/J for several L. The
inset highlights the crossing that determines the critical point.
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Figure 3. Three-spin correlations, G3(j), vs distance from
the junction for L = 80 and three values of J�. The data for
J� = 0.4 J and J� = 8 J are scaled up by a factor 10. Solid
lines represent fits to a power-law decay.

ends. Partition functions with other boundary conditions
can be generated via fusion [38]. The boundary opera-
tors that perturb the K point can be determined using
double fusion with the spin-1/2 primary in the SU(2)3
sector [39, 40]. The leading irrelevant operator is the
Kac-Moody descendant J �1 ·�1, where J is the SU(2)3

current and �1 is the spin-1 primary. This T -invariant
operator has scaling dimension � = 7/5, as in the free-
electron three-channel Kondo model [38, 39]. Similarly,
the leading chiral boundary operator at the K point is the
dimension-8/5 field of Z(5)

3 [55]. Moreover, the operator
content at the K point includes only irrelevant boundary
operators in the presence of cyclic exchange symmetry
[50].

DMRG results.—We now describe numerical results for
Y junctions with chain length L using the DMRG algo-
rithm by Guo and White [59], which works efficiently for
open boundary conditions at j = L. First, we look for the
critical point by analyzing the finite-size gap E

g

between
the lowest-energy state with Sz

tot =

P
j,↵

Sz

j,↵

= 0 and
the one with Sz

tot = 1. For large L, at weak coupling we

Table I. Exponent ⌫(J�) obtained by fitting the decay of G3(j)
in the interval 8  j  L/2. The extrapolated value follows
from a second-order-polynomial fit. The last column shows
the predictions for the O, C, and K points, respectively.

J�/J L = 40 L = 60 L = 80 Extrap. Expected
0.4 3.56 3.51 3.49 3.45 3.5
3.11 1.89 1.79 1.74 1.59 1.5
8 2.31 2.22 2.18 2.08 2.1

expect E
g

to approach the singlet-triplet gap of decou-
pled chains (O point), E

g

= ⇡v/L. On the other hand, at
strong coupling, the BCFT approach predicts (through
the partition function ZKO [50]) that the ground state
is a triplet and hence E

g

should vanish identically. We
indeed observe a (L-dependent) level crossing between a
singlet ground state for small J

�

and a triplet for large
J

�

, see Fig. 2. The critical point is then determined from
the crossing of the LE

g

vs J
�

curves for 40  L  80,
resulting in Jc

�

/J = 3.11(1).
Next, we calculate the three-spin ground-state corre-

lation function G3(j) = h ˆC
j

i = hS
j,1 · (S

j,2 ⇥ S
j,3)i. At

the C point, the long-distance decay of G3(j) is governed
by the bulk scaling dimension of ˆC

j

, where our BCFT
predicts G3(j) ⇠ (�1)

jj�⌫C with ⌫C = 3/2. Near the
T -symmetric O and K points, the leading chiral bound-
ary operator has dimension �O = 3 and �K = 8/5,
respectively. Standard perturbation theory around these
fixed points then readily yields G3(j) ⇠ (�1)

jj�⌫O,K with
⌫O = 7/2 and ⌫K = 21/10, respectively. Our DMRG re-
sults for G3(j) are shown in Fig. 3. First, we note that
G3(j) has much larger magnitude and decays more slowly
at the critical point. Fitting the numerical results to a
power law expression with smooth and staggered parts
yields the exponent ⌫(J

�

) of the dominant staggered term
as listed in Table I. For the fit, we only took into account
data for G3(j) with 8  j  L/2 in order to avoid both
the non-universal short-distance behavior and effects due
to the open boundary at j = L. Our DMRG results in
Table I agree well with the analytical predictions. The
deviation is most significant at the C point, where one
however also observes the strongest finite-size effects. We
emphasize that the DMRG results also show a slow decay
of G3(j) over a wide region around the critical point.

