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Regge Trajectories

Strongly interacting particles (Hadrons) obey approximate relations 
between Angular Momentum (J) and quadratic masses (m^2) 

I. INTRODUCTION

Quantum Chromodynamics (QCD) is a non-Abelian Yang-Mills gauge theory that cor-

rectly describes the strong interactions. Its well known Lagrangian is given by:

L
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where  (x) represents the quark fields in the fundamental representation of the SU(3) gauge

group and F

a

µ⌫

is the gluon field strength tensor. This tensor can be decomposed in a such

way, as
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where Aa

⌫

are the gluon fields, with a = 1, · · · , 8, fabc are the structure constants of SU(3)

group and g

YM

is the coupling constant of Yang-Mills (strong) interactions.

Gluons do not carry electric charges, but they have color charge. Due to this fact, they

coupled to each other, as implied by Eqs. (1) and (2). The bound states of gluons predicted

by QCD, but not detect so far, are called glueballs. Glueball states are characterised by J

PC ,

where J is the total angular momentum, and P and C are the P�parity (spatial inversion)

and the C�parity (charge conjugation) eigenvalues, respectively.

QCD has many interesting characteristics and among them asymptotic freedom and con-

finement. The first one means that in the ultraviolet limit, i.e, for high energies or short

distances, quarks and gluons practically do not interact with each other. In this case, one

has a weak coupling regime and QCD can be treated perturbatively. On other hand, con-

finement means that in the infrared limit, i.e., for low energies or large distances, quarks

and gluons are bounded to each other strongly, in a strong coupling regime, and there-

fore, inaccessible to the perturbative approach. Calculations involving bound states as the

glueball masses, and consequently, their related Regge trajectories, are features of the non-

perturbative regime. Regge trajectories are well known approximate linear relations between

total angular momenta (J) and the square of the masses (m), such that:

J(m2) ⇡ ↵

0

+ ↵

0
m

2

, (3)

with ↵
0

and ↵0 constants.

In this paper we will calculate the masses for even and odd spin glueball states and from

these masses one gets the Regge trajectories for the pomeron and odderon, respectively. As
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The Pomeron

Experimental Regge trajectories from proton proton scattering

mentioned before those glueball states were not detected experimentally so far. Due to this,

the glueball state masses come from some particular models. In the case of the pomeron,

related to even spin glueball state masses, there are some models to describe it, such as, the

soft pomeron [1], given by:

J(m2) ⇡ 1.08 + 0.25m2

, (4)

where the masses throughout this work are expressed in GeV. There are also other models

like the triple pole pomeron [2] , the hard pomeron [3], the BFKL pomeron [3] and etc. All

of these models provide trajectories pretty close to Eq. (4), so we are going to compare our

results obtained for the Regge trajectory of the pomeron with this one.

In the case of odderon, related to odd spin glueball states, there are also many models

to describe it, such as, isotropic lattice [4], anisotropic lattice [5], relativistic many body [6],

given by:

J(m2) ⇡ �0.88 + 0.23m2

, (5)

the non-relativistic constituent [6] given by:

J(m2) ⇡ 0.25 + 0.18m2

, (6)

and etc. We are going to compare our results obtained for the Regge trajectory of the

odderon, with these two trajectories.

The AdS/CFT or Anti de Sitter/Conformal Field Theory correspondence [7–11] arises as a

powerful tool to tackle non-perturbative Yang-Mills theories. The AdS/CFT correspondence

relates a conformal Yang-Mills theory with the symmetry group SU(N) for very large N

and extended supersymmetry (N = 4) with a IIB superstring theory in a curved space,

known as anti de Sitter space, or AdS
5

⇥S

5. At low energies string theory is represented by

an e↵ective supergravity theory. Due to this, the AdS/CFT correspondence is also known

as a gauge/gravity duality.

After a suitable breaking of the conformal symmetry one can build phenomenological

models that describe (large N) QCD approximately. These models are known as AdS/QCD

models.

In order to deal with conformal symmetry breaking the works [12–15] have done some

important progress. In these works, emerged the idea of the hardwall model. This idea

means that a hard cuto↵ is introduced at a certain value z
max

of the holographic coordinate

3

Masses m in GeV  (                                                                     )
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�
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One can see in Figure 2 that the e↵ective potentials show an abrupt rise in the IR region

(large z), simulating a wall or in this case a hardwall. As is well known, the hardwall model

(with Neumann boundary condition) gives good results for even [25] and odd spins [26]

related to the pomeron and to the odderon, respectively. In fact, the masses found in Table

IV are pretty close to the ones obtained from the hardwall model with Neumann boundary

conditions.

So, we conclude that the dynamical corrections lead to e↵ective potentials that work like

a hardwall at some finite value of the holographic coordinate z implying good results for

the glueball masses and Regge trajectories. Similar results have also been recently found for

the (non-anomalous) dynamical softwall model [33] and for a modified (analytical) softwall

model [19].
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The Pomeron is related to Glueball states                                  …                                   
and may be to 

Glueball States JPC

0++ 2++ 4++ 6++ 8++ 10++ k

m
n

0.51 2.20 3.44 4.63 5.80 6.96 0.10

Table I: Masses m
n

expressed in GeV for the glueball states JPC with even J as the eigenstates

of Eq. (9) with the potential (12) for k = 0.10 GeV2.

Regge trajectories are an approximate linear relation between total angular momenta (J)

and the square of the masses (m), such that J(m2) ⇡ ↵0 + ↵

0
m

2 with ↵0 and ↵

0 constants.

One can obtain Regge trajectories for the pomeron using data from Table I once they are

associated with even spin glueballs.

For instance, a Regge trajectory can obtained from eq.(9) for the pomeron using table I

and k = 0.10 GeV2, excluding the state 10++, and is presented bellow:

J(m2) ⇡ (0.65± 0.45) + (0.23± 0.02)m2 (13)

The errors come from the linear fit. This Reege trajectory for the pomeron is represented

in Figure 3 and is in agreement with the one presented in [28].

Figure 3: Regge trajectory for the pomeron, Eq. (13), from data of Table I with k = 0.1 GeV2

and corresponding to the glueball states 0++, 2++, 4++, 6++, and 8++.

Choosing another set of states, for exemple, 2++
, 4++

, 6++
, 8++, from Table I also with k
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The Odderon

Relativistic many-body model (RMB)

Non-relativistic constituent model (NRCM)
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The Odderon

Relativistic many-body model (RMB)

Non-relativistic constituent model (NRCM)

The Odderon is related to Glueball states                            , … 

and may be  

Glueball States JPC

1�� 3�� 5�� 7�� 9�� 11�� k

m
n

2.84 4.04 5.22 6.38 7.54 8.69 0.10

Table II: Masses m
n

expressed in GeV for the glueball states JPC with odd J solving Eq. (9)

with the potential (16) for k = 0.10 GeV2.

are associated with odd spin glueballs.

