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Introduction

The Yang-Baxter map [Drinfeld 1990, Veselov 2000] is a map x defined
on a direct product of two sets

R : X XX X XX
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Introduction

The Yang-Baxter map [Drinfeld 1990, Veselov 2000] is a map x defined
on a direct product of two sets

R: XXX X XX
and satisfies the set-thoretical Yang-Baxter equation (on x X x X x)

Ri20Riz0Ro3 = Roz 0 Riz o Rio.
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Introduction

The Yang-Baxter map [Drinfeld 1990, Veselov 2000] is a map x defined
on a direct product of two sets

R: XXX X XX
and satisfies the set-thoretical Yang-Baxter equation (on x X x X x)
Ri2 0 Ri3 0 Raz = Rz 0 Ri3 0 Rao.

This is related to discrete classical integrable systems.
(discrete Toda equation, etc.).
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Introduction

From the point of view of quantum groups, classify all the
Yang-Baxter maps and construct the maps explicitly.
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Introduction

From the point of view of quantum groups, classify all the
Yang-Baxter maps and construct the maps explicitly.

There exists quantum group U,(g) for each Lie algebra g. Then the
maps will be classified in terms of classification of the quantum

groups.
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Introduction

For any quantum group U,(g), there exists the universal R-matrix
R € Uy(g) ® Uy(g) satisfying the Yang-Baxter equation

R12 R13 R23 - R23 R13 R12‘
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Introduction

For any quantum group U,(g), there exists the universal R-matrix
R € Uy(g) ® Uy(g) satisfying the Yang-Baxter equation

R12 R13 R23 - R23 R13 R12‘

The quantum Yang-Baxter map is define as an adjoint action of the
universal R-matrix [Bazhanov-Sergeev 2015]:

R : Uq(9) ® Ug(g) = Uq(g) ® Uq(g)

& =RERTT, £ € Uqg(g) ® Uqg(g).
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Introduction

For any quantum group U,(g), there exists the universal R-matrix
R € Uy(g) ® Uy(g) satisfying the Yang-Baxter equation

R12 R13 R23 - R23 R13 R12‘

The quantum Yang-Baxter map is define as an adjoint action of the
universal R-matrix [Bazhanov-Sergeev 2015]:

R : Uq(9) ® Ug(g) = Uq(g) ® Uq(g)

& =RERTT, £ € Uqg(g) ® Uqg(g).

The classical Yang-Baxter map is give by the quasi-classical limit
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Quantum algebras A = U,(g)

As an example, we consider g = sl/(n) or gl(n).

Zengo Tsuboi ( Osaka City University AdvanQuantum groups, Yang-Baxter maps and qua 28 June 2018 5/



Generators of Uy(g/(n))

Eiiv1, Ejr1, Bk i

(i.je{1,2 .. .n—1)}
ke{l,2,...,n})




Relations of U,(gl/(n))

[Exk, Ejj] = (0ik — 9k )Ejj,
[Eiit1, Ejr1g] = 65(q — g~ 1) (gBi—Bvrint — g BitBivnivn),

[Eii+1,Ejjr1] = [Eiv1,i, Ejrrj] =0 for [i—j|>2,
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Relations of U,(gl/(n))

[Ex: Ej] = (0 — 0juc)Eyj

[Eiiv1, Ejraj] = 05(q — g ) (g it — g BirtEinnin,

[Eii+1,Ejjr1] = [Eiv1i, Ejy1 ] =0 for |i—j|>2,
and, for i € {1,2,...,n— 2}, the Serre relations

2 —1 2
Efi1Eiviive — (9 + ¢ )Eiiv1Eiv1it2Bi iz + Eii0Bf 1 =0,
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Additional generators

Fori,j €{1,2,...,n} and i # j, we define

Ej=(q—q ") '(ExEx — qE4Ex),  Eji=...,

< k<.
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Additional generators

Fori,j €{1,2,...,n} and i # j, we define
Ej=(q—q ") '(ExEx — qE4Ex),  Eji=...,
< k<.

N .
c= Zj:1 E; is a central element of A.
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Additional generators

Fori,j €{1,2,...,n} and i # j, we define

Ej=(9— ¢ ') "(ExEy — gE4EX),  Ei=...,

< k<.

c= ZJ'.’ZI E; is a central element of 4. The algebra A is isomorphic
to Uy(s/(n)) under the condition ¢ = 0.
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Additional generators

Fori,j €{1,2,...,n} and i # j, we define

Ej=(9— ¢ ') "(ExEy — gE4EX),  Ei=...,
< k <j.
c= ZJ’.’ZI E; is a central element of 4. The algebra A is isomorphic

to Uy(s/(n)) under the condition ¢ = 0.

e Borel subalgebras
B.: generated by {E;}
B_: generated by {E;} fori <, , i je{l,2,...,n}
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Co-multiplication

The co-multiplication A is an algebra homomorphism from the
algebra A to its tensor square

A: A— AR A,
defined by
A(Ej 1) =E i1 @5 Bt L 1R E; 4,
A(Eii1;) =E, @1+ q 5t @B, ie{l,2,...,n—1},
AEw) =B ®1+10Ew, ke{l2... n}
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Co-multiplication

The co-multiplication A is an algebra homomorphism from the
algebra A to its tensor square

A A= A® A,
defined by
A(Ej 1) =E i1 @5 Bt L 1R E; 4,
AEjj1) =Eijpi @14 q B Fin @By e {1,2,...,n—1},
AEw) =E®@1+1®Ek, ke{l,2,...,n}.
We will also use the opposite co-multiplication A’, defined by
A =00,

where c(a®b) =b ® a for any a,b € A.
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Universal R-matrix

The algebra A is a quasi-triangular Hopf algebra. Then there exists
an element

R € A® A, which satisfies

A'(a)R=RA(a) forall a€e A,
(A ®1)R = Ry3Ry3,
(1® A)R =Ry3Ryy,

where R12 =R (24 1, R23 =1 ®R and ]R13 = (0' & 1)R23.
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Universal R-matrix

The algebra A is a quasi-triangular Hopf algebra. Then there exists
an element

R € A® A, which satisfies

A'(a)R=RA(a) forall a€e A,
(A ®1)R = Ry3Ry3,
(1® A)R =Ry3Ryy,

where R12 =R (24 1, R23 =1 ®R and ]R13 = (0' & 1)R23.
The quantum Yang-Baxter equation follows from these.