Conclusions and Outlook.—We have demonstrated
that a Y junction of Heisenberg chains acts as a per-
fect quantum spin circulator in the vicinity of a critical
point that can be reached by tuning the three-spin inter-
action J

�

. In addition to applications as a nonreciprocal
device for pure spin transport, this spin circulator can
be used for constructing two-dimensional networks real-
izing CSL phases, where the chirality of each node can
be independently tuned [30]. In fact, such an approach
could allow for the systematic design of tailor-made syn-
thetic quantum materials harboring CSL phases. For in-
stance, a network with uniform chirality corresponds to

Open
Chiral
Kondo

exponents:
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Figure 2. DMRG results for the finite-size energy gap Eg/J ,
rescaled by the chain length L, vs J�/J for several L. The
inset highlights the crossing that determines the critical point.
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Figure 3. Three-spin correlations, G3(j), vs distance from
the junction for L = 80 and three values of J�. The data for
J� = 0.4 J and J� = 8 J are scaled up by a factor 10. Solid
lines represent fits to a power-law decay.

ends. Partition functions with other boundary conditions
can be generated via fusion [38]. The boundary opera-
tors that perturb the K point can be determined using
double fusion with the spin-1/2 primary in the SU(2)3
sector [39, 40]. The leading irrelevant operator is the
Kac-Moody descendant J �1 ·�1, where J is the SU(2)3

current and �1 is the spin-1 primary. This T -invariant
operator has scaling dimension � = 7/5, as in the free-
electron three-channel Kondo model [38, 39]. Similarly,
the leading chiral boundary operator at the K point is the
dimension-8/5 field of Z(5)

3 [55]. Moreover, the operator
content at the K point includes only irrelevant boundary
operators in the presence of cyclic exchange symmetry
[50].

DMRG results.—We now describe numerical results for
Y junctions with chain length L using the DMRG algo-
rithm by Guo and White [59], which works efficiently for
open boundary conditions at j = L. First, we look for the
critical point by analyzing the finite-size gap E

g

between
the lowest-energy state with Sz

tot =

P
j,↵

Sz

j,↵

= 0 and
the one with Sz

tot = 1. For large L, at weak coupling we

Table I. Exponent ⌫(J�) obtained by fitting the decay of G3(j)
in the interval 8  j  L/2. The extrapolated value follows
from a second-order-polynomial fit. The last column shows
the predictions for the O, C, and K points, respectively.

J�/J L = 40 L = 60 L = 80 Extrap. Expected
0.4 3.56 3.51 3.49 3.45 3.5
3.11 1.89 1.79 1.74 1.59 1.5
8 2.31 2.22 2.18 2.08 2.1

expect E
g

to approach the singlet-triplet gap of decou-
pled chains (O point), E

g

= ⇡v/L. On the other hand, at
strong coupling, the BCFT approach predicts (through
the partition function ZKO [50]) that the ground state
is a triplet and hence E

g

should vanish identically. We
indeed observe a (L-dependent) level crossing between a
singlet ground state for small J

�

and a triplet for large
J

�

, see Fig. 2. The critical point is then determined from
the crossing of the LE

g

vs J
�

curves for 40  L  80,
resulting in Jc

�

/J = 3.11(1).
Next, we calculate the three-spin ground-state corre-

lation function G3(j) = h ˆC
j

i = hS
j,1 · (S

j,2 ⇥ S
j,3)i. At

the C point, the long-distance decay of G3(j) is governed
by the bulk scaling dimension of ˆC

j

, where our BCFT
predicts G3(j) ⇠ (�1)

jj�⌫C with ⌫C = 3/2. Near the
T -symmetric O and K points, the leading chiral bound-
ary operator has dimension �O = 3 and �K = 8/5,
respectively. Standard perturbation theory around these
fixed points then readily yields G3(j) ⇠ (�1)

jj�⌫O,K with
⌫O = 7/2 and ⌫K = 21/10, respectively. Our DMRG re-
sults for G3(j) are shown in Fig. 3. First, we note that
G3(j) has much larger magnitude and decays more slowly
at the critical point. Fitting the numerical results to a
power law expression with smooth and staggered parts
yields the exponent ⌫(J

�

) of the dominant staggered term
as listed in Table I. For the fit, we only took into account
data for G3(j) with 8  j  L/2 in order to avoid both
the non-universal short-distance behavior and effects due
to the open boundary at j = L. Our DMRG results in
Table I agree well with the analytical predictions. The
deviation is most significant at the C point, where one
however also observes the strongest finite-size effects. We
emphasize that the DMRG results also show a slow decay
of G3(j) over a wide region around the critical point.