For the odderon, using table II and k = 0.10, excluding the state 11��, the Regge

trajectory is presented bellow:

J(m2) ⇡ (0.18± 0.41) + (0.16± 0.02)m2 (17)

The errors come from the linear fit. This Reege trajectory for the odderon is represented in

Figure 7 and is in agreement with [29] within the non-relativistic constituent model.

Figure 7: Regge trajectory for the odderon, Eq. (17), from data of Table II with k = 0.1 GeV2

and corresponding to the glueball states 1��, 3��, 5��, 7�� and 9��.
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Experimental signs of the Odderon 
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Experimental signs of the Odderon

LCH new results?

Some groups are looking for the Odderon...



AdS/CFT correspondence 
  

10

(Maldacena, 1997)

String theory in AdS_5 x S^5 (10 dimensions) is equivalent to  
N=4 super-Yang-Mills SU(N) theory for large N in 4 dimensions

AdS_5 = 5 dim. Anti-de Sitter space = space with negative constant curvature

S^5 = 5 dim. hypersphere

N=4 extended supersymmetric conformal gauge theory

Other versions of the Correspondence

M-theory in AdS_4 x S^7 (11 dimensions) is equivalent to super-Yang-Mills  
SU(N) conformal gauge theory with large N in 3 dimensions. 

M-theory in AdS_7 x S^4 (11 dimensions) is equivalent to super-Yang-Mills SU(N) 
conformal gauge theory with large N in 6 dimensions.
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The 4-dim boundary  is at z = 0                                                                          

x

z

Holography in String theory

AdS Space in Poincaré coordinates

Fifth dimension z  ~  1 / E    where    E = Energy in 4-dim boundary 
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Brodsky, Teramond PRL 2005, 2006; Erlich, Katz, Son, Stephanov PRL 2005.

Hard-wall Model
Polchinski & Strassler 2001/2002

Scattering of Glueballs using the AdS/CFT correspondence  

Finite region in AdS space 0 <  z  < z_max 

z_max  ~   1 / E     where  E is the Energy scale in boundary theory 

HBF & Braga JHEP 2003, EPJC 2004

Masses of Glueball states 0++ and its radial excited states 0++*, 0++**, 0++***, … 

Extension to Mesons and Baryons
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Scalar Glueballs in the Hard-wall model 

Accordingly to the AdS/CFT dictionary a massive field in AdS is related 
to a p-form with conformal dimension                    

So, for a scalar field on the boundary

4

in 4-dimensions using a dilaton field in AdS5 × S5 space, inspired by the AdS/CFT cor-

respondence. The works [17, 18] introduced a cut-off at a certain value of a z coordinate

of AdS5 space called zmax and considered an AdS slice in the region 0 ≤ z ≤ zmax. An

immediate consequence of introducing a cut-off is the breaking of conformal invariance, so

that particles on the 4-dimensional boundary now acquire mass. One can associate the size

of the AdS slice to the energy scale of QCD:

zmax =
1

ΛQCD

. (6)

The hardwall model assumes an approximate duality between a string theory in an AdS5

space with metric defined by:

ds2 =
R2

z2
(−dt2 + dx⃗2 + dz2) (7)

and a pure Yang-Mills theory with symmetry group SU(N) in the large N limit, present at

the border this five dimensional space.

In the low energy limit of string theory the AdS/CFT correspondence associates operators

of the boundary theory with supergravity fields. For example, the scalar glueball 0++ is

represented by the operator O4 = F 2 associated with a dilaton in the AdS5 × S5 space.

The conformal dimension ∆ of an operator O related to a p-form AdS5 field with mass

m5 is given by [19]:

m2
5R

2 = (∆− p)(∆+ p− 4), (8)

where R is the AdS radius. The operator that describes the glueball 1−− is

SymTr(F̃µνF
2) (9)

with conformal dimension ∆ = 6. This operator is associated with the Ramond-Ramond

tensor C2,σλ described in a single D3-brane, by the action [20, 21]:

S =

∫

d4x det
[

Gσλ + exp−φ
2 (Bσλ + Fσλ)

]

+

∫

d4x(C0F ∧ F + C2 ∧ F + C4). (10)

From the action (10) one can obtain the equation of motion for the Ramond-Ramond

field. It can be shown that with a suitable polarization choice this equation can be reduced

to that of a scalar field φ with mass m5 :

102 E.F. Capossoli et al. / Physics Letters B 760 (2016) 101–105

interesting property of the SWM is to provide linear Regge tra-
jectories. In the ref. [23] it was shown that SWM does not work 
properly for calculation of scalar glueball and its radial excitation 
masses or higher spin glueball states. Due to this, one cannot find 
satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.

In this work, our principal aim is to calculate Regge trajecto-
ries for both even and odd higher spin glueballs using a dynamical 
version of the SWM, i.e., imposing that the dilaton field became 
dynamical satisfying the Einstein equations in five dimensions [18]. 
The Regge trajectories obtained for both even and odd spin glue-
balls, related to the pomeron and the odderon, respectively, are in 
good agreement with available data.

2. The dynamical holographic model

The holographic dynamical softwall (DSW) model that we are 
going to consider has a metric structure which is consistently 
solved from Einstein’s equation. To obtain the metric solution we 
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where G5 is the Newton’s constant in five dimensions, the dila-
ton field " is given by " = kz2, where k ∼ $2

Q C D and V G is the 
dilatonic potential. The metric tensor in 5-dimensional space has 
the following form gs

mn = b2
s (z)(dz2 + ηµνdxµdxν) with 0 ≤ z ≤ ∞, 

m, n = 0, 1, 2, 3, 4, µ, ν = 0, 1, 2, 3 and ηµν = diag(−1, 1, 1, 1) and 
bs(z) ≡ e As(z) . All of these parameters are in the string frame. The 
precise form of the metric will be defined solving the equations of 
motion and finding explicitly the expression for As(z). Actually, it 
is easier to solve this problem in the Einstein frame.

Performing a Weyl rescaling, from the string frame to the Ein-
stein frame, such that bE (z) = bs(z)e− 2

3 "(z) = e AE (z) and AE (z) =
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Going back to string frame, one can write the 5D action for the 
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S =
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5G2] (7)

and the equations of motion are:

∂M [√−gs e−"(z)gMN∂NG] − √−gse−"(z)M2
5G = 0 . (8)

Representing the scalar field through a 4d Fourier transform 
G̃(q, z) and performing a change of function G̃ = ψ(z)e

B(z)
2 , where 

B(z) = "(z) − 3As(z), one gets the following 1d Schrödinger-like 
equation

−ψ ′′(z) + V (z)ψ(z) = (−q2)ψ(z) , (9)

where the effective potential is given by

V (z) = k2z2 + 15
4z2 − 2k +

(
M5 R
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e4kz2/3A−2 , (10)

with A = 0 F1(5/4, "2

9 ). The normalizable solutions of Eq. (9) cor-
respond to a discrete spectrum of 4d masses with the identifica-
tion q2 = −m2

n . This equation was solved numerically in [18] for 
the scalar glueball 0++ and its radial (spin 0) excitations and the 
masses found are compatible with those from lattice QCD.

