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Planar diagrams and strings

Large-N limit: N — oo, A —fixed
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AdS/CFT correspondence

Yang-Mills theory with
N=4 supersymmetry

Maldacena’97
Exact eq uivalenc e Gubser,Klebanov,Polyakov’ 98
Witten’98

String theory on
AdS xS background




AdS/CFT correspondence  wigacensr

N =4 SYM Strings on AdSs x S°
't Hooft coupling: )\ — g%/MN String tension: T — %
A
Number of colors: N String coupling: gS — m
N=00
Large-N limit Free strings fil £ il
Strong coupling Classical strings
Local operators String states
Scaling dimension: A Energy: E Gubser,Klebanov,Polyakov’98

Witten’98



Anti-de-Sitter space (AdS;)
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(O(21)O(x2)O(x3))




String integrability

S° = S50(6)/SO(5)

AdSs = SO(4,2)/S0(4,1)

symmetric spaces

* o0 —model on AdSxS° is integrable

Eichenherr,Forger’79

Superstring:

Super(AdSs x S°) = PSU(2,2[4)/SO(5) x SO(4,1)

* Green-Schwarz o-model 1s also integrable

Metsaev, Tseytlin’98 Bena,Polchinski,Roiban’03



N=4 Supersymmetric Yang-Mills Theory

Gliozzi,Scherk,Olive’77
Brink,Schwarz,Scherk’77

Field content:

A, ®; ¥4 allin the adjoint of SU(N)

Action:
1 4 1 2 2 1 2
S = g}Q/M/dQZtr {§F/M/+<D,UJ(I)I) —§[CI)I,CI)J]

+4UT* D,V — I [®;, xp]}



Operators

 Protected energy-momentum tensor

1
tr (F,MFA’/ ~ 1 5ZF>\,,F>") + scalars + fermions) : A=4

* Non-degenerate

3\ B 32 n 213 N
472 1672 25676

tr®; Py : A=2+ Konishi operator

* Degenerate

tr ;9,9 ;P ;+loop corrections : A = 4 + loop corrections

(mixes with tr ®;® ;9,9 )



Local operators and spin chains

Z =Py + 1Py
W = ®35 + 1Py
1 A ]
W, <> 1 ]

tr LLLLIWWZZZIWW ZLZZWWW ZZW W




Tree level:

One loop:
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A=L (huge degeneracy)

Z w
T LAN
N ZERN
w

s ‘\




One loop dilatation operator:

A

L
— 2
D—L—|—167T2l§_;(1—0'l0'l_|_1)—|—0()\)

D |On> = Ay, |On>

(Ou(@) O () = "0

Heisenberg Hamiltonian

Integrability!



Generic scalar operators :

< >

O = \Ifil"'il’ tr (I)f,;l co (I)z

\

Bethe wavefunction of integrable SO(6) spin chain

L

L
A . . y
H=1L+ > hiis niM = 2601872 — 267260 + 6

16772 — 1122 1122 07172 Minahan, Z.’02

Arbitrary operators w PSU(2,2|4) spin chain

Beisert, Staudacher’03



Defect CFT & 1pt functions

f\ domain wall




Domain walls in N=4 SYM

(@)

o0 A

SUN) SU(N+k)

Eqgs. of motion:

[ti, tj] = ié‘ijktk w k-dim. rep. of SU(2)



1 pt functions

o o C
O = WL tr (I)il ce (I)iL | <O> = prth trq)gi T (I)EIL A
Ly
L
2\z _ 1 (MPS|W¥
C = (SL) L3 (MPS]| : )
A (U|w)>

Matrix product state: ~ MPS;, ;, =trt;, ...t;,

Ipt function in BCFT <&  Overlap in spin chain

de Leeuw, Kristjansen, Z.’15



Integrable boundary states

boundary
o Ghoshal, Zamolodchikov’93
conditions Piroli, Pozsgay, Vernier’17
P
P
p
p T initial
tA . tA state
Wick
rotation
5 I
X X

pure reflection (no particle production) pair entanglement



Integrable boundary states (ctd)

Ghoshal, Zamolodchikov’93
_p Piroli, Pozsgay, Vernier’17

|B) = Zf d"p W (p;)p1,-p1,-- PN —PN)
N

Def. of integrable boundary state:

Qoner |B) =0 Qi=P,...
ﬂ

/ Piroli, Pozsgay, Vernier’17

all parity-odd charges




Is MPS integrable?

su(2) sector:

[ = D 4+ 1Py <
W:(I)3—|—Z(I)4 <>

v

1 L
(MPS| =5 uT]((Hl® o+l ) (for k=2)

rridrrrityd

1
5 tr01010909010101090109 = 1, —1, or 0
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X X/
. \\/\ A
Qs-MPS_ii = 00401 — 040105 = 0