R12R13R23 = R23R13R12
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Universal R-matrix

g-exponential function

expy(x) =1+ ; (:)q|7
(K)g! = (1)q(2)g - (K)q, (K)g=(1- qk)/(l - q).
exp,(x)7F = expg-1(—x)
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Universal R-matrix

If we assume that the universal R-matrix has the form

R = q27:1 Eii®EiiK’

where R € N, ® N_: N, and N_ are nilpotent sub-algebras
generated by {E;} and {E;} for i <, i,j € {1,2,...,n}
respectively.

28 June 2018 12/
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Universal R-matrix

If we assume that the universal R-matrix has the form

R = qu':l Eii®EiiR’

where R € N, ® N_: N, and N_ are nilpotent sub-algebras
generated by {E;} and {E;} for i <, i,j € {1,2,...,n}
respectively.

Universal R-matrix

The universal is uniquely defined by [Kirillov-Reshetikhin, Rosso,
Levendorskii-Soibelman,....]

H
R = qu:l E;®E;; i<j equ_2 ((q _ q_l)_lEij ® Eji) ,

where the product is taken over the reverse lexicographical order on
(1,4): (i, 41) < (i2s o) if i >, or i = iz and ji > Jo.
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Quantum Yang-Baxter map

Let X = {E;;, g%}, i # j be the set of generators of A and X() be
the corresponding components in A ® A,

XW={xelxexX}, XO={1oxxeX}, X={E;q™},
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Quantum Yang-Baxter map

Let X = {E;;, g%}, i # j be the set of generators of A and X() be
the corresponding components in A ® A,

XW={xelxexX}, XO={1oxxeX}, X={E;q™},

Quantum Yang-Baxter map

R (XD, XP) 5 (XD, X)),
X(a) = Rx(a)Rfl _ {Rx(a)Rfl|x(a) c X(a)} : 3= 1, 2.

Zengo Tsuboi ( Osaka City University AdvanQuantum groups, Yang-Baxter maps and qua 28 June 2018 13 / 54



Quantum Yang-Baxter map

Let X = {E;;, g%}, i # j be the set of generators of A and X() be
the corresponding components in A ® A,

XW={xelxexX}, XO={1oxxeX}, X={E;q™},

Quantum Yang-Baxter map

R (XD, x(2)) (XM, X)),
X@ = RXOR! = {Rx@PRx ¢ X} | a=1,2.

Note that any elements of X® commute with those of X, In
addition, the algebra Aa generated by the elements of the set X
isomorphic to the algebra A.
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Quantum Yang-Baxter map

Let X = {E;;, g%}, i # j be the set of generators of A and X() be
the corresponding components in A ® A,

XW={xelxexX}, XO={1oxxeX}, X={E;q™},

Quantum Yang-Baxter map

R (XD, XP) 5 (XD, X)),
X@ = RXOR! = {Rx@PRx ¢ X} | a=1,2.

Note that any elements of X® commute with those of X, In
addition, the algebra Aa generated by the elements of the set X
isomorphic to the algebra A.

= The tensor product structure is preserved under the map.
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Another universal R-matrix

One can prove that if Ry, € B, ® B_ satisfies definition of the
universal R-matrix, then

=Ry € B-®B,,

also satisfies the def of the universal R-matrix.
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Another universal R-matrix

One can prove that if Ry, € B, ® B_ satisfies definition of the
universal R-matrix, then

Ry, =Ry € B-® B,
also satisfies the def of the universal R-matrix.
RipR13R23 = RozRi3Ry0,
R7,R13R23 = RosRy3R7,,
R1,R13R03 = RosRi3RY,, . . .
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L-operators

n-dimensional fundamental representation m of A:

m(Exk) = Exk, m(Ejj) = (g — g 1)Ej;, for i # .
(Ej: n x n matrix unit. )
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n-dimensional fundamental representation m of A:
W(Ekk) = Eu, 7T(EU) = (q — q_l)E,'j, for i 7£_/
(Ej: n x n matrix unit. )

L™ =(r®1)R" € End(C") ® B4

L*"=(r®1)R € End(C") ® B_
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n-dimensional fundamental representation mw of A:

m(Exk) = Exk, m(Ejj) = (g — g 1)Ej;, for i # .
(Ej: n x n matrix unit. )

L™ =(r®1)R ZEM@Q - E®Eq S

i<j

]L (7T®].R ZEkk®quk+ZEl_/®q E_]n

= i<j
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n-dimensional fundamental representation mw of A:

m(Exk) = Exk, m(Ejj) = (g — g 1)Ej;, for i # .
(Ej: n x n matrix unit. )

L™ =(r®1)R ZEM@Q - E®Eq S

i<j

]L (7T®].R ZEkk®quk+ZEl_/®q E_]n

= i<j

(L) (L) =1
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R-matrices

Evaluating further the second space (quantum space) of these
L-operators in the fundamental representation m, we obtain the block
R-matrices