From the AdS/CFT dictionary one knows how to relate the op-
erator in the super Yang–Mills theory with fields in the AdS5 × S5

space. In the case of dual higher spin fields we consider a symmet-
ric traceless spin J field and the relation between the conformal 
dimension ( and the AdS mass is

M2
5 R2 = ((( − 4) − J ( J = 0,1,2,3, · · · ) (11)

and the effective potential reads

V J (z) = k2z2 + 15
4z2 − 2k + ((( − 4) − J

z2 e4kz2/3A−2 . (12)

3. Even spins and the pomeron

In the perturbative approach, the pomeron is identified with 
the leading twist 2 trajectory ( = J + 2 (see, e.g., [14] and refer-
ences therein). Note that for twist two operator the relation (11)
gives M2 = J 2 − J − 4 as shown in [25]. So, let us start this study 
with this assumption. Using the DSW model discussed in the pre-
vious section, one obtains complex masses for the glueball states 
0++ and 2++ which does not allow us to find a Regge trajectory 
for the pomeron. However, in the non-perturbative regime higher 
twist operators also contribute to the scattering amplitudes related 
to the pomeron [26]. Furthermore, in ref. [27] it was argued that 
the glueball state 0++ does not belong to the pomeron trajectory, 
but to another one with lower intercept. This does not agree with 
[26] where the 0++ state is taken into account to the pomeron 
trajectory. In order to investigate these problems, we are going 
to consider trajectories including and excluding the 0++ state and 
with higher twist.

So now we consider twist four operators for a pure super Yang–
Mills theory defined on the 4D boundary, such that ( = J + 4 and 
compute the masses for even glueball states using eqs. (11) and 
(12). The scalar glueball state 0++ is represented by the opera-
tor O4, and it can be written as O4 = Tr(F 2) = Tr(F µν Fµν). For 
higher spin glueballs we insert symmetrized covariant derivatives 
in a given operator with spin in order to raise the total angular 
momentum. Then, one obtains O4+ J = F D{µ1···Dµ J } F , with con-
formal dimension ( = 4 + J and spin J .

To calculate the masses for the higher spin glueball states 
and get the Regge trajectory related to the pomeron, one has to 
solve the eq. (9) numerically with the effective potential (12). The 
masses found are shown in Table 1.

Regge trajectories are an approximate linear relation between 
total angular momenta ( J ) and the square of the masses (m), such 
that J (m2) ≈ α0 + α′m2 with α0 and α′ constants. One can obtain 

For normalizable modes



14

Scalar Glueballs in the Hard-wall model 

In particular for scalar Glueballs related to a massless field in AdS_5 
we have a boundary operator 

102 E.F. Capossoli et al. / Physics Letters B 760 (2016) 101–105

interesting property of the SWM is to provide linear Regge tra-
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satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.
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To calculate the masses for the higher spin glueball states 
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modes u!;k corresponding to the glueball masses will be
calculated by imposing appropriate boundary conditions.
Note that k ¼ 1; 2; 3; . . . , represent radial excitations of
glueballs, but we will only consider in this paper the case
k ¼ 1.

It has been proposed in the literature [29] that the
glueball operator with spin ‘ could be obtained by
the insertion of symmetrized covariant derivatives in the
operator O4 ¼ F2, such that O4þ‘ ¼ FDf"1###D"‘gF with
conformal dimension ! ¼ 4þ ‘. This approach was used
in Ref. [28] to calculate the masses of glueball states 0þþ,
2þþ, 4þþ, 6þþ, etc., and to obtain the corresponding
Pomeron Regge trajectory.

Here we are going to follow a similar approach for the
glueball states 1$$; 3$$; 5$$; 7$$; . . . . The state 1$$ is
described by the operator O6 ¼ SymTrð ~F"!F

2Þ. Inserting
covariant derivatives as described above, one obtains
O6þ‘ ¼ SymTrð ~F"!FDf"1###D"‘gFÞ with ! ¼ 6þ ‘
satisfying equations similar to (12) and (13) with a shift
in the index of the Bessel function ! ! ! ¼ 4þ ‘, where
‘ ¼ J ' 1 is the spin of each state 1$$, 3$$, 5$$, etc.

Following the approach of Ref. [28], we impose
Dirichlet and Neumann boundary conditions to calculate
glueball masses within the hardwall model. For the
Dirichlet boundary condition

#ðz ¼ zmax Þ ¼ 0; (14)

one obtains from (13), the following masses:

uD‘;k¼
$4þ‘;k

zmax
¼$4þ‘;k"QCD; J4þ‘ð$4þ‘;kÞ¼0: (15)

On the other hand, for the Neumann boundary condition

@z#jðz¼zmax Þ ¼ 0; (16)

one gets

ð‘$ 2ÞJ4þ‘ð%4þ‘;kÞ þ %4þ‘;kJ3þ‘ð%4þ‘;kÞ ¼ 0; (17)

and the masses are now

uN‘;k ¼
%4þ‘;k

zmax
¼ %4þ‘;k"QCD: (18)

Using these boundary conditions we obtain glueball
masses in the sector P ¼ C ¼ $1. We take the mass u1;1
of the state 1$$ from the isotropic lattice (3.24 GeV) found
in Refs. [36,37] to fix zmax (and "QCD), and then calculate
the other odd spin glueball masses u‘;1 for the states
3$$; 5$$; . . . , using Eqs. (15) and (18), respectively, for
the Dirichlet and Neumann boundary conditions. For
instance, for the state ‘$$ with the Dirichlet boundary
condition we have

uD‘;1 ¼
$4þ‘;1

$5;1
uD1;1; (19)

so we get 4.09 GeV for the mass uD3;1 of the 3
$$ state, etc.

A similar calculation is done for the Neumann boundary
condition. Our results are shown in Table I. We also show
for comparison the values for these masses found in the
literature [1,36–41] using other methods. Then from our
results we obtain different Regge trajectories for the odd-
eron as discussed in the next section.

