Yangian Symmetry and
Integrability of Planar N' = 4 SYM

Niklas Beisert

e, ETH zurich

Exactly Solvable Quantum Chains
[IP Natal
27 June 2018

work with A. Garus, M. Rosso (1803.06310, 1701.09162)
and with A. Garus (1804.09110).


http://people.phys.ethz.ch/~nbeisert
http://www.itp.phys.ethz.ch
http://www.ethz.ch
http://arxiv.org/abs/1803.06310
http://arxiv.org/abs/1701.09162
http://arxiv.org/abs/1804.09110

Introduction and Overview
Aim:

Prove Yangian symmetry in integrable planar gauge theories.

Outline:
e Yangian Symmetry of Planar N’ = 4 SYM
e Correlation Functions

General Assumptions:
e N = 4 supersymmetric Yang—Mills theory
e Planar limit
e Most results also apply to ABJM
(N = 6 supersymmetric Chern—Simons theory)
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. Yangian Symmetry
of
Planar N = 4 SYM
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AdS/CFT Integrability

Integrability: Curious feature of planar A/ =4 SYM (and related);
enables efficient computations:

planar spectrum of anomalous dimensions (finite \)
correlation functions of local operators
colour-ordered scattering amplitudes

null polygon Wilson loops

planar loop integrands (integrals?)

What (precisely) is integrability? How to prove it?

several ansatze or definitions in particular situations

hidden symmetry enhancement:
superconformal psu(2,2]4) — Yangian Y|[psu(2,2|4)]
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Yangian Symmetry

“Symmetry” in what sense?

Spectrum is not invariant (boundary conditions).
Scattering amplitudes are IR divergent (massless particles).
Null polygon Wilson loops are UV divergent.

Smooth Maldacena—Wilson loops are finite and invariant.
Symmetry for other observables less evident.

Ordering principle, tools, ...

Invariance of the action!
Complications:

representation non-linear in fields,
cyclic boundary conditions,
implementation of planar limit,
non-local properties,

quantum anomalies?
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Yangian Algebra

Defined in terms of level-zero and level-one generators JA, JA:

Algebra Relations: Coproduct:

[34,0P] ~ fEP I, AJC~I91+10J°,

(34 T5] ~ 2P3C, AT~ T @1 +10 ¢
[34, (78,39 + cyclic & {J,J, J}. + £S04 @ J5.

J in adjoint; satisfies Serre relation. J/J acts locally/bi-locally.
Level-one momentum (dual conformal) P easiest:
AP~P®1+1@P+PAD+PAL+QAQ.

e based on super-Poincaré (P, L, Q) and dilatation (D);
e can be defined in many (other, related) models.
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Spins in N = 4 SYM

How to represent a (Yangian) symmetry algebra in N' = 4 SYM?

Spins:

e several flavours: 7 = A, V,, ¥y, P,,.

e fields and derivatives: Z(x) — 0,Z(x),0,0,Z(x),.. ..

e SU(N) gauge theory: fields Z = Z;; are N x N matrices.

Superconformal/Level-Zero Representation:
e momentum generator P: P, Z(x) ~ i0,Z(x).
e gauge theory: gauge covariant representation

P,Z(x) ~ iD,Z(x) = i0,Z(x) — [A,(2), Z(x)).

— ‘non-linear’ representation!
e rotations L. L, 2 ~x,D,7Z — :EVD,iZ.
e supersymmetries Q: Q& ~ V¥, QU ~ D,
I
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Spin Chains
Recall: All fields Z are N x N matrices. Consider field monomials:
I\ Zy... 70,

e Product monomial is (covariant) N x N matrix.

e Ordering of fields matters (for sufficiently large N).

e Monomials of different length can be mixed (e.g. 07 +i[A, Z]).
Field polynomials: spin chain states of variable length!

Field polynomials relevant for various objects and observables in QFT:
local operators O(x) = tr Zy(z) ... Z,(z) + ...,

Wilson lines W = Pexp [ A = 1+fA+%ffA1A2+...,
colour-ordered correlators F, (a:l, coy ) = (tr Zy(x1) .. Zn(20)),
action § = [dz* L(x) ~ [da* tr( F“”Fm,) +...
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Yangian Bi-local Representation

Superconformal action (level-zero Yangian): local insertion
n
N2y ... Z,) =) 7. 0%y ... Zy.
k=1
Level-one Yangian action: bi-local insertion follows coproduct

N2 Z)=fSp Y 2o 2 P2 2,
k<l=1

+Zzl...3<’zk...zn.
k=1

Issues:
e local term JZ), as completion of bi-local terms;
e non-linear action of JZ, and JZ,.
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Equations of Motion

Application of J on the action needs extra care (cyclicity).

Consider the equations of motion first: [t

J(e.om.) < e.om.

Dirac equation is easiest:
DV + [@,W] = 0V +i[A, V] + [®,¥] = 0.
Bi-local action of P via coproduct AP = P, + P, + J® @ J@;
i{JVA, JOw} + {J0 JOT} + D-PY + i[PA, W] + [&, P¥] = 0.
Defines local terms PZ in level-one action:
PA~{®,0}, PO~ {0 W}, Pd=0.

All terms cancel properly. Dirac equation Yangian-invariant!
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Invariance of the Action

Aim: Show planar Yangian invariance of the action [V2 c oee

JS=0.

Essential features of the action S:

e single-trace, conformal, finite (disc, level zero, no anomalies?);
e cyclic, integrated, non-homogeneous polynomial

Task: Reconcile non-linear, bi-local representation with cyclicity.