R =(1®mL"

Rt =(1®n)L*
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R-matrices

Evaluating further the second space (quantum space) of these
L-operators in the fundamental representation m, we obtain the block
R-matrices

RT=(1@mnL =Y qE®E— M) Ei®E;

ij i<j
Rt =(1®7)L Zq”E,,®E—|—q q- Z
iJ i<j
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L and R-operators with a spectral parameter

Then we define the spectral parameter dependent L-operator
L(A\) = ALT — AL~
and the R-matrix

R(\) = ART = X\'R™.
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Zero curvature representation

* * * *

01 02R12 = R12R02 01>

* *
RmRozRu = RuRozRop
Ro1RpoR12 = R152Rp2Rp1,
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Zero curvature representation

* * * * —1

nRpRi2 = RpRpRy; = Ry,
Ry Ro2R12 = RipRpoRy,
Ro1Rp2R12 = R15Rp2Rp1,
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Zero curvature representation

R31R32 = (R12R32RI21)(R12R31R521)>
Rg1Roz = (Ri2RoeR15 ) (R12RG; Ry,
Roi1Rgp = (R12R02R1_21)(R12R01R1_21)-
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Zero curvature representation

R31R32 = (R12R32RI21)(R12R31R521)>
Rg1Roz = (Ri2RoeR15 ) (R12RG; Ry,
Roi1Rgp = (R12R02R1_21)(R12R01R1_21)-

Evaluating the first space of these (labeled by 0) in the fundamental
representation 7, we obtain
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Zero curvature representation

R31R32 = (R12R32RI21)(R12R31R521)>
Rg1Roz = (Ri2RoeR15 ) (R12RG; Ry,
Roi1Rgp = (R12R02R1_21)(R12R01R1_21)-

Evaluating the first space of these (labeled by 0) in the fundamental
representation 7, we obtain

Zero curvature representation

LiLi =LiLy, LyLj =LjL;, L;L; =L;L7,

where Eoil = RpLERT, ]Itfojz = R L5R S and we omit the space
index 0.
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Zero curvature representation

The zero curvature representation gives a rational map among
generators for the case U,(s/(2)) [Bazhanov-Sergeev 2015].
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Zero curvature representation

The zero curvature representation gives a rational map among
generators for the case U,(s/(2)) [Bazhanov-Sergeev 2015].

“In this paper we present detailed considerations of the above scheme
on the example of the algebra U,(s/(2)) leading to discrete Liouville
equations, however the approach is rather general and can be applied
to any quantized Lie algebra. " [Bazhanov-Sergeev 2015]
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Zero curvature representation

The zero curvature representation gives a rational map among
generators for the case U,(s/(2)) [Bazhanov-Sergeev 2015].

“In this paper we present detailed considerations of the above scheme
on the example of the algebra U,(s/(2)) leading to discrete Liouville
equations, however the approach is rather general and can be applied
to any quantized Lie algebra. " [Bazhanov-Sergeev 2015]

However, this optimistic idea soon run into difficulty if we consider

Uq(s/(3)) case. Namely, square roots appear in the map for
Uy(sl(n)), n > 3.
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Zero curvature representation

The zero curvature representation gives a rational map among
generators for the case U,(s/(2)) [Bazhanov-Sergeev 2015].

“In this paper we present detailed considerations of the above scheme
on the example of the algebra U,(s/(2)) leading to discrete Liouville
equations, however the approach is rather general and can be applied
to any quantized Lie algebra. " [Bazhanov-Sergeev 2015]

However, this optimistic idea soon run into difficulty if we consider
Uq(s/(3)) case. Namely, square roots appear in the map for
Uy(sl(n)), n > 3.

To overcome this difficulty, we will make a change of variables by
twisting the universal R-matrix.
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Twisting universal R-matrices

Twisting [Drinfeld, Reshetikhin]

If Fe A® A satisfies

(A ®1)F = Fy3Fy3,
(1® A)F = Fy3Fq,
F12F13F23 = Fo3Fi3F o,
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Twisting universal R-matrices

Twisting [Drinfeld, Reshetikhin]

If Fe A® A satisfies

(A®1)F = Fy3Fys,
(1® A)F =Fy3Fy,
F12F13F23 = F3Fi3Fyo,
then gauge transformed universal R-matrices
R =FuRF; %,  R"=FyRF; g%

satisfy the defining relations for the universal R-matrix for the gauge
transformed co-multiplication Af(a) = FA(a)F1,a € A.
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Twisting universal R-matrices

Twisting [Drinfeld, Reshetikhin]

If Fe A® A satisfies

(A®1)F = Fy3Fys,
(1® A)F =Fy3Fy,
F12F13F23 = F3Fi3Fyo,
then gauge transformed universal R-matrices
R =FuRF; %,  R"=FyRF; g%

satisfy the defining relations for the universal R-matrix for the gauge
transformed co-multiplication Af(a) = FA(a)F1,a € A.

R and R* satisfy the same Yang-Baxter relations as R and R*.
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Twisting the universal R-matrices

> oit1 wi—1®Eii’

wi =Ey1 +---+ Ej,

Fio=g

wy =0, w, =c.
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Twisting L-operators

The gauge transformed L-operators are defined by evaluating the
gauge transformed universal R-matrices.