Conclusions and Outlook.—We have demonstrated
that a Y junction of Heisenberg chains acts as a per-
fect quantum spin circulator in the vicinity of a critical
point that can be reached by tuning the three-spin inter-
action J

�

. In addition to applications as a nonreciprocal
device for pure spin transport, this spin circulator can
be used for constructing two-dimensional networks real-
izing CSL phases, where the chirality of each node can
be independently tuned [30]. In fact, such an approach
could allow for the systematic design of tailor-made syn-
thetic quantum materials harboring CSL phases. For in-
stance, a network with uniform chirality corresponds to

Open
Chiral
Kondo

exponents:



Spin conductance

• Kubo formula:

G

ab
↵↵0 = � lim

!!0+

1

!L

Z +1

�1
d⌧

Z L

0
dx hT⌧J

a
↵(y, ⌧)J

b
↵0(x, 0)i
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Gab
↵↵0 = G0�

ab (�↵↵0 � �↵,↵0±1)
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(gµB)2

h
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• Spin current operator:

• At the SU(2)-symmetric chiral fixed point, conductance is 
maximally asymmetric: ideal quantum spin circulator. 

J↵(x, ⌧) = JR,↵(z̄)� JL,↵(z)
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Numerical result for the spin conductance
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• Using conformal symmetry, 
conductance can be calculated 
from static correlations on strip 
with the same boundary 
condition at both ends. 

1

2

3

J1L

J2R

J2L

J3R

J3L

J1R

x = 0 x = L

1

2

3

[Rahmani et al. 2010]

• DMRG for finite chains: 
conductance peak at critical 
value of J𝜒.
[Buccheri, Egger, R.P. & Ramos, in preparation]



From Y junction to networks: uniform chirality

JR,↵(0) = JL,↵+1(0)
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• Finite spin gap in the bulk 
and gapless edge states 
(chiral SU(2)1 WZW model): 
Kalmeyer-Laughlin chiral 
spin liquid. 