III. ODDERON REGGE TRAJECTORIES IN
THE HARDWALL MODEL

Taking the data for odd spin glueball masses obtained in
the previous section, we are going to build up the Regge
trajectories for the odderon, using linear regression.
For the Dirichlet boundary condition and the set of

states, 1$$, 3$$, 5$$, 7$$, 9$$, 11$$, we find the
following Regge trajectory:

Jf1$11g
Dir ðm2Þ ¼ $ð0:83( 0:40Þ þ ð0:22( 0:01Þm2: (20)

The errors for the slope and linear coefficient come from
the linear fit. The plot relative to this trajectory can be seen

TABLE I. Glueball masses for states JPC expressed in GeV, with odd J estimated using the
hardwall model with Dirichlet and Neumann boundary conditions. The mass of 1$$ is used as
an input from the isotropic lattice [36,37]. We also show other results from the literature for
comparison.

Glueball states JPC

Models used 1$$ 3$$ 5$$ 7$$ 9$$ 11$$

Hardwall with Dirichlet b.c. 3.24 4.09 4.93 5.75 6.57 7.38
Hardwall with Neumann b.c. 3.24 4.21 5.17 6.13 7.09 8.04
Relativistic many body [1] 3.95 4.15 5.05 5.90
Nonrelativistic constituent [1] 3.49 3.92 5.15 6.14
Wilson loop [38] 3.49 4.03
Vacuum correlator [39] 3.02 3.49 4.18 4.96
Vacuum correlator [39] 3.32 3.83 4.59 5.25
Semirelativistic potential [40] 3.99 4.16 5.26
Anisotropic lattice [41] 3.83 4.20
Isotropic lattice [36,37] 3.24 4.33
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in the index of the Bessel function ! ! ! ¼ 4þ ‘, where
‘ ¼ J ' 1 is the spin of each state 1$$, 3$$, 5$$, etc.

Following the approach of Ref. [28], we impose
Dirichlet and Neumann boundary conditions to calculate
glueball masses within the hardwall model. For the
Dirichlet boundary condition

#ðz ¼ zmax Þ ¼ 0; (14)

one obtains from (13), the following masses:

uD‘;k¼
$4þ‘;k

zmax
¼$4þ‘;k"QCD; J4þ‘ð$4þ‘;kÞ¼0: (15)

On the other hand, for the Neumann boundary condition

@z#jðz¼zmax Þ ¼ 0; (16)

one gets

ð‘$ 2ÞJ4þ‘ð%4þ‘;kÞ þ %4þ‘;kJ3þ‘ð%4þ‘;kÞ ¼ 0; (17)

and the masses are now

uN‘;k ¼
%4þ‘;k

zmax
¼ %4þ‘;k"QCD: (18)

Using these boundary conditions we obtain glueball
masses in the sector P ¼ C ¼ $1. We take the mass u1;1
of the state 1$$ from the isotropic lattice (3.24 GeV) found
in Refs. [36,37] to fix zmax (and "QCD), and then calculate
the other odd spin glueball masses u‘;1 for the states
3$$; 5$$; . . . , using Eqs. (15) and (18), respectively, for
the Dirichlet and Neumann boundary conditions. For
instance, for the state ‘$$ with the Dirichlet boundary
condition we have

uD‘;1 ¼
$4þ‘;1

$5;1
uD1;1; (19)

so we get 4.09 GeV for the mass uD3;1 of the 3
$$ state, etc.

A similar calculation is done for the Neumann boundary
condition. Our results are shown in Table I. We also show
for comparison the values for these masses found in the
literature [1,36–41] using other methods. Then from our
results we obtain different Regge trajectories for the odd-
eron as discussed in the next section.

III. ODDERON REGGE TRAJECTORIES IN
THE HARDWALL MODEL

Taking the data for odd spin glueball masses obtained in
the previous section, we are going to build up the Regge
trajectories for the odderon, using linear regression.
For the Dirichlet boundary condition and the set of

states, 1$$, 3$$, 5$$, 7$$, 9$$, 11$$, we find the
following Regge trajectory:

Jf1$11g
Dir ðm2Þ ¼ $ð0:83( 0:40Þ þ ð0:22( 0:01Þm2: (20)

The errors for the slope and linear coefficient come from
the linear fit. The plot relative to this trajectory can be seen

TABLE I. Glueball masses for states JPC expressed in GeV, with odd J estimated using the
hardwall model with Dirichlet and Neumann boundary conditions. The mass of 1$$ is used as
an input from the isotropic lattice [36,37]. We also show other results from the literature for
comparison.

Glueball states JPC

Models used 1$$ 3$$ 5$$ 7$$ 9$$ 11$$

Hardwall with Dirichlet b.c. 3.24 4.09 4.93 5.75 6.57 7.38
Hardwall with Neumann b.c. 3.24 4.21 5.17 6.13 7.09 8.04
Relativistic many body [1] 3.95 4.15 5.05 5.90
Nonrelativistic constituent [1] 3.49 3.92 5.15 6.14
Wilson loop [38] 3.49 4.03
Vacuum correlator [39] 3.02 3.49 4.18 4.96
Vacuum correlator [39] 3.32 3.83 4.59 5.25
Semirelativistic potential [40] 3.99 4.16 5.26
Anisotropic lattice [41] 3.83 4.20
Isotropic lattice [36,37] 3.24 4.33
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Glueballs in the Hard-wall model and the 
Pomeron   (J++)  P=C=+1,  J=(0),2,4,…

4d Glueball states are described in AdS(5) by Bessel functions which 
satisfy some boundary condition at z=z_max.  
For massive scalar fields in AdS_5:                   Boundary operator:

modes u!;k corresponding to the glueball masses will be
calculated by imposing appropriate boundary conditions.
Note that k ¼ 1; 2; 3; . . . , represent radial excitations of
glueballs, but we will only consider in this paper the case
k ¼ 1.

It has been proposed in the literature [29] that the
glueball operator with spin ‘ could be obtained by
the insertion of symmetrized covariant derivatives in the
operator O4 ¼ F2, such that O4þ‘ ¼ FDf"1###D"‘gF with
conformal dimension ! ¼ 4þ ‘. This approach was used
in Ref. [28] to calculate the masses of glueball states 0þþ,
2þþ, 4þþ, 6þþ, etc., and to obtain the corresponding
Pomeron Regge trajectory.

Here we are going to follow a similar approach for the
glueball states 1$$; 3$$; 5$$; 7$$; . . . . The state 1$$ is
described by the operator O6 ¼ SymTrð ~F"!F

2Þ. Inserting
covariant derivatives as described above, one obtains
O6þ‘ ¼ SymTrð ~F"!FDf"1###D"‘gFÞ with ! ¼ 6þ ‘
satisfying equations similar to (12) and (13) with a shift
in the index of the Bessel function ! ! ! ¼ 4þ ‘, where
‘ ¼ J ' 1 is the spin of each state 1$$, 3$$, 5$$, etc.