L =(r®1) R*)—ZEkk®q2““—Z | ® gUrtteEy,

i<j

Lt = 7T ® 1 Z Ey ® q2‘”k + Z i & qw'+wf EJ,,

i<j

wi=En+---+E;
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Zero curvature representation for twisted

L-operators

The zero-curvature representation for the twisted L-operators has the
same form as the one for the original L-operators

LIl = LJLf, Ll =LfL;, LiL; =L,
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Zero curvature representation for twisted

L-operators

The zero-curvature representation for the twisted L-operators has the
same form as the one for the original L-operators

LIl = LJLf, Ll =LfL;, LiL; =L,

The set of generators X(?) = {L @), LJ,(a)},-S- for the Yang-Baxter

map R : (X, X@) - (XO, X?), (X = R;,XERE) is different:

1 l
+ - N . .
L; u u; EJ,, L; = —ulu’ |E; for i<},
ka = Uk ka = Ug_1.

(uk = q2wk — q2(E11+"'+Ekk)),
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Zero curvature representation for twisted

L-operators

The zero-curvature representation for the twisted L-operators has the
same form as the one for the original L-operators

LIl = LJLf, Ll =LfL;, LiL; =L,

The set of generators X(?) = {L @), LJ,(a)},-S- for the Yang-Baxter

map R : (X, X@) - (XO, X?), (X = R;,XERE) is different:
1 l
L; = u u; EJ,, L; = —u? u’ ,E; for i<},

ka = Uk ka = Ug_1.
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Solving the zero curvature representation

LiL =L, L =L, L =Ll
To do: write the matrix elements of i:f = (Ei(a))szl
matrix elements of LI, L3, LT, L.

in terms of
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Solving the zero curvature representation

Ll =LL, LL =Ll LL =Ll
To do: write the matrix elements of L = (E?”);’Fl in terms of
matrix elements of LI, L3, LT, L.

1 0 0 (2) L+(2) L+(2)
0 S
L21 ul O 0 u2 L23
L0 @ @
31 32 us 0 0 1

~(2 T +(2 T +(2

G P L\ (1000
= 0 ﬁ§2) L;3(2) 521 u 0 )

0 0 1 LY Y el
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Solving the zero curvature representation

LIl = LJLf, Ll =L, LiL; =Ly,

To do: write the matrix elements of L = (E?”);’Fl in terms of
matrix elements of LI, L3, LT, L.

Eu &2 &3 Fuu O 0
0 &xn & Fun Fo 0 | =
0 0 533 F31 Jt32 -F33
1 0 0 (2) L+(2) L+(2)
oo Mt
- L21 ul O 0 u2 L23
OO
31 32 us 0 0 1

~(2 2 2

G P L\ (1000
= 0 ﬁ§2) L;3(2) 521 u 0 )

0 0 1 LY Y el
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T 1,,(1) (2)
:HL IH u,ous,
HHkluk u)H,  for 1<i<n,
’l:;(l) — <H;(_:11H;1u5(1)u5(2)) ]FU for 1 S_j < I S n,

~ —
LZ'F() I H k1(“5<)“5<)) "Hy for 1<i<j<n
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T w1 (2
:HL—IH uus,
HHklukuk)lHk for 1<j<n,

<H;( ]I-]I_uk ui))IF,-j for 1<j<i<n,

~ %
LZ'F(Z) EyjH; | iz 1(“& )Ui )) 'H, for 1<i<j<n.

quasi-determinants for the matrix J = L L],

H; = [30ns, By = [3n ) Horon) 2t
oo | — 1,
i = [P Y
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Solution

Ll =L, L =Lk, Lk, =LL,

The other solutions L}, L, can be obtained by substituting L}, L]
into the first and the third zero curvature relations.
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Ll =L, L =Lk, Lk, =LL,

The other solutions L}, L, can be obtained by substituting L}, L]
into the first and the third zero curvature relations.

Ly =)'y, L =L (L)

Zengo Tsuboi ( Osaka City University AdvanQuantum groups, Yang-Baxter maps and qua 28 June 2018 27 /



quasi-determinants [Gelfand, Retakh]

o N x N matrix whose matrix elements aj; are elements of an
associative algebra (not necessary commutative algebra):

di1 di2 - a1nN

A A1’2""’N _ d1 dz22 - AN
— M2, N — . )

ani dan2 ' anNnN
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quasi-determinants [Gelfand, Retakh]

o N x N matrix whose matrix elements aj; are elements of an
associative algebra (not necessary commutative algebra):

di1 di2 - a1nN

A — AL2eN _ d21 d22 -t AN
= M2 N . )
ani dan2 ' anNnN
e m X n sub matrix:
divji Qi T @ia
iLyioyeensim g1 o " Aigja
J1u1yeeendn - . . )
it iz " Qimin

{il,ig,...,im},{_jl,jz,...,_jn}CI:{1,2,...,N}.
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quasi-determinants [Gelfand, Retakh]

In general, there are N? quasi-determinants for a N x N matrix A.
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quasi-determinants [Gelfand, Retakh]

In general, there are N? quasi-determinants for a N x N matrix A.
(i,J)-quasi-determinant of A is denoted as |A|;;.
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quasi-determinants [Gelfand, Retakh]

In general, there are N? quasi-determinants for a N x N matrix A.
(i,J)-quasi-determinant of A is denoted as |A|;;.

In case all the quasi-determinants of A are not zero, the inverse
matrix of A can be expressed in terms of them:

At = (JAl h<ijen-
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quasi-determinants [Gelfand, Retakh]

In general, there are N? quasi-determinants for a N x N matrix A.
(i,J)-quasi-determinant of A is denoted as |A|;;.

In case all the quasi-determinants of A are not zero, the inverse
matrix of A can be expressed in terms of them:

= (1Al Y1<izn.