&_/ fI’OIIl {O'Z',O'j} = 26@3

de Leeuw, Kristjansen, Z.’15

= MPS,_, 1s integrable

Works for any Q,,_;, k, and beyond su(2)

de Leeuw, Kristjansen, Linardopoulos’18



MPS and Neéel

Define unitary transformation:

1) = ) +ild)
) = ) =it
then:

1 L
MPS| ~ S aT]({tl®o +(Lled.)

[=1

= (MM + (U] = (Néel

|MPS> =W |Néel) Piroli, Pozsgay, Vernier’17

L global rotation by 90°

de Leeuw, Kristjansen, Z.’15
Piroli, Pozsgay, Vernier’17



N¢éel state as integrable boundary state

Generalized Néel states:

Néely) = 3 [t ttodoo bt [Néel) = |Néel.

l1<...<lM lQ lM
|li_lj | —even

Reflection matrix:

) Cherednik’84
<K(u)| = (T“ (u+ + 5) + <~LT| (u+ - g) + (Tﬂ Au” ut = % de Vega, Gonzalez-Ruiz’93
: (reflection equation)
\ \ i . . AN Sklyanin’88
L
L Az M
(KOPFE| «] - Z@M(Z—) (Néel,|
i le-f W \2



Overlaps

Interested in  (MPS|¥ ;) o< (Néely |V, )

arbitrary Bethe state

(K@W)®F = N N - (1

)(M_(

(K(y1) .- K(yn)| B(z1)... Blam)[0) =
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Freezing trick = Recurrence relations = Determinant representation

Korepin’82; Izergin’87

Result:
(MPS|®p,,5) is non-zero only if {u} = {u;,-u;},, u

and 1s expressed 1n terms of Gaudin-like determinant

Tsuchiya’98
Pozsgay’13

GaUdln norm: Brockmann, DeNardis, Wouters, Caux’14
Foda, Z.’15
01n Bethe;

(Pl Puyy) o< det G Gy = o,

For paired states: fu) ()
= A B {u;}
- B A {-u;}

A B
det(B A):det(A+B)det(A—B)



Factorization of Gaudin determinant

det G = det GT det G~

) 2 2
b= +
Jk 2 2
T+ (uj—uk)” 1+ (uj+uyg)
Gyi'k::( 2, 1 Z ) 0jk, + K
Ui+t m
Overlap:

(MPS‘\D{%‘}> _ 21-% (Q(%) det G+)§

(000 [ W) Q(0) detG- Q(u) =]11(u—uj)

Brockmann, DeNardis, Wouters, Caux’14

1 (87 1 (MPS|¥)
(O(2)) = — e
i (5) (W 0)?



Higher representations

MPS :trtil "'t’iL

L k-dim. rep. of su(2)

& Q0)Q (%)
MPSy| T, 1) = (MPS,| T, L
(MPS;|W,,3) = (MPS, {J})j:_Z%J D EIRED)

11...1],

Buhl-Mortensen, de Leeuw, Kristjansen, Z.’15

related to transfer matrix eigenvalue



Twisted spin chain

Widén’18

Ral (U) - Va_l‘/g_lRal(U)Va‘/}

M|€

V — arbitary 2x2 matrix. Usually: v = (e 2 )
Only invariant reflection matrix can be twisted:
(Kab(u)| VoV = <Kab(u)|

then (Ku(w)|V7Vy?  solves reflection eqn.

(K ()] = (1] (0 + ) e+ (1] (u” =€) e + M

not allowed by twist

* (apparently) no determinant representation for (MPS|¥y, ;)



Beyond su(2)

Nested Bethe ansatz:

{’ka)aj} - {’Ufjjaj _Uj,a}a=1...ra]\r/}kG
j=1...5%58

OBethe,;
8ubj

Gai,bj =

det G = det GT det G~



For SO(6) in vector rep:

(conjectural)

506 _ ngmg_l(g)g_l(%)gl(%) . [
‘ 0+(00+(50-(00-(%) det G-

de Leeuw, Kristjansen, Linardopoulos’17
Q+(x +ia)Q-(x + ia) de Leeuw, Kristjansen, Mori’16

Qi(x +i(a+ INOi(x+ia— 1)

T,(x) = Z (x + ia)*

Q- Ql Q+
O O O

Group-theory interpretation of the prefactor?



For SL(2) spin chain:

1
0= % VD72 D7
S1+..+s=8 21+ - .

(O) o< (MPS[W) = ) Ty,

S1+...+s81,=S

 zero for any highest weight eigenstate

follows from a bCFT theorem
(tensor operators have trivial 1pt functions e, rastelii, van Rees'16
in co-dimension 1 defect CFT),

no internal spin-chain proof



Open problems

MPS for arbitrary symmetry group and general
formula for nested BA

Relation to Q-functions and Quantum Spectral

CurVe Gromov, Kazakov, Leurent, Volin’14

Beyond l_loop ln SYM Buhl-Mortensen, de Leeuw, Ipsen, Kristjansen, Wilhelm’16’17
Relation to string theory and o-models

What other boundary states are integrable?