Egap ⇠ v/L
<latexit sha1_base64="+IO8r0+TMUke950tdQfA90kis5g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5qIoMuiCC5cVLAPaEKYTCft0MmDmZtiiVn4K25cKOLW33Dn3zhts9DWAxcO59zLvff4ieAKLOvbWFhcWl5ZLa2V1zc2t7bNnd2milNJWYPGIpZtnygmeMQawEGwdiIZCX3BWv7gauy3hkwqHkf3MEqYG5JexANOCWjJM/evvcwB9gBZjyR57ige4uHJrWdWrKo1AZ4ndkEqqEDdM7+cbkzTkEVABVGqY1sJuBmRwKlgedlJFUsIHZAe62gakZApN5vcn+MjrXRxEEtdEeCJ+nsiI6FSo9DXnSGBvpr1xuJ/XieF4MLNeJSkwCI6XRSkAkOMx2HgLpeMghhpQqjk+lZM+0QSCjqysg7Bnn15njRPq7ZVte/OKrXLIo4SOkCH6BjZ6BzV0A2qowai6BE9o1f0ZjwZL8a78TFtXTCKmT30B8bnDye5lio=</latexit><latexit sha1_base64="+IO8r0+TMUke950tdQfA90kis5g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5qIoMuiCC5cVLAPaEKYTCft0MmDmZtiiVn4K25cKOLW33Dn3zhts9DWAxcO59zLvff4ieAKLOvbWFhcWl5ZLa2V1zc2t7bNnd2milNJWYPGIpZtnygmeMQawEGwdiIZCX3BWv7gauy3hkwqHkf3MEqYG5JexANOCWjJM/evvcwB9gBZjyR57ige4uHJrWdWrKo1AZ4ndkEqqEDdM7+cbkzTkEVABVGqY1sJuBmRwKlgedlJFUsIHZAe62gakZApN5vcn+MjrXRxEEtdEeCJ+nsiI6FSo9DXnSGBvpr1xuJ/XieF4MLNeJSkwCI6XRSkAkOMx2HgLpeMghhpQqjk+lZM+0QSCjqysg7Bnn15njRPq7ZVte/OKrXLIo4SOkCH6BjZ6BzV0A2qowai6BE9o1f0ZjwZL8a78TFtXTCKmT30B8bnDye5lio=</latexit><latexit sha1_base64="+IO8r0+TMUke950tdQfA90kis5g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5qIoMuiCC5cVLAPaEKYTCft0MmDmZtiiVn4K25cKOLW33Dn3zhts9DWAxcO59zLvff4ieAKLOvbWFhcWl5ZLa2V1zc2t7bNnd2milNJWYPGIpZtnygmeMQawEGwdiIZCX3BWv7gauy3hkwqHkf3MEqYG5JexANOCWjJM/evvcwB9gBZjyR57ige4uHJrWdWrKo1AZ4ndkEqqEDdM7+cbkzTkEVABVGqY1sJuBmRwKlgedlJFUsIHZAe62gakZApN5vcn+MjrXRxEEtdEeCJ+nsiI6FSo9DXnSGBvpr1xuJ/XieF4MLNeJSkwCI6XRSkAkOMx2HgLpeMghhpQqjk+lZM+0QSCjqysg7Bnn15njRPq7ZVte/OKrXLIo4SOkCH6BjZ6BzV0A2qowai6BE9o1f0ZjwZL8a78TFtXTCKmT30B8bnDye5lio=</latexit><latexit sha1_base64="+IO8r0+TMUke950tdQfA90kis5g=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5qIoMuiCC5cVLAPaEKYTCft0MmDmZtiiVn4K25cKOLW33Dn3zhts9DWAxcO59zLvff4ieAKLOvbWFhcWl5ZLa2V1zc2t7bNnd2milNJWYPGIpZtnygmeMQawEGwdiIZCX3BWv7gauy3hkwqHkf3MEqYG5JexANOCWjJM/evvcwB9gBZjyR57ige4uHJrWdWrKo1AZ4ndkEqqEDdM7+cbkzTkEVABVGqY1sJuBmRwKlgedlJFUsIHZAe62gakZApN5vcn+MjrXRxEEtdEeCJ+nsiI6FSo9DXnSGBvpr1xuJ/XieF4MLNeJSkwCI6XRSkAkOMx2HgLpeMghhpQqjk+lZM+0QSCjqysg7Bnn15njRPq7ZVte/OKrXLIo4SOkCH6BjZ6BzV0A2qowai6BE9o1f0ZjwZL8a78TFtXTCKmT30B8bnDye5lio=</latexit>

J� > 0
<latexit sha1_base64="J6fYfR9C5MUtZC8IjQOujOi1Nxg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvYinCvYD2lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWat/1umzIr9xeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7N4JObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0edLnCpkRY0soU9zeStiQKsqMjahkQ/AWX14mzbOq51a9+/NK7TqPowhHcAyn4MEF1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AEIGj3E=</latexit><latexit sha1_base64="J6fYfR9C5MUtZC8IjQOujOi1Nxg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvYinCvYD2lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWat/1umzIr9xeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7N4JObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0edLnCpkRY0soU9zeStiQKsqMjahkQ/AWX14mzbOq51a9+/NK7TqPowhHcAyn4MEF1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AEIGj3E=</latexit><latexit sha1_base64="J6fYfR9C5MUtZC8IjQOujOi1Nxg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvYinCvYD2lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWat/1umzIr9xeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7N4JObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0edLnCpkRY0soU9zeStiQKsqMjahkQ/AWX14mzbOq51a9+/NK7TqPowhHcAyn4MEF1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AEIGj3E=</latexit><latexit sha1_base64="J6fYfR9C5MUtZC8IjQOujOi1Nxg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvYinCvYD2lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWat/1umzIr9xeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7N4JObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0edLnCpkRY0soU9zeStiQKsqMjahkQ/AWX14mzbOq51a9+/NK7TqPowhHcAyn4MEF1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AEIGj3E=</latexit>

