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Main Topics

e Dynamics of gauge theories is governed by integral equations

/ Flux = / Charge
39 Q

e That is a conservation law that leads to an isospectral evolution

Viy=UV(0)U

e It connects to integrable field theories

e Integral equations of Yang-Mills theory using
generalized non-abelian Stokes theorem

e Truly gauge invariant conserved charges
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Linear Problem (({% + A“)\If = ()

Lax-Zakharov-Shabat Equation (zero curvature condition)

F,=0A -0A,+4,,A,]=0 w, v =01
A, lives on a Kac-Moody algebra (infinite dimensional)

Infinite number of conservation laws
Inverse scattering method

Dressing method

Hirota method

e Classical r-matrix

e Quantum R-matrix

® ctc
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Flatness and path independency
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Flatness and path independency

X

dW dzt
A, — W =0
do " do
Y W(y) = P e_f’YA“ddL“WR
TR
o At o drHt 01 dxH2
Wzl_/o do'lA,u(O'l)d%‘l—F/o dO'lA'ul(O'l) da;'l /0 dO'QA,MQ(O'Z) dos _
T
_1 2’7'(' _1 dx:u U
WL ()W () = do W™ F,,W——0x
. . do
Y+ 0 l
TR

F., =0
/

W is path independent
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Path independency and conservation laws

F,,, = 0 means that W = Pe [, doAu s 1s path independent

t t
A A

C

-L L -L Cq L

Boundary Condition Ai(—L,t) = Ay (L, 1)

iso-spectral evolution W(Cy) =UW(Co)U™

Eigenvalues of W (C}) are conserved %Tr W(C)]" =0

power series in A: infinite number of conserved quantities
(no Coleman-Mandula)
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2 + 1 dimensions

Charges should be integrals over 2d space

I
»
)
X0
r
X0

space-time surface < > path in loop space

Loop Space: QW) = {f . S' — M | north pole — xo}

Introduce a flat connection A in loop space

F=0A+ANA=0

Construct the charges using path independency!
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The one-form connection on loop space

dxH

A(o)] = [ do W(o) ™ B (a(o)W(o) 02 (0

, /] *

antisymmetric tensor

integrated over a loop |

dW d x*
+ A, — W =0
do P do

variations perpendicular to the loop

A, —gA, gt + - (%gg ! then W — g(x) W g (o)

Buz/ — gB,UJ/ g_l BW — 9(370) B;u/g 1(370) (B,Z[zi = W_l B/ﬂ/ W)



The curvature on loop space



The curvature on loop space

F=0A+ANA
F = —1/ 7ralcrﬂf "(0) [DrxBuy + DBy + D, By, (z(o ))W(U)%5$M< ) A dz¥ (o)
S Y — B (a(o'), B (a(0))] S B (') p 8 (o)

D,x=0,*+ie[A,, *



The curvature on loop space

F=0A+ANA

1 27 d A
F= - / do W= (0) [DaByu + DuBux + Dy By, (2(0)W (0) —— 62 (o) A 62" (o)

0

27 o / W , W p W dCUKI dZEA i ! ]
' / do / do’ [BY(w(0") = E}J(w(0")), BY, (w(0))] Z= —— da*(0") A 2" (o)
D,x=0,*+ie [A,, ]

Problems to have F = 0:

e Non-locality

e Dependency upon reparameterization

e Hard to reconcile with local field theories



The curvature on loop space

F=0A+ANA
1 27 dfC ) 5
F = ——/ do W (o )| DxB,w + D,Byx+ D,B)y,] (z(c))W (o )% ox' (o) N dox¥ (o)
2 , dx” dz?
b [ do [ a0 (B () - Fato), B a(o))] s o 8a(0") A 62" (o)
D,x=0,*+ie[A,, *
Problems to have F = 0: Local conditions:
e Non-locality : ..
e Dependency upon reparameterization Lo, To] =1 fabe
e Hard to reconcile with local field theories :Ta 7 Pz — P, Rji(Ta,)
P, P =0

A, =AT, F, =0
B, =B,,P, DAB=0



The curvature on loop space

F=0A+ANA
27
F = —1/ do W~ (o) [DxBy, + D, Byx + D, By, (z(0))W (o )% dxt (o) Aoz (o)
27 d d
b [ [ [B) ~ L G(0)), B ()] e i a0 6 (o)
D,x=0,*+ie[A,, *
Problems to have F = 0: Local conditions:

e Non-locality - _ ,
e Dependency upon reparameterization T To) =t fabe T,
e Hard to reconcile with local field theories :Ta | Pz _ Pj Rji (Ta,)

P, P =0

A, = AT,  F,, =0

__ Nt __
B,, =B, P, DAB=0
C'P'-model
Skyrme model

Skyrme-Faddeev model
Self-dual YM, etc



The curvature on loop space

F=0A+ANA

F = _E/QWdaW '(0) [DABuy + DyByx + Dy By, (2(0))W (o )% ozt (o) A 03" (0)
- /%da/ do’ [BY (2(0")) — F¥ (x(0”)), BY (w(a))] fl“, 7 5ut(0') 62 (0)
o' do
Dy« =0, x+ie [A,, 4]
Problems to have F = 0: Local conditions:

e Non-locality
e Dependency upon reparameterization

:Tay Tb] — Z.fa,bcfz—‘

e Hard to reconcile with local field theories T, , Pi] = P; Rj;(T,)