Following the approach of Ref. [28], we impose
Dirichlet and Neumann boundary conditions to calculate
glueball masses within the hardwall model. For the
Dirichlet boundary condition

#ðz ¼ zmax Þ ¼ 0; (14)

one obtains from (13), the following masses:

uD‘;k¼
$4þ‘;k

zmax
¼$4þ‘;k"QCD; J4þ‘ð$4þ‘;kÞ¼0: (15)

On the other hand, for the Neumann boundary condition

@z#jðz¼zmax Þ ¼ 0; (16)

one gets

ð‘$ 2ÞJ4þ‘ð%4þ‘;kÞ þ %4þ‘;kJ3þ‘ð%4þ‘;kÞ ¼ 0; (17)

and the masses are now

uN‘;k ¼
%4þ‘;k

zmax
¼ %4þ‘;k"QCD: (18)

Using these boundary conditions we obtain glueball
masses in the sector P ¼ C ¼ $1. We take the mass u1;1
of the state 1$$ from the isotropic lattice (3.24 GeV) found
in Refs. [36,37] to fix zmax (and "QCD), and then calculate
the other odd spin glueball masses u‘;1 for the states
3$$; 5$$; . . . , using Eqs. (15) and (18), respectively, for
the Dirichlet and Neumann boundary conditions. For
instance, for the state ‘$$ with the Dirichlet boundary
condition we have

uD‘;1 ¼
$4þ‘;1

$5;1
uD1;1; (19)

so we get 4.09 GeV for the mass uD3;1 of the 3
$$ state, etc.

A similar calculation is done for the Neumann boundary
condition. Our results are shown in Table I. We also show
for comparison the values for these masses found in the
literature [1,36–41] using other methods. Then from our
results we obtain different Regge trajectories for the odd-
eron as discussed in the next section.

III. ODDERON REGGE TRAJECTORIES IN
THE HARDWALL MODEL

Taking the data for odd spin glueball masses obtained in
the previous section, we are going to build up the Regge
trajectories for the odderon, using linear regression.
For the Dirichlet boundary condition and the set of

states, 1$$, 3$$, 5$$, 7$$, 9$$, 11$$, we find the
following Regge trajectory:

Jf1$11g
Dir ðm2Þ ¼ $ð0:83( 0:40Þ þ ð0:22( 0:01Þm2: (20)

The errors for the slope and linear coefficient come from
the linear fit. The plot relative to this trajectory can be seen

TABLE I. Glueball masses for states JPC expressed in GeV, with odd J estimated using the
hardwall model with Dirichlet and Neumann boundary conditions. The mass of 1$$ is used as
an input from the isotropic lattice [36,37]. We also show other results from the literature for
comparison.

Glueball states JPC

Models used 1$$ 3$$ 5$$ 7$$ 9$$ 11$$

Hardwall with Dirichlet b.c. 3.24 4.09 4.93 5.75 6.57 7.38
Hardwall with Neumann b.c. 3.24 4.21 5.17 6.13 7.09 8.04
Relativistic many body [1] 3.95 4.15 5.05 5.90
Nonrelativistic constituent [1] 3.49 3.92 5.15 6.14
Wilson loop [38] 3.49 4.03
Vacuum correlator [39] 3.02 3.49 4.18 4.96
Vacuum correlator [39] 3.32 3.83 4.59 5.25
Semirelativistic potential [40] 3.99 4.16 5.26
Anisotropic lattice [41] 3.83 4.20
Isotropic lattice [36,37] 3.24 4.33
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modes u!;k corresponding to the glueball masses will be
calculated by imposing appropriate boundary conditions.
Note that k ¼ 1; 2; 3; . . . , represent radial excitations of
glueballs, but we will only consider in this paper the case
k ¼ 1.

It has been proposed in the literature [29] that the
glueball operator with spin ‘ could be obtained by
the insertion of symmetrized covariant derivatives in the
operator O4 ¼ F2, such that O4þ‘ ¼ FDf"1###D"‘gF with
conformal dimension ! ¼ 4þ ‘. This approach was used
in Ref. [28] to calculate the masses of glueball states 0þþ,
2þþ, 4þþ, 6þþ, etc., and to obtain the corresponding
Pomeron Regge trajectory.

Here we are going to follow a similar approach for the
glueball states 1$$; 3$$; 5$$; 7$$; . . . . The state 1$$ is
described by the operator O6 ¼ SymTrð ~F"!F

2Þ. Inserting
covariant derivatives as described above, one obtains
O6þ‘ ¼ SymTrð ~F"!FDf"1###D"‘gFÞ with ! ¼ 6þ ‘
satisfying equations similar to (12) and (13) with a shift
in the index of the Bessel function ! ! ! ¼ 4þ ‘, where
‘ ¼ J ' 1 is the spin of each state 1$$, 3$$, 5$$, etc.

Following the approach of Ref. [28], we impose
Dirichlet and Neumann boundary conditions to calculate
glueball masses within the hardwall model. For the
Dirichlet boundary condition

#ðz ¼ zmax Þ ¼ 0; (14)

one obtains from (13), the following masses:

uD‘;k¼
$4þ‘;k

zmax
¼$4þ‘;k"QCD; J4þ‘ð$4þ‘;kÞ¼0: (15)

On the other hand, for the Neumann boundary condition

@z#jðz¼zmax Þ ¼ 0; (16)

one gets

ð‘$ 2ÞJ4þ‘ð%4þ‘;kÞ þ %4þ‘;kJ3þ‘ð%4þ‘;kÞ ¼ 0; (17)

and the masses are now

uN‘;k ¼
%4þ‘;k

zmax
¼ %4þ‘;k"QCD: (18)

Using these boundary conditions we obtain glueball
masses in the sector P ¼ C ¼ $1. We take the mass u1;1
of the state 1$$ from the isotropic lattice (3.24 GeV) found
in Refs. [36,37] to fix zmax (and "QCD), and then calculate
the other odd spin glueball masses u‘;1 for the states
3$$; 5$$; . . . , using Eqs. (15) and (18), respectively, for
the Dirichlet and Neumann boundary conditions. For
instance, for the state ‘$$ with the Dirichlet boundary
condition we have

uD‘;1 ¼
$4þ‘;1

$5;1
uD1;1; (19)

so we get 4.09 GeV for the mass uD3;1 of the 3
$$ state, etc.

A similar calculation is done for the Neumann boundary
condition. Our results are shown in Table I. We also show
for comparison the values for these masses found in the
literature [1,36–41] using other methods. Then from our
results we obtain different Regge trajectories for the odd-
eron as discussed in the next section.