If all the matrix elements of A are commutative, then they reduce to
Alj = (—1)" det A/ detAl’ e

Jyees

N
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quasi-determinants [Gelfand, Retakh]

In general, there are N? quasi-determinants for a N x N matrix A.
(i,J)-quasi-determinant of A is denoted as |A|;;.

In case all the quasi-determinants of A are not zero, the inverse
matrix of A can be expressed in terms of them:

= (1Al Y1<izn.

If all the matrix elements of A are commutative, then they reduce to
Alj = (—1)" det A/ detAl’ e

Jyees

N

= Quasi-determinants are non-commutative analogues of ratios of
determinants (rather than non-commutative analogues of determinants).
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quasi-determinants [Gelfand, Retakh]

e For a 1 x I-sub-matrix A} = (a;) of A= Ai;%

(7,j)-th quasi-determinant is defined by |A}|; = aj.
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quasi-determinants [Gelfand, Retakh]

e For a 1 x 1-sub-matrix AJ’: = (@) of A= A}i%

(7,j)-th quasi-determinant is defined by |A}|; = aj.

e (i,j)-th quasi-determinant of the submatrix Aj’ll’,i: ’,}m of Ais
recursively defined by

i1yeesim Hyeoosleeyim | \—1
AL = ay — ) (A 1)~ 4y,
ke{j1:25--im¥\{i}s
14 i im N\ i}

where {i1, i2, ... yim}, {sd2s -« sdmp € {L,...,N}; m>2;
i€{i, iy ... imb, € {1, J2s- - sim}
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quasi-Pliicker coordinates [Gelfand, Retakh]

e |eft quasi-Pliicker coordinates of m x N matrix A}’g’:::’ﬁ

e (AR = (A ) A

U 1Eyey 1,J1,s aJm 1 J:J1s a./m 1

se{l,2,....m} m<N,ijji, o jm1€{l,2,..., N},
i ¢ {j1,j2,---,Jm-1}- This does not depend on s.
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quasi-Pliicker coordinates [Gelfand, Retakh]

e |eft quasi-Pliicker coordinates of m x N matrix A}’g’:::’ﬁ

e (AR = (A ) A

U 1Eyey 1,J1,s aJm 1 J:J1s a./m 1

se{l,2,....m}; m< N, i j 1,00, Jjma1€{1,2,..., N},
i ¢ {j1,j2,---,Jm-1}- This does not depend on s.

e Commutative case (ratios of Pliicker coordinates)

g I (ASR) = det(ArTom ) det(AT ).

1J1, Ju1sedm—1
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quasi-Pliicker coordinates [Gelfand, Retakh]

e |eft quasi-Pliicker coordinates of m x N matrix A}’g’:::’ﬁ

e (AR = (A ) A

U 1Eyey 1,J1,s aJm 1 J:J1s a./m 1

se{l,2,....m}; m< N, i j 1,00, Jjma1€{1,2,..., N},
i ¢ {j1,j2,---,Jm-1}- This does not depend on s.

e Commutative case (ratios of Pliicker coordinates)

g I (ASR) = det(ArTom ) det(AT ).

1J1, Ju1sedm—1

e Right quasi-Plicker coordinates
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quasi-Pliicker coordinates [Gelfand, Retakh]

Quasi-Pliicker coordinates also satisfy quasi-Pliicker relations, which
reduce to Pliicker relations in case all the matrix elements are
commutative.
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quasi-Pliicker coordinates [Gelfand, Retakh]

Quasi-Pliicker coordinates also satisfy quasi-Pliicker relations, which
reduce to Pliicker relations in case all the matrix elements are
commutative.

—> useful in non-commutative soliton theory:
non-Abelian Hirota-Miwa equation, non-Abelian Toda equation, etc.
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Zero-curvature relation and quasi-Pliicker coordinates

The solution of the zero-curvature relation can be rewritten in terms
of quasi-Plicker coordinates of a block matrix:

0 L-OL- 0 L-OpL-®@
M= (L+(1)|_+(2) L_(l)L+(2)> - ('—+(1)|—+(2) J ) ’
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Zero-curvature relation and quasi-Pliicker coordinates

The solution of the zero-curvature relation can be rewritten in terms
of quasi-Plicker coordinates of a block matrix:

0 L-OL- 0 L-OpL-®@
M= (L+(1)|_+(2) L—(l)L+(2)> - (L+(1)L+(2) J ) ’

Define a sub-matrix

- - — (1) (2) 117’27

1302y esla K1,k ke _ 0 (L L )17I27 ld

J1g25- byl R g (L+(1)L+(2))1§1,_kz,m,_kc (L—(l)L+ )kl,k27~~-,kc ’
Jiu2ydb byl

i_l7i_2>"'7i;>k17k2a---7kC7j_17./._27'"7./7)7/17/27“'a/dE{1727"'7’7}'
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Zero-curvature relation and quasi-Pliicker coordinates

For1 <i<j<n,

~H(1) — K+1,k+2, 0 n gk, k1,0
L = q (M K

i+1,i42,..,n ppiyi+1,...,n
k=1"k k 12,..,A,1,.2,... i (M3 ,,)a

ij 1,2,..,A1.2,..,

(and similar formulas for
relation.

E;(l),fzf(z),ET(z)) solve the zero-curvature

JI!
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Zero-curvature relation and quasi-Pliicker coordinates

For1 <i<j<n,

i+1,i+2,..‘,n(Mi,i+1,...,n )
. T )

~4(1) i—1 _k+1,k42 kok+1
o |— s geeey 5 yeees
LU - ( q (M )> ql_] 1a§7~~7ﬁ1172"“7n

k=1"k k 1.2,..,,1,2,..,n

(and similar formulas for E;(l),fzf(z),fﬁ(z)) solve the zero-curvature
relation.