Connects to: P, P]=0

o Gerbes

e T'wo-form connections A, = A%T, F., =0

e Higher spin gauge theories i

o ctc B, = B, P; DANB =0
C'Pl-model
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Skyrme-Faddeev model
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The curvature on loop space

F=0A+ANA
27
F = —1/ do W~ (o) [DxBy, + D, Byx + D, By, (z(0))W (o )% dxt (o) Aoz (o)
27 d d
b [ [ [B) ~ L G(0)), B ()] e i a0 6 (o)
D,x=0,*+ie[A,, *
Problems to have F = 0: Local conditions:

e Non-locality
e Dependency upon reparameterization

:Taa Tb — Z.fabccz—‘

e Hard to reconcile with local field theories T, , P = P; Rji(Ta,)
Connects to: P, P]=0

e Gerbes '

e T'wo-form connections A, = AT, F, =0

e Higher spin gauge theories |

o ctc Bu, = B, P; DANB=0

) . C P'-model
Orlando Alvarez, LAF and J. Sdnchez Guillén Skyrme model

hep-th/9710147, Nucl. Phys. B529 (1998) 689-736 Skyrme-Faddeev model
IJMPA, 24 (2009) 1825 - 1888; arXiv:0901.1654 [hep-th]. Self-dual YM, etc
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Revisit integrable field theories in 1 + 1 dimensions

» Let g(z) and A,, be functionals of the fields of the theory
and impose on any curve vy the integral equation

d M

—1 (QZ‘R) _ Pl e~ f7 do A, ==

Y / (@) yg
TR Flux / _ Ple_ ffy/ do A, dfaﬂ

path independent charge

— conservation laws
1

Take v infinitesimal > A, =-0,99

So, A, is flat and we have Lax-Zakharov-Shabat equation
0,A, —0,A, +A,, A =0

Look for integral equations!! Pd_lefaﬂ A — Pdefﬂ 4

Basic property of gauge theories: Flux=Charge
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Non-Abelian Stokes Theorem
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Non-Abelian Stokes Theorem

Y 40y
2 . dxt
W=L(7)5W (7) = / do W F W2 50
TR 0 do
v

[ =0% dW 27 . dxt dx”
= 44 /0 doW =" (o) F,, W (o) .

LR \ Wdac'“ dxV

—1
W = P2 Eifz dodt™W =~ F,,, e

daxt

> W =P e_frdUAu do




Non-Abelian Stokes Theorem

Y+ 07
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TR 0 dO-
\/
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LR \ de? dzV

1
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o
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dxM —1 de” dxV
Pl e fF doA, i P2 €f2 dod™W - F,, W el




Non-Abelian Stokes Theorem

Y+ 07
2 . dxt
vwwmwm:/ do W F W2 50
TR 0 dO-
\/
[ = 0% dW o7 . dxt dx¥
= 44 /0 doW =" (o) F,, W (o) .
LR \ de? dzV

1
W = P2 6f2 dodtW =" Fp, W r— 2=

dxH
o

> W =Py e Jrdodn

da ™ —1 dae™ dx¥
Pl . fF doA, i P2 €f2 dodtW " F,, WX

dT
/ A:/d/\A
0> >
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An example: Chern-Simons theory

A, € Lie algebra G

. , 1 -~

with F., = 0,A, —0,A, + [A,, A)]

For any surface > impose the integral equation:

dx™ dxV

dxH 1 —1 7
Pl 6_ faz dO’A’uW — P2 6; fE dO'dTW J’L“/W do  d-r
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An example: Chern-Simons theory
A, € Lie algebra G

_ . 1 1 -
K K

with F,, =0,A, —0,A,+[A,, A

For any surface > impose the integral equation:

dxH 1 —1 7 dxeH dxV
Pl 6— f@Z dO-AF‘ do — P2 QE fZ dodtW ‘]NV w do dT

/ \

Flux Charge

For an infinitesimal > one gets the differential equation F),, = j/u/
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For a closed surface >.. the integral equation implies

1 —1 7 dxeH dxV
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TR 27
1 ~ dxt
0

K do



The flatness condition

For a closed surface >.. the integral equation implies

1 —1 7 dxeH dxV
P, e Jo, dodrW Tt T WeER AL g

On the loop space >.. = closed path
2.9

Pgefch =1
tR 1 dxt

27
¢4::——j/ dJVV;JQZ“/WV———5x”
0

K do



The flatness condition

For a closed surface >.. the integral equation implies

1 —1 7 dxeH dxV
P, e Jo, dodrW Tt T WeER AL g

On the loop space >.. = closed path

2.9
PQ szc A =1
TR 27 B 7’
A = l/ doW 1 J Wdi&z:’/
K 0 dU
21
2ie = 21 + 29 PzeleAP2€f22‘A:]]

™~

Py efﬁlA = Pe

Path (surface) independency

1A
J
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Construction of conserved charges