III. ODDERON REGGE TRAJECTORIES IN
THE HARDWALL MODEL

Taking the data for odd spin glueball masses obtained in
the previous section, we are going to build up the Regge
trajectories for the odderon, using linear regression.
For the Dirichlet boundary condition and the set of

states, 1$$, 3$$, 5$$, 7$$, 9$$, 11$$, we find the
following Regge trajectory:

Jf1$11g
Dir ðm2Þ ¼ $ð0:83( 0:40Þ þ ð0:22( 0:01Þm2: (20)

The errors for the slope and linear coefficient come from
the linear fit. The plot relative to this trajectory can be seen

TABLE I. Glueball masses for states JPC expressed in GeV, with odd J estimated using the
hardwall model with Dirichlet and Neumann boundary conditions. The mass of 1$$ is used as
an input from the isotropic lattice [36,37]. We also show other results from the literature for
comparison.

Glueball states JPC

Models used 1$$ 3$$ 5$$ 7$$ 9$$ 11$$

Hardwall with Dirichlet b.c. 3.24 4.09 4.93 5.75 6.57 7.38
Hardwall with Neumann b.c. 3.24 4.21 5.17 6.13 7.09 8.04
Relativistic many body [1] 3.95 4.15 5.05 5.90
Nonrelativistic constituent [1] 3.49 3.92 5.15 6.14
Wilson loop [38] 3.49 4.03
Vacuum correlator [39] 3.02 3.49 4.18 4.96
Vacuum correlator [39] 3.32 3.83 4.59 5.25
Semirelativistic potential [40] 3.99 4.16 5.26
Anisotropic lattice [41] 3.83 4.20
Isotropic lattice [36,37] 3.24 4.33
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The zeros of the Bessel functions give the masses of the Glueballs
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HBF, Braga, Carrion, PRD 2006

Morningstar, Peardon, PRD 1997, 1999; Teper hep-lat/9711011.
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The Hard-wall Regge trajectories for Glueballs with 
Neumann boundary conditions

Comparison with the Pomeron

are in good agreement. 

mentioned before those glueball states were not detected experimentally so far. Due to this,

the glueball state masses come from some particular models. In the case of the pomeron,

related to even spin glueball state masses, there are some models to describe it, such as, the

soft pomeron [1], given by:

J(m2) ⇡ 1.08 + 0.25m2

, (4)

where the masses throughout this work are expressed in GeV. There are also other models

like the triple pole pomeron [2] , the hard pomeron [3], the BFKL pomeron [3] and etc. All

of these models provide trajectories pretty close to Eq. (4), so we are going to compare our

results obtained for the Regge trajectory of the pomeron with this one.

In the case of odderon, related to odd spin glueball states, there are also many models

to describe it, such as, isotropic lattice [4], anisotropic lattice [5], relativistic many body [6],

given by:

J(m2) ⇡ �0.88 + 0.23m2

, (5)

the non-relativistic constituent [6] given by:

J(m2) ⇡ 0.25 + 0.18m2

, (6)

and etc. We are going to compare our results obtained for the Regge trajectory of the

odderon, with these two trajectories.

The AdS/CFT or Anti de Sitter/Conformal Field Theory correspondence [7–11] arises as a

powerful tool to tackle non-perturbative Yang-Mills theories. The AdS/CFT correspondence

relates a conformal Yang-Mills theory with the symmetry group SU(N) for very large N

and extended supersymmetry (N = 4) with a IIB superstring theory in a curved space,

known as anti de Sitter space, or AdS
5

⇥S

5. At low energies string theory is represented by

an e↵ective supergravity theory. Due to this, the AdS/CFT correspondence is also known

as a gauge/gravity duality.

After a suitable breaking of the conformal symmetry one can build phenomenological

models that describe (large N) QCD approximately. These models are known as AdS/QCD

models.

In order to deal with conformal symmetry breaking the works [12–15] have done some

important progress. In these works, emerged the idea of the hardwall model. This idea

means that a hard cuto↵ is introduced at a certain value z
max

of the holographic coordinate

3
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modes u!;k corresponding to the glueball masses will be
calculated by imposing appropriate boundary conditions.
Note that k ¼ 1; 2; 3; . . . , represent radial excitations of
glueballs, but we will only consider in this paper the case
k ¼ 1.

It has been proposed in the literature [29] that the
glueball operator with spin ‘ could be obtained by
the insertion of symmetrized covariant derivatives in the
operator O4 ¼ F2, such that O4þ‘ ¼ FDf"1###D"‘gF with
conformal dimension ! ¼ 4þ ‘. This approach was used
in Ref. [28] to calculate the masses of glueball states 0þþ,
2þþ, 4þþ, 6þþ, etc., and to obtain the corresponding
Pomeron Regge trajectory.

Here we are going to follow a similar approach for the
glueball states 1$$; 3$$; 5$$; 7$$; . . . . The state 1$$ is
described by the operator O6 ¼ SymTrð ~F"!F

2Þ. Inserting
covariant derivatives as described above, one obtains
O6þ‘ ¼ SymTrð ~F"!FDf"1###D"‘gFÞ with ! ¼ 6þ ‘
satisfying equations similar to (12) and (13) with a shift
in the index of the Bessel function ! ! ! ¼ 4þ ‘, where
‘ ¼ J ' 1 is the spin of each state 1$$, 3$$, 5$$, etc.

Following the approach of Ref. [28], we impose
Dirichlet and Neumann boundary conditions to calculate
glueball masses within the hardwall model. For the
Dirichlet boundary condition

#ðz ¼ zmax Þ ¼ 0; (14)

one obtains from (13), the following masses:

uD‘;k¼
$4þ‘;k

zmax
¼$4þ‘;k"QCD; J4þ‘ð$4þ‘;kÞ¼0: (15)

On the other hand, for the Neumann boundary condition

@z#jðz¼zmax Þ ¼ 0; (16)

one gets

ð‘$ 2ÞJ4þ‘ð%4þ‘;kÞ þ %4þ‘;kJ3þ‘ð%4þ‘;kÞ ¼ 0; (17)

and the masses are now

uN‘;k ¼
%4þ‘;k

zmax
¼ %4þ‘;k"QCD: (18)

Using these boundary conditions we obtain glueball
masses in the sector P ¼ C ¼ $1. We take the mass u1;1
of the state 1$$ from the isotropic lattice (3.24 GeV) found
in Refs. [36,37] to fix zmax (and "QCD), and then calculate
the other odd spin glueball masses u‘;1 for the states
3$$; 5$$; . . . , using Eqs. (15) and (18), respectively, for
the Dirichlet and Neumann boundary conditions. For
instance, for the state ‘$$ with the Dirichlet boundary
condition we have

uD‘;1 ¼
$4þ‘;1

$5;1
uD1;1; (19)

so we get 4.09 GeV for the mass uD3;1 of the 3
$$ state, etc.

A similar calculation is done for the Neumann boundary
condition. Our results are shown in Table I. We also show
for comparison the values for these masses found in the
literature [1,36–41] using other methods. Then from our
results we obtain different Regge trajectories for the odd-
eron as discussed in the next section.