Found definition for “J 8" such that:
e JS§ =0 for N'=4 SYM and other planar integrable models
e JS # 0 for non-integrable models (plain A/ < 4 SYM)

Invariance of the action shown for P (~ 1000 terms).

Proper definition of integrability!
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Level-One Action on Cyclic Action

Expansion of non-linear action S, generator J, representation JS:

1
S:ZESM’ JZZJ[m], JS:ZJW]JSM'

Proper definition for non-linear bi-local cyclic representation JS:

n

2k —n—2 (1) (2)
18 i T;“{Z; 2(n+m+ 1) J[m],k+zJ[Z],1S[n]
I+1

+ Z Z n+m+l J[m] k‘][l 1S + Zj[m},ls[n]~

n,m,l k=1 n,m

Compare to double local action J'J2S:
I+1

JLI2S ~ ZZJ eI 1S+ D> T a1

n,m,l k=2 n,m,l k=1
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Potential Yangian Anomalies

More elegant proof: Consider classical anomaly term
Al = PrS £ 0.
From level-one algebra [J,J] ~ J we know
PAY=QA" =0, A* is a vector of dimension 1.

Therefore A* = [ da* O* with local operator O

e dimension-5 vector operator

e top component of supermultiplet

However: top components of long multiplets at dimension > 10.
No suitable short supermultiplets. No classical anomaly terms!

Even better: level-one bonus symmetry B~ QAS:
B=BS; PB=LB=RB=DB=0, CPB=-B
No CP-odd dimension-4 scalar operator O with B = [ dz* O!
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Yangian Symmetry in Quantum Theory

Yangian symmetry in classical action shown! Implications for QFT?
Noether: Conserved currents/charges? Bi-local representation?!

Consider general correlators of fields:

Fion(x,..o x,) = <Z1(x1) . Zn(xn)>.
Ward-Takahashi identities for Fy_,,(x1,...,z,)!

J(.) = Zk<Zl(a:1) A Z(@r) - Zl@n)) = 0,
J.) = Zk<l<zl(:c1) I Zk(ay) 32 - L))
+ > (Zi(n) . 3 Zu() - Zaln)) )

Complication: N' =4 SYM is gauge theory.
e gauge fixing e unphysical d.o.f. e Yangian closes onto gauge.
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Correlators of Fields
Test Slavnov—Taylor identities for some correlators:

<tr ZlZQ> =,

<trZ1Z2Z3> =1 @ >

<tI‘Z12223Z4> = — - +1

H-D -
(tr 212223) ) = —i @ i @ — @ :

e restrict to planar / colour-ordered contributions;
e off-shell: no complications due to mass shell condition;
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Yangian Symmetry of Propagator
Level-one generators almost annihilate gauge propagator (A; As)
JO(AL Ay = f$5(02 A, JP Ay) = dydyRS,. JA H———H JA
Proof: consider instead (dA; As); “integration by parts” on JF}

JO(dALAS) = fS(JAF I8 A,)

= (I (PP Ay) — fSp(F I TP Ay)

= (I (P (JPX-F)y) — 2 £ (Fy [34, 7] 45) = 0.
e first term zero due to conformal symmetry,
e second due to f{zfA% = iz JAXMIBXYN Fyy =0 (N = 41).

Action must be double total derivative: jC<A1A2> = ddy RS,.
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Conformal Symmetry of 3-Point Function
Start simple: tree-level conformal invariance at 3 points

J<tr 212223

SN ETANEIAN T ANE/A RN
: @—@—@—@—@—@

Invariance of action implies invariance of correlator.
Also confirmed invariance for properly gauge-fixed correlator.
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Yangian Symmetry of 3-Point Function

Yangian action on correlator of 3 fields at tree level

sz =3 +i Y+ (N + 73
RSN NRTeS

Invariance based on:
e conformal invariance of propagator and 3-vertex,
e Yangian invariance of 3-vertex.
Also showed ) A J invariance of gauge-fixed correlator.
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Yangian Symmetry of 4-Point Function

Yangian action on tree-level correlator of 4 fields J tr 212973 74)

—~@)-0) R
R-R-R R
+2@+4@-@+@-@:

e conformal invariance of propagator, 3-vertex and 4-vertex,
e Yangian invariance of 3-vertex and 4-vertex,
e commutativity of constituents [J(V), J?)] = 0.
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3-Function at One Loop

Yangian action on one-loop correlator of 3 fields <tr ZlZQZ:),)(l)

b
>
5O
50 §

- &
D-D+D-D-D @
B

Invariance shown modulo gauge fixing and divergences.
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Anomalies?

Classical symmetries may suffer from quantum anomalies:

e No established framework for anomalies of non-local symmetries
(in colour-space not necessarily in spacetime).

e Violation of (non-local) current? Cohomological origin?

Potential anomaly terms:

e quantum analysis similar to classical one?
e consider gauge fixing ...

e consider regularisation . ..

However:
e Not an issue for Wilson loop expectation value at one loop.
e Integrability “works” at finite coupling: no anomaly expected?
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Conclusions

Yangian Symmetry of Planar N’ = 4 SYM:
e classical action of planar N = 4 SYM Yangian invariant
e model classically integrable (same for ABJM)

Correlation Functions
e Ward-Takahashi/Slavnov—Taylor identities tested
e No quantum anomalies to be expected?!

Outlook: Apply to scattering amplitudes (LSZ), Wilson loops, . ..

Derive algebraic integrability methods?!
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