(2)
- T 2\ Dsg
T — R — >
e
1 So ¥ 1 Sy x I
DY TR
Surface ¥ = D U (S%, x I) Surface ¥ = (S5 x I) U DY)

Path independency: P, RUNORS P, elsioxa A — p,lsixi A p, Ao A
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Construction of conserved charges

(1)

B — > >
—_ >
1 So ¥ 1 Sy x I
N R E
DY TR
Surface ¥y = DY U (S;O X I) Surface Yo = (S& % [) g Dc(:é)
: A A A A
Path independency: P, ef ISR o3 olsio A _ P, efsg <1 p, engQ
" ~ 1 )
Boundary conditions:  Jizg = Jo ~ T (7) for r — oo
240
: t) A ¢y A _
Change of base point: P20 | =W (2%, 2n) Pre’o@ N, W (2 ap)

Conserved charges — eigenvalues of the operator:

% [ () dT do w1, dew: dx: —e do A, dz-
V@ (DC@) =Py e” P T = Pre Fsi. vode
R
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Integral Equations for Yang-Mills in (2 + 1)-Dimensions

Ple_"'effaz d"( wtB F ) det — P ie [y dr do W_l(Fuy—B juv+i€52[ﬁu I ])Wdf: ds

- 1 ~ :
F, = 58“”’)pr Juw = €pppd” [ is a free parameter

For > — 0, gets the Yang-Mills equations

D,F, — D,F, =—J,, > D, F"H=JH

Conserved charges are obtained the same way as for Chern-Simons
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Generalizing Faraday: Non-Abelian integrals

2 dV

T dT

VT(A B,7)=0

dxz" dx”

2T
g T(B, A T)= de W= 1B, W
(B, 4,7) /0 d H do dT
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Generalizing Faraday: Non-Abelian integrals

)y
dV
VT(A B,7)=0
T dT
LR A BA 27Td _1B drt d Y
T (B, ,7'):/0 oW W e

It is a surface ordered integral

dx? dxV

V(S) = Vi Py eJudodr W' By w42t 42

Vary X

27T 2T
S sy 5VV_1E/ dT/ do 'V (1) {
0 0

dxt dzx¥
do drT
? dz" dzt
%4 . W %4

- /O do' [ BY (o) —ieFY (o), BY (0)] o

(e (0) - e ) D) by

W~ [DAB,, + DB,y +D,By, ] W oz

LR
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L.A. Ferreira and G. Luchini
1) [arXiv:1205.2088 [hep-th]], Phys. Rev. D 86, 085039 (2012)
2) |arXiv:1109.2606 hep-th||, Nuclear Physics B 858PM (2012) 336-365
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Iso-spectral evolution: V(Q)=U(®)-V(Qo) - U ()

Eigenvalues of V(€2;) are constant in time
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Conserved charges are eigenvalues of the operator

ie dr do ozFVZ—I-ﬁﬁV‘; dzh dz” d¢ d+ V.7V 1!
V(Qt) _ P2 e fsgé(t) ( v v ) do dT — PS eth C T j

Conserved charges are:
1) Gauge invariant V(%) = gr V() gr"
2) Independent of reference point
Ver () > W (TR, 2r) Ve, (Q)W (TR, 2R)

3) Independent of parameterization

d¢ dr Vv =1
Pg efﬂé?

is path independent
4) Gives non-trivial dynamical magnetic charges to monopoles

5) Relevant for the global aspects of Yang-Mills theory
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Wu-Yang and ’t Hooft-Polyakov monopoles

At spatial infinity:

1 T

_ J
Az’ — __Eijk —Tk

(& T

Important property:

Charge operator:
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€ T
1 1 fk “
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At spatial infinity:
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Wu-Yang and ’t Hooft-Polyakov monopoles

At spatial infinity:
1 T 1 ’r’k

A; = — €ijk?JTk Fi; = Eé‘wkr—Q r-T T, 15| = ieijn Ty
1 T
. —1 . k o

Important property: w—1F,Ww = ~ Eijk Tr Tr=(T), ..
Charge operator:
Og = eieoz fsgo dodr W~ Fi;, W ‘Z‘fy dd‘”j _ . —ie fsgo d3-BF _ 4T aTr

. .. L . — —i d>-BE
Integral Bianchi identity implies: (a=1) _ g7ie Jsz, =1

. SR 21TMN
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Are integrable theories gauge theories!?

Look for theories in d + 1 dimensions where the equations of motion
take the integral form

Pd_lefaﬂ 5= Py €f9 J

with €2 a d-dimensional hyper volume

Examples:

1) Integrable theories in 1 4+ 1 dimensions (soliton theories)
2) Chern-Simons theories in 2 + 1 dimensions

3) Yang-Mills in 2 4+ 1 and 3 + 1 dimensions
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