III. ODDERON REGGE TRAJECTORIES IN
THE HARDWALL MODEL

Taking the data for odd spin glueball masses obtained in
the previous section, we are going to build up the Regge
trajectories for the odderon, using linear regression.
For the Dirichlet boundary condition and the set of

states, 1$$, 3$$, 5$$, 7$$, 9$$, 11$$, we find the
following Regge trajectory:

Jf1$11g
Dir ðm2Þ ¼ $ð0:83( 0:40Þ þ ð0:22( 0:01Þm2: (20)

The errors for the slope and linear coefficient come from
the linear fit. The plot relative to this trajectory can be seen

TABLE I. Glueball masses for states JPC expressed in GeV, with odd J estimated using the
hardwall model with Dirichlet and Neumann boundary conditions. The mass of 1$$ is used as
an input from the isotropic lattice [36,37]. We also show other results from the literature for
comparison.

Glueball states JPC

Models used 1$$ 3$$ 5$$ 7$$ 9$$ 11$$

Hardwall with Dirichlet b.c. 3.24 4.09 4.93 5.75 6.57 7.38
Hardwall with Neumann b.c. 3.24 4.21 5.17 6.13 7.09 8.04
Relativistic many body [1] 3.95 4.15 5.05 5.90
Nonrelativistic constituent [1] 3.49 3.92 5.15 6.14
Wilson loop [38] 3.49 4.03
Vacuum correlator [39] 3.02 3.49 4.18 4.96
Vacuum correlator [39] 3.32 3.83 4.59 5.25
Semirelativistic potential [40] 3.99 4.16 5.26
Anisotropic lattice [41] 3.83 4.20
Isotropic lattice [36,37] 3.24 4.33
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Massive scalar fields in AdS_5

Boundary operator

(p=0)
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Odd Glueball states in the Hard-wall with 

Dirichlet Boundary condition

Good agreement with the Relativistic 
Many-body Model (RMB) 
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Odd Glueball states in the Hard-wall 
with Neumann Boundary condition

Good agreement with the Relativistic Many-body Model (RMB) 
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Open questions for the Odderon
Experimental confirmation?

The authors 

suggest that the state              does  NOT  belong to the 
Odderon trajectory  

Our analysis with the Hard-wall is not conclusive in this 
regard
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Soft-wall AdS/QCD Model
Soft cut off (Karch, Katz, Son, Stephanov PRD 2006)

;

Glueballs in the soft-wall  
[Colangelo, De Fazio, Jugeau, Nicotri PLB(2007)]
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1. Introduction

Since 1997 the AdS/CFT or Anti de Sitter/Conformal Field The-
ory correspondence [1–5] provides new techniques and method-
ologies to deal with non-abelian gauge theories. The AdS/CFT cor-
respondence relates a conformal supersymmetric Yang–Mills (SYM) 
theory with symmetry group SU(N) for large N (N → ∞) in a 
flat Minkowski spacetime with 3 + 1 dimensions, with a I I B su-
perstring theory in a curved space 10 dimensions, which is five 
dimensional anti de Sitter space times a five dimensional hyper-
sphere, or simply, AdS5 × S5.

Since the super Yang–Mills theory is a conformal field theory it 
cannot be directly related to theories with mass or energy scales 
such as QCD. After breaking conveniently the conformal symmetry 
one can build phenomenological models that may describe some 
(non-perturbative) properties QCD approximately. The models con-
structed in this way are generically known AdS/QCD models.

Some works have dealt with this issue [6–9]. In these two last 
works, which introduced the idea of what is now called the hard-
wall model, a hard cutoff was introduced at a certain value zmax of 
the holographic coordinate z of the AdS5 space and this space was 
reduced to just a slice in the region 0 ≤ z ≤ zmax .

Another holographic AdS/QCD model was proposed introduc-
ing a prescribed background dilatonic field to play the role of a 
soft cutoff instead of the AdS slice. This is known as the softwall 
model and was successful in describing vector mesons [10] and 

* Corresponding author.
E-mail addresses: educapossoli@if.ufrj.br (E.F. Capossoli), boschi@if.ufrj.br

(H. Boschi-Filho).

their Regge trajectories which are linear in contrast with the ones 
coming from the hardwall model. It was extended to describe light 
glueball states in [11].

An interesting modification of the softwall model is to impose 
that the dilatonic field became dynamical satisfying the Einstein 
equations in five dimensions. This dynamical softwall model has 
been used to describe the mass of the scalar glueball state and its 
radial excitations with good agreement with lattice data [12]. This 
dynamical model does not have analytical solutions so one has to 
lean on numerical analysis.

In this work, we are going to consider a modified softwall 
model inspired on its dynamical version but which has analyti-
cal solutions. We apply this model to calculate glueball masses for 
the scalar case and its radial excitations, and high even and odd 
spins and construct their Regge trajectories associated with the 
pomeron and the odderon. Before going into this modified softwall 
model we start extending the original softwall model for higher 
spin glueballs.

2. Higher spin glueballs in the softwall model

In order to describe higher spins in the softwall (SW) model we 
start with the following action

S =
∫

d5x
√−ge−!(z)

[
gmn∂mG∂nG + M2

5G2
]
, (1)

where the field G is related to the scalar glueball state with mass 
M5 in the AdS5 space, defined by the metric:

ds2 = gmndxmdxn = R2

z2 (dz2 + ηµνdyµdyν) , (2)

http://dx.doi.org/10.1016/j.physletb.2015.12.034
0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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In this work we propose a modified holographic softwall model, analytically solvable, to calculate the 
masses of lightest scalar glueball and its radial excitations and of higher spin glueball states for both 
even and odd spins. From these results we obtain their respective Regge trajectories, associated with the 
pomeron for even spins and with the odderon for odd spins. These results are in agreement with those 
calculated using other approaches.

© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Since 1997 the AdS/CFT or Anti de Sitter/Conformal Field The-
ory correspondence [1–5] provides new techniques and method-
ologies to deal with non-abelian gauge theories. The AdS/CFT cor-
respondence relates a conformal supersymmetric Yang–Mills (SYM) 
theory with symmetry group SU(N) for large N (N → ∞) in a 
flat Minkowski spacetime with 3 + 1 dimensions, with a I I B su-
perstring theory in a curved space 10 dimensions, which is five 
dimensional anti de Sitter space times a five dimensional hyper-
sphere, or simply, AdS5 × S5.

Since the super Yang–Mills theory is a conformal field theory it 
cannot be directly related to theories with mass or energy scales 
such as QCD. After breaking conveniently the conformal symmetry 
one can build phenomenological models that may describe some 
(non-perturbative) properties QCD approximately. The models con-
structed in this way are generically known AdS/QCD models.