A solution of a set theoretical (quantum) Yang-Baxter equation is
obtained in terms of quasi-Pliicker coordinates over a matrix
composed of L-operators.
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Heisenberg-Weyl realization (Minimal

representation)

The Heisenberg-Weyl algebra W,

20j _ _
uiw; = g 'wju;, u;u; = u;u;, WW; = W;W;.
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Heisenberg-Weyl realization (Minimal

representation)

The Heisenberg-Weyl algebra W,

20j _ _
uiw; = g 'wju;, u;u; = u;u;, WW; = W;W;.

Homomorphism from U,(s/(n)) to W, (minimal rep.)

+_u; Fowlwelwl (U — ks
Li7i = uj, Li,j =W, "W, Wj—l(uJ KUj_1),

_ _ 1 . .
L =ui, L =K Wiwig-- Wj_i(—u; + kui_1), i</,

where s € C.
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Heisenberg-Weyl realization (Minimal

representation)

The Heisenberg-Weyl algebra W,

20j _ _
uiw; = g 'wju;, u;u; = u;u;, WW; = W;W;.

Homomorphism from U,(s/(n)) to W, (minimal rep.)

+_u; Fowlwelwl (U — ks
Li7i = uj, Li,j =W, "W, Wj—l(uJ KUj_1),

_ _ 1 . .
L =ui, L =K Wiwig-- Wj_i(—u; + kui_1), i</,

where s € C.

This realizes a representation which has neither a highest weight nor
a lowest weight.
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Asymptoric representation

For £ € C\ {0},
Te ! u; — uj;, wW; — §W;

gives an automorphism of Wj.
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Asymptoric representation

For £ € C\ {0},
Te ! u; — uj;, wW; — §W;

gives an automorphism of W,. Taking note on this fact, we will take
the limits x — 0, cc.
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Asymptoric representation

For £ € C\ {0},
Te ! u; — uj;, wW; — §W;

gives an automorphism of W,. Taking note on this fact, we will take
the limits x — 0, cc.

+70 H .
L =lim, o Lffj

+0 +0 _ -1 —1 -1 ... s
L,’,- = uj, L,-J. =w; w5 oWy, <

36 / 54
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Asymptoric representation

For £ € C\ {0},
Te ! u; — uj;, wW; — §W;

gives an automorphism of W,. Taking note on this fact, we will take
the limits x — 0, cc.

+70 H .
L =lim, o Lffj

+0 _ +0 _ . —1.-1 -1 : :
L =u;, L =wiw w1 <.
+,00 _: +.
L™ =lim, o 7u(L})):
L™ = u;, L2 = —wi 'ty otherwise L =0.
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Factorization of L-operators

Factorization of L™ for minimal rep.

L0 7 (L) = Ut LT,
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Factorization of L-operators

Factorization of L™ for minimal rep.

L0 7 (L) = Ut LT,

(k — 0)(k — o0) = (diagonal)(minimal rep.)
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Factorization of L-operators

Factorization of L™ for minimal rep.

L0 7 (L) = Ut LT,

(k — 0)(k — o0) = (diagonal)(minimal rep.)

Factorization of L™ for minimal rep.

L7 1(L,°) =U"L,

(k — 00)(k — 0) = (diagonal)(minimal rep.)
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Factorization of an R-operator

L*9 and L= give homomorphisms from B+ to W,.
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Factorization of an R-operator

L*9 and L= give homomorphisms from B+ to W,.

Evaluate the universal R-matrix R € B, ® B_ by these
homomorphisms.
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Factorization of an R-operator

L*9 and L= give homomorphisms from B+ to W,.

Evaluate the universal R-matrix R € B, ® B_ by these
homomorphisms.

Factorization of the universal R-matrix for minimal rep.

I = (‘trivial' R) Ry RY3 R PR (‘trivial’ R)

[cf. affine case: Meneghelli-Teschner 2015]
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Discrete quantum evolution System i samesergees 2015

Quantum Yang-Baxter map gives an automorphism
R -Al & .Az = R(.Al ® AQ)R_I ~ .Al ® .Az (.A, ~ .A)

Based on this map, we define a discrete quantum evolution system
for the algebra of observables

O0=A3A - ®Apn_1® Ao, N> 1.
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Discrete quantum evolution System i samesergees 2015

Quantum Yang-Baxter map gives an automorphism
R -Al & .Az = R(.Al ® AQ)R_I ~ .Al ® .Az (.A, ~ .A)

Based on this map, we define a discrete quantum evolution system
for the algebra of observables

O0=A3A - ®Apn_1® Ao, N> 1.

Rj = ojoRy, S: (X, X Xy (x@ xO) . xW),

X : set of the generators of A;.
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Discrete quantum evolution System i samesergees 2015

Quantum Yang-Baxter map gives an automorphism
R -Al & .Az = R(Al ® AQ)R_I ~ .Al ® .Az (.A, ~ .A)

Based on this map, we define a discrete quantum evolution system
for the algebra of observables

O0=A3A - ®Apn_1® Ao, N> 1.

Rj = ojoRy, S: (X, X Xy (x@ xO) . xW),

X : set of the generators of A;.
The operator

U=S8o (7?,12 o) 7\é34 0---0 7é2n—1,2n)

gives one step of discrete time evolution (t — t + 1), which is an
automorphism of O: U(O) ~ O.
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Commuting integrals of motion

Transfer matrices are generating function of integrals of motion.