J� > 0
<latexit sha1_base64="J6fYfR9C5MUtZC8IjQOujOi1Nxg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvYinCvYD2lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWat/1umzIr9xeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7N4JObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0edLnCpkRY0soU9zeStiQKsqMjahkQ/AWX14mzbOq51a9+/NK7TqPowhHcAyn4MEF1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AEIGj3E=</latexit><latexit sha1_base64="J6fYfR9C5MUtZC8IjQOujOi1Nxg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvYinCvYD2lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWat/1umzIr9xeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7N4JObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0edLnCpkRY0soU9zeStiQKsqMjahkQ/AWX14mzbOq51a9+/NK7TqPowhHcAyn4MEF1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AEIGj3E=</latexit><latexit sha1_base64="J6fYfR9C5MUtZC8IjQOujOi1Nxg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvYinCvYD2lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWat/1umzIr9xeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7N4JObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0edLnCpkRY0soU9zeStiQKsqMjahkQ/AWX14mzbOq51a9+/NK7TqPowhHcAyn4MEF1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AEIGj3E=</latexit><latexit sha1_base64="J6fYfR9C5MUtZC8IjQOujOi1Nxg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JMUvYinCvYD2lA220m7dLOJuxuhhP4JLx4U8erf8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53Cyura+kZxs7S1vbO7V94/aOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDP1W0+oNI/lgxkn6Ed0IHnIGTVWat/1umzIr9xeueJW3RnIMvFyUoEc9V75q9uPWRqhNExQrTuemxg/o8pwJnBS6qYaE8pGdIAdSyWNUPvZ7N4JObFKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89DMuk9SgZPNFYSqIicn0edLnCpkRY0soU9zeStiQKsqMjahkQ/AWX14mzbOq51a9+/NK7TqPowhHcAyn4MEF1OAW6tAABgKe4RXenEfnxXl3PuatBSefOYQ/cD5/AEIGj3E=</latexit>

[Kalmeyer & Laughlin 1987]

• Cf. coupled-chain constructions.
[Gorohovsky, R.P. & Sela 2015]
[Huang … Chamon & Mudry 2016]

Gabriel Ferraz



From Y junction to networks: uniform chirality

JR,↵(0) = JL,↵+1(0)
<latexit sha1_base64="Xk1QdBAV4DBnPAULsf2tn8oHONU=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkpJRNCNUHQj4qKKvUATwmQ6aYdOJmFmIpTQ53Djq7hxoYg7cePbOGmzqK0HBn6+/xzmnN+PGZXKsn6MwsLi0vJKcbW0tr6xuWVu7zRllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+uMr/1SISkEX9Qw5i4IepxGlCMlEaeaTshUn0/gDdeen/sIBb30ahiHV5M8ducH9mZ45llq2qNC84LOxdlkFfdM7+cboSTkHCFGZKyY1uxclMkFMWMjEpOIkmM8AD1SEdLjkIi3XR82ggeaNKFQST04wqO6fREikIph6GvO7OF5ayXwf+8TqKCczelPE4U4XjyUZAwqCKY5QS7VBCs2FALhAXVu0LcRwJhpdMs6RDs2ZPnRfOkaltV++60XLvM4yiCPbAPKsAGZ6AGrkEdNAAGT+AFvIF349l4NT6Mz0lrwchndsGfMr5/ASw6nwg=</latexit><latexit sha1_base64="Xk1QdBAV4DBnPAULsf2tn8oHONU=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkpJRNCNUHQj4qKKvUATwmQ6aYdOJmFmIpTQ53Djq7hxoYg7cePbOGmzqK0HBn6+/xzmnN+PGZXKsn6MwsLi0vJKcbW0tr6xuWVu7zRllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+uMr/1SISkEX9Qw5i4IepxGlCMlEaeaTshUn0/gDdeen/sIBb30ahiHV5M8ducH9mZ45llq2qNC84LOxdlkFfdM7+cboSTkHCFGZKyY1uxclMkFMWMjEpOIkmM8AD1SEdLjkIi3XR82ggeaNKFQST04wqO6fREikIph6GvO7OF5ayXwf+8TqKCczelPE4U4XjyUZAwqCKY5QS7VBCs2FALhAXVu0LcRwJhpdMs6RDs2ZPnRfOkaltV++60XLvM4yiCPbAPKsAGZ6AGrkEdNAAGT+AFvIF349l4NT6Mz0lrwchndsGfMr5/ASw6nwg=</latexit><latexit sha1_base64="Xk1QdBAV4DBnPAULsf2tn8oHONU=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkpJRNCNUHQj4qKKvUATwmQ6aYdOJmFmIpTQ53Djq7hxoYg7cePbOGmzqK0HBn6+/xzmnN+PGZXKsn6MwsLi0vJKcbW0tr6xuWVu7zRllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+uMr/1SISkEX9Qw5i4IepxGlCMlEaeaTshUn0/gDdeen/sIBb30ahiHV5M8ducH9mZ45llq2qNC84LOxdlkFfdM7+cboSTkHCFGZKyY1uxclMkFMWMjEpOIkmM8AD1SEdLjkIi3XR82ggeaNKFQST04wqO6fREikIph6GvO7OF5ayXwf+8TqKCczelPE4U4XjyUZAwqCKY5QS7VBCs2FALhAXVu0LcRwJhpdMs6RDs2ZPnRfOkaltV++60XLvM4yiCPbAPKsAGZ6AGrkEdNAAGT+AFvIF349l4NT6Mz0lrwchndsGfMr5/ASw6nwg=</latexit><latexit sha1_base64="Xk1QdBAV4DBnPAULsf2tn8oHONU=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkpJRNCNUHQj4qKKvUATwmQ6aYdOJmFmIpTQ53Djq7hxoYg7cePbOGmzqK0HBn6+/xzmnN+PGZXKsn6MwsLi0vJKcbW0tr6xuWVu7zRllAhMGjhikWj7SBJGOWkoqhhpx4Kg0Gek5Q+uMr/1SISkEX9Qw5i4IepxGlCMlEaeaTshUn0/gDdeen/sIBb30ahiHV5M8ducH9mZ45llq2qNC84LOxdlkFfdM7+cboSTkHCFGZKyY1uxclMkFMWMjEpOIkmM8AD1SEdLjkIi3XR82ggeaNKFQST04wqO6fREikIph6GvO7OF5ayXwf+8TqKCczelPE4U4XjyUZAwqCKY5QS7VBCs2FALhAXVu0LcRwJhpdMs6RDs2ZPnRfOkaltV++60XLvM4yiCPbAPKsAGZ6AGrkEdNAAGT+AFvIF349l4NT6Mz0lrwchndsGfMr5/ASw6nwg=</latexit>
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L ! 0, Egap ⇠ J�
<latexit sha1_base64="tAYcj3mrys8iRQ6t7zo3zV/pIJ0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwISURQcFNUQQRFxXsA5oQJtNpO3TyYOZGLCE/4MZfceNCEbfu3fk3TtsstPXAhcM593LvPX4suALL+jYKc/MLi0vF5dLK6tr6hrm51VBRIimr00hEsuUTxQQPWR04CNaKJSOBL1jTH1yM/OY9k4pH4R0MY+YGpBfyLqcEtOSZezcORNg6dM4uvdQB9gBpj8RZ5ige4Gst0T7PPLNsVawx8Cyxc1JGOWqe+eV0IpoELAQqiFJt24rBTYkETgXLSk6iWEzogPRYW9OQBEy56fibDO9rpYO7kdQVAh6rvydSEig1DHzdGRDoq2lvJP7ntRPonropD+MEWEgni7qJwDqAUTS4wyWjIIaaECq5vhXTPpGEgg6wpEOwp1+eJY2jim1V7NvjcvU8j6OIdtAuOkA2OkFVdIVqqI4oekTP6BW9GU/Gi/FufExaC0Y+s43+wPj8ARQAm5Q=</latexit><latexit