T()\) = TI'O (L()l()\)LgQ s L0,2N—1()\)L(;2N) R
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Commuting integrals of motion

Transfer matrices are generating function of integrals of motion.

T()\) = TI'O (L()l()\)LgQ s L0,2N—1()\)L(;2N) R
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Commuting integrals of motion

Transfer matrices are generating function of integrals of motion.

T()\) = TI'O (L()l()\)LgQ s L0,2N—1()\)L(;2N) s
T(>‘) = Tro (Lgl Lo2(A) -+ L(;,2N71L072N(>‘))

UTN))=TA),  UTO)=TN)
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Commuting integrals of motion

Transfer matrices are generating function of integrals of motion.

T()\) = TI'O (L()l()\)LgQ s L0,2N—1()\)L(;2N) s
T(>‘) = Tro (Lgl Lo2(A) -+ L(;,2N71L072N(>‘))

UTN))=TA),  UTO)=TN)

N N
T =AY A6, T =1") )G,
j=0 j=0

[Gi,G)] =[Gi.G}] = [G;,G]] = 0.
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Quasi-classical limit

Quasi-classical limit

q:e’”'bz, b— 0,
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Quasi-classical limit

Quasi-classical limit
_mib? b O
q =€ 9 — 9

Uq(gl(n)) — P(gl(n))

g% — k;, and Ej —e; for i#},
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Quasi-classical limit

Quasi-classical limit

qg= e’”'bQ, b— 0,
Uq(gl(n)) — P(gl(n))
E;i

qg"— ki, and Ej—e; for i#},

Poisson brakets,

[,]—=2rib?{ , }, b — 0,
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Poisson algebra P(gl/(n))

5i— 6,
{klaeij}: l2 Jleijk/7 {k,',kj}:O,

{eiis1, g1} = 0y(kikiy — ki Mkisa),

{eiit1, 41} = {eip1i 64151 =0 for |i—j] >2,
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Poisson algebra P(gl/(n))

)

51— §;
{ki e} = %eijkl; {ki, ki} =0,

{eiit1, 1151 = 5;j(kik,-111 — ki tkiz1),
{eiiv1, g1 ={€ir1i, 11,0 =0 for [i—j|>2,
Serre relations,

1
2 _
{ei,i+17 {ei,i+1, ei+1,i+2}} - Zei,i+1ei+l,/'+2 - 07 s

Other generators,

1
ej = {ew e} — Eekjeika Gi = s

< k <j.
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Quasi-classical expansion of the universal R-matrix

The universal R-matrix is singular in the limit b — 0.

R = (1 — e,-j X ej,-)*%
i<j
1 1
Xexp (W (2 Z Iog k,' & Iog kj + 5 Z L12(e,J X eJ-,-))) (1+O(b2)),
i>j i<j

t

Lia(x) = —/Oxwdt.
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Classical Yang-Baxter map

Although the quasi-classical limit of the universal R-matrix becomes
singular, its adjoint action { € A® A — RER™T € A® A is well
defined. Thus the g — 1 limit of the quantum Yang-Baxter map is
well defined.

R=ImR

g—1
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Zero-curvature representation

The zero-curvature representation for the classical case has the same
as the quantum case.

Ge=00, 66=0586, &6=01F,

However, the matrix elements of the L-operators Eai are commutative.
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Solution of the zero-curvature representation

One can obtain the solution by taking the limit ¢ — 1. In particular,
the solution is written in terms of ratios of product of minor
determinants (Pliicker coordinates) of a single matrix.

0 GG\ [0 4
ey oepes) T \ere ) )
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Example for P(s/(3))

Joo U3

e

_ (1) (2)y—1 _
1 —‘ J3 J33 (“2 u; ) ) = J33,
(e J2 s + ot
1 1) (2) (1) (2)y—1 1 e J 1) (2)y—
B =| () o d (e@uVufHTr ) = (1 7 Jas Jig (g uf)
0 J U3z
e
4 Jiz i3
1 1) (2) (1) (2)— 1 1
4 = 1} g’ o s (el u?) Q= B =1m
iy J U3z
1,2 (1) (2 (1) (2)
o) ,‘ Jo1 U3 ‘(u(l)u(z))—l P I e e B @) =t
21 J J PR > U= , b = ,
31 33 Joo 3 ‘ Js33
J2 U3
(£ € )21 (€ £y )2 O
‘ Ji2 Jis ‘U(I)U(Z) Jo1 Jo Jo3
~2) | d2  J33 7@ _ Jiz ~2) _ J23 ~2) J31 J32 J33
by = , by = £33 Gy = )
‘ Joo o3 ‘J” J33 J33 ‘ Joo Jos ‘
J2 U3z J2 J33
(61785 )31 (67 £y )32 (€ £y) o o
Jo1 Joo Jo3 ‘ (£ €3 )32 (€ £y )33 |,(M),02)
7 _ J31 J32 J33 7@ _ J32 J33 2 2
1 ‘ Joo o Jo3 ‘ ’ %2 J33‘ Joo Jo3 ‘
J U3z J Js3

Zengo Tsuboi ( Osaka City University AdvanQuantum groups, Yang-Baxter maps and qua

June 2018



Quasi-classical limit for the minimal representatioin

The Heisenberg-Weyl algebra W, reduces to the classical
Heisenberg-Weyl algebra WV in the quasi-classical limit.

{ui, wi} = d5wju;, {ui, v}y = {w;, w;} = 0.
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Quasi-classical limit for the minimal representatioin

The Heisenberg-Weyl algebra W, reduces to the classical
Heisenberg-Weyl algebra WV in the quasi-classical limit.