sha1_base64="tAYcj3mrys8iRQ6t7zo3zV/pIJ0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwISURQcFNUQQRFxXsA5oQJtNpO3TyYOZGLCE/4MZfceNCEbfu3fk3TtsstPXAhcM593LvPX4suALL+jYKc/MLi0vF5dLK6tr6hrm51VBRIimr00hEsuUTxQQPWR04CNaKJSOBL1jTH1yM/OY9k4pH4R0MY+YGpBfyLqcEtOSZezcORNg6dM4uvdQB9gBpj8RZ5ige4Gst0T7PPLNsVawx8Cyxc1JGOWqe+eV0IpoELAQqiFJt24rBTYkETgXLSk6iWEzogPRYW9OQBEy56fibDO9rpYO7kdQVAh6rvydSEig1DHzdGRDoq2lvJP7ntRPonropD+MEWEgni7qJwDqAUTS4wyWjIIaaECq5vhXTPpGEgg6wpEOwp1+eJY2jim1V7NvjcvU8j6OIdtAuOkA2OkFVdIVqqI4oekTP6BW9GU/Gi/FufExaC0Y+s43+wPj8ARQAm5Q=</latexit><latexit sha1_base64="tAYcj3mrys8iRQ6t7zo3zV/pIJ0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwISURQcFNUQQRFxXsA5oQJtNpO3TyYOZGLCE/4MZfceNCEbfu3fk3TtsstPXAhcM593LvPX4suALL+jYKc/MLi0vF5dLK6tr6hrm51VBRIimr00hEsuUTxQQPWR04CNaKJSOBL1jTH1yM/OY9k4pH4R0MY+YGpBfyLqcEtOSZezcORNg6dM4uvdQB9gBpj8RZ5ige4Gst0T7PPLNsVawx8Cyxc1JGOWqe+eV0IpoELAQqiFJt24rBTYkETgXLSk6iWEzogPRYW9OQBEy56fibDO9rpYO7kdQVAh6rvydSEig1DHzdGRDoq2lvJP7ntRPonropD+MEWEgni7qJwDqAUTS4wyWjIIaaECq5vhXTPpGEgg6wpEOwp1+eJY2jim1V7NvjcvU8j6OIdtAuOkA2OkFVdIVqqI4oekTP6BW9GU/Gi/FufExaC0Y+s43+wPj8ARQAm5Q=</latexit><latexit sha1_base64="tAYcj3mrys8iRQ6t7zo3zV/pIJ0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwISURQcFNUQQRFxXsA5oQJtNpO3TyYOZGLCE/4MZfceNCEbfu3fk3TtsstPXAhcM593LvPX4suALL+jYKc/MLi0vF5dLK6tr6hrm51VBRIimr00hEsuUTxQQPWR04CNaKJSOBL1jTH1yM/OY9k4pH4R0MY+YGpBfyLqcEtOSZezcORNg6dM4uvdQB9gBpj8RZ5ige4Gst0T7PPLNsVawx8Cyxc1JGOWqe+eV0IpoELAQqiFJt24rBTYkETgXLSk6iWEzogPRYW9OQBEy56fibDO9rpYO7kdQVAh6rvydSEig1DHzdGRDoq2lvJP7ntRPonropD+MEWEgni7qJwDqAUTS4wyWjIIaaECq5vhXTPpGEgg6wpEOwp1+eJY2jim1V7NvjcvU8j6OIdtAuOkA2OkFVdIVqqI4oekTP6BW9GU/Gi/FufExaC0Y+s43+wPj8ARQAm5Q=</latexit>

[Bauer et al. 2014]

J� > 0
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cf. numerical evidence for 
gapped chiral spin liquid on 

the kagome lattice

• Finite spin gap in the bulk 
and gapless edge states 
(chiral SU(2)1 WZW model): 
Kalmeyer-Laughlin chiral 
spin liquid. [Kalmeyer & Laughlin 1987]

• Cf. coupled-chain constructions.
[Gorohovsky, R.P. & Sela 2015]
[Huang … Chamon & Mudry 2016]
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From Y junction to networks: staggered chirality

1 2

3

• Gapless 1D modes in the 
bulk: gapless chiral spin 
liquid?

• Sliding Luttinger liquid 
equivalent to a spinon Fermi 
surface state.
[R.P. and Bieri, SciPost 2018]
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• A chiral fixed point of Heisenberg spin chains is found 
at a critical point separating a decoupled-chain fixed 
point at weak coupling from a three-channel Kondo 
fixed point at strong coupling.  

• At the chiral fixed point we have an ideal spin circulator, 
which may serve as a building block for network 
constructions of chiral spin liquids. 
[Buccheri, Egger, R.P. & Ramos, PRB 2018]