{ui, wi} = d5wju;, {ui, v}y = {w;, w;} = 0.

Minimal representation
(homomorphism from P(s/(n)) to W.)

+ — . + —wlwl s ow Y (y — kus

b= u;, gu =W Wi, Wj—l(uj KUj-1),

— — 1 5 o
gi,i = Uj_q, gj,i =K " WiWjtq- - Wj_l(—u,' T+ /{U,'_l), <.
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Solution of the zero-curvature relation for classical

minimal rep

For instance, for n = 3 case, we explicitly obtain
Z’(11) _ (mwz(z)(mugl)ugz) W1(2) _ wl(l)(nzl _ ugl))(@ugz) _ ugz)))_
rouPwPwlD (1 — o) (20 — 1)) (e wP WD),

(and similar relations for Dgl), D{12), E(22), vT/l(l), v~v2(1), VT/1(2), v~v2(2))
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Solution of the zero-curvature relation for classical

minimal rep

Rewriting this type of formula, we obtain the following relations for

P(sl(n)).
1@\ 1) )
(1 _ Wi Wi —w;
u, " =R <H ) W(l) B )’

W(2) K1W
k=1 "k 1W;

1

(and similar egs. for u(2), Dfl), D{.Z)), i€ed{l,2,...,n—1}.

i i
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Symplectic form

Under these relations, the following function

n—-1 2
<D:ZZ<Iogu dlogw) Iogu dlogw )>

i=1 a=

becomes a closed form
2

1
:ZZ(dlogua)/\dlogw dlogu(a)/\dlogwa)> 0.

i=1 a=1
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Symplectic form

Under these relations, the following function

n—1

2
¢ = ZZ(Iogu dlogw) Iogu dlogw )>

i=1

becomes a closed form:

n—1 2
:ZZ(dlog 1 A dlog w'® — dlog u® A dlog w )>:0.

i=1 a=1
This is also an exact form (¢ = dL):

V~V(1) (3 =l ~(1) )
£:2ZIog ()Iog ()—i-ZIog ()Iog @
k<i Wi Wi i=1  h2W; Wi

n—1 ~(1) ~(1) (2)
. RoW; . RoW; . K1w,
+ E —Li | —4— | +Lip | —%= | +---—Li» .
i:l{ < V~Vi(2) ) (”1W'(2)> <’€2V~V'(1))}
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Discrete solition equations for P(s/(n))

We consider the mapon O = A; @ A, ® -+ - @ Aoy_1 ® Aoy for
qg—1

( ui2m+1,t+1 _ u(u?mfl,t)' ui2m,t+1 — u(u?m,t), m = 1’ . ,N;

i=1,...,n—1).

i—1 2m,t+1 2m—1,t 2m,t+1
2m—1,t W w; - W
u; =hK H 2mit 2m—1,t 2mit
1 Wi W — K W;

_ omt  2milttl  2m e+l
(and similar eqgs. for u;™*, ™I 2,

i ]

28 June 2018



Discrete solition equations for P(s/(n))

The consistency condition produces the following equations

- - _
<1_[ W£m+2,t+2> WI_2m+1,t+1 _ WI_2m+2,t+2 <1 me,t+1> WI_2m+1,t+1 — K, 1Wi2m,t+1
2m+2,t+1 2m+1,t+1 Imt2,t+1 H 2m,t 2m+1,t+1 1 _omt’
k=1 Wk Wi - kiw; k=1 Wk i — Ki1ky W

(and one similar eq.)

These equations reduce to a discrete Liouville equation for P(s/(2))
[Bazhanov-Sergeev 2015].
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The consistency condition produces the following equations

- - _
<1_[ W£m+2,t+2> WI_2m+1,t+1 _ WI_2m+2,t+2 <1 me,t+1> WI_2m+1,t+1 — K, 1Wi2m,t+1
2m+2,t+1 2m+1,t+1 Imt2,t+1 H 2m,t 2m+1,t+1 1 _omt’
k=1 Wk Wi - kiw; k=1 Yk i — Ki1ky W

(and one similar eq.)

These equations reduce to a discrete Liouville equation for P(s/(2))
[Bazhanov-Sergeev 2015].

We expected that P(s/(n)) case corresponds to discrete Toda field
equations. However, the equations seem to be something more
complicated.
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Summary

@ Quantum Yang-Baxter maps are defined in terms of adjoint
action of the univeral R-matrix [Bazhanov-Sergeev 2015].
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@ Quantum Yang-Baxter maps are defined in terms of adjoint
action of the univeral R-matrix [Bazhanov-Sergeev 2015].

@ Solving the zero-curvature representation, we obtained the
quantum Yang-Baxter map for U,(sl(n)). It is expressed as a
product of quasi-Pliicker coordinates over a matrix (written in
terms of L-operators, which are image of the universal
R-matrix). Twisting of the universal R-matrix was essential for
the rationality of the map.
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@ Quantum Yang-Baxter maps are defined in terms of adjoint
action of the univeral R-matrix [Bazhanov-Sergeev 2015].

@ Solving the zero-curvature representation, we obtained the
quantum Yang-Baxter map for U,(sl(n)). It is expressed as a
product of quasi-Pliicker coordinates over a matrix (written in
terms of L-operators, which are image of the universal
R-matrix). Twisting of the universal R-matrix was essential for
the rationality of the map.

@ Classical Yang-Baxter maps are derived through the
quasiclassical limit.

@ Discrete integrable systems (soliton equations) follow from
Yang-Baxter maps.

@ Conjecture [Bazhanov-Sergeev 2015]: all the discrete integrable
equations could be derived in this way.
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