Some works have dealt with this issue [6–9]. In these two last 
works, which introduced the idea of what is now called the hard-
wall model, a hard cutoff was introduced at a certain value zmax of 
the holographic coordinate z of the AdS5 space and this space was 
reduced to just a slice in the region 0 ≤ z ≤ zmax .

Another holographic AdS/QCD model was proposed introduc-
ing a prescribed background dilatonic field to play the role of a 
soft cutoff instead of the AdS slice. This is known as the softwall 
model and was successful in describing vector mesons [10] and 
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their Regge trajectories which are linear in contrast with the ones 
coming from the hardwall model. It was extended to describe light 
glueball states in [11].

An interesting modification of the softwall model is to impose 
that the dilatonic field became dynamical satisfying the Einstein 
equations in five dimensions. This dynamical softwall model has 
been used to describe the mass of the scalar glueball state and its 
radial excitations with good agreement with lattice data [12]. This 
dynamical model does not have analytical solutions so one has to 
lean on numerical analysis.

In this work, we are going to consider a modified softwall 
model inspired on its dynamical version but which has analyti-
cal solutions. We apply this model to calculate glueball masses for 
the scalar case and its radial excitations, and high even and odd 
spins and construct their Regge trajectories associated with the 
pomeron and the odderon. Before going into this modified softwall 
model we start extending the original softwall model for higher 
spin glueballs.

2. Higher spin glueballs in the softwall model

In order to describe higher spins in the softwall (SW) model we 
start with the following action

S =
∫

d5x
√−ge−!(z)

[
gmn∂mG∂nG + M2

5G2
]
, (1)

where the field G is related to the scalar glueball state with mass 
M5 in the AdS5 space, defined by the metric:

ds2 = gmndxmdxn = R2

z2 (dz2 + ηµνdyµdyν) , (2)
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:

m2
n =

[
4n + 4 + 2

√
4 + J ( J + 4)

]
k; (n = 0,1,2, · · · ,even J ) ,

(13)

and for the particular cases of non-excited states (n = 0), one has:

m2
n =

[
4 + 2

√
4 + J ( J + 4)

]
k ; (even J ). (14)

On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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k ; (even J ). (14)

On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +
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where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2
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following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation
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(
R
z
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M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses
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n =
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5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:
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5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.
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the insertion of symmetrized covariant derivatives, and using that 
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and through insertion of symmetrized covariant derivatives one 
has
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, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
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A discussion of these results together with a numerical analysis 
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3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))
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where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as
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exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
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scalar glueball state 0++ is represented by the operator O4, given 
by:
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5 = 0) in the AdS5
space, then Eq. (7) becomes:
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In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
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(
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)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(
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, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
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5 (eq. (8)), one finds
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so that one can read for the non-excited odd spin glueball states 
(n = 0)
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n =
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A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
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5, and 
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operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
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For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
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5 (eq. (8)), one has:
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On the other side, for odd spin glueballs, following [19], the 
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)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
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, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
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5 (eq. (8)), one finds
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so that one can read for the non-excited odd spin glueball states 
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A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
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where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)
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following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:
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by:
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odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
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with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.
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G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:

m2
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√
4 + J ( J + 4)

]
k; (n = 0,1,2, · · · ,even J ) ,
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√
4 + J ( J + 4)
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(

F̃µν F 2
)
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approach in the hardwall model [19], the masses of glueball states 
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5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
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In order to obtain the modified softwall model, let us start de-
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where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)
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following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as
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exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
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by:
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which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2
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momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:
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with conformal dimension & = 4 + J and spin J . The reference 
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0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
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#(z) and the metric represented by the function As(z) which is 
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action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:

m2
n =

[
4n + 4 + 2

√
4 + J ( J + 4)

]
k; (n = 0,1,2, · · · ,even J ) ,

(13)

and for the particular cases of non-excited states (n = 0), one has:

m2
n =

[
4 + 2

√
4 + J ( J + 4)

]
k ; (even J ). (14)

On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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1. Introduction

Since 1997 the AdS/CFT or Anti de Sitter/Conformal Field The-
ory correspondence [1–5] provides new techniques and method-
ologies to deal with non-abelian gauge theories. The AdS/CFT cor-
respondence relates a conformal supersymmetric Yang–Mills (SYM) 
theory with symmetry group SU(N) for large N (N → ∞) in a 
flat Minkowski spacetime with 3 + 1 dimensions, with a I I B su-
perstring theory in a curved space 10 dimensions, which is five 
dimensional anti de Sitter space times a five dimensional hyper-
sphere, or simply, AdS5 × S5.

Since the super Yang–Mills theory is a conformal field theory it 
cannot be directly related to theories with mass or energy scales 
such as QCD. After breaking conveniently the conformal symmetry 
one can build phenomenological models that may describe some 
(non-perturbative) properties QCD approximately. The models con-
structed in this way are generically known AdS/QCD models.

Some works have dealt with this issue [6–9]. In these two last 
works, which introduced the idea of what is now called the hard-
wall model, a hard cutoff was introduced at a certain value zmax of 
the holographic coordinate z of the AdS5 space and this space was 
reduced to just a slice in the region 0 ≤ z ≤ zmax .

Another holographic AdS/QCD model was proposed introduc-
ing a prescribed background dilatonic field to play the role of a 
soft cutoff instead of the AdS slice. This is known as the softwall 
model and was successful in describing vector mesons [10] and 
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their Regge trajectories which are linear in contrast with the ones 
coming from the hardwall model. It was extended to describe light 
glueball states in [11].

An interesting modification of the softwall model is to impose 
that the dilatonic field became dynamical satisfying the Einstein 
equations in five dimensions. This dynamical softwall model has 
been used to describe the mass of the scalar glueball state and its 
radial excitations with good agreement with lattice data [12]. This 
dynamical model does not have analytical solutions so one has to 
lean on numerical analysis.

In this work, we are going to consider a modified softwall 
model inspired on its dynamical version but which has analyti-
cal solutions. We apply this model to calculate glueball masses for 
the scalar case and its radial excitations, and high even and odd 
spins and construct their Regge trajectories associated with the 
pomeron and the odderon. Before going into this modified softwall 
model we start extending the original softwall model for higher 
spin glueballs.

2. Higher spin glueballs in the softwall model

In order to describe higher spins in the softwall (SW) model we 
start with the following action

S =
∫

d5x
√−ge−!(z)

[
gmn∂mG∂nG + M2

5G2
]
, (1)

where the field G is related to the scalar glueball state with mass 
M5 in the AdS5 space, defined by the metric:

ds2 = gmndxmdxn = R2

z2 (dz2 + ηµνdyµdyν) , (2)

http://dx.doi.org/10.1016/j.physletb.2015.12.034
0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:
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and for the particular cases of non-excited states (n = 0), one has:
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On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =
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4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
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glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
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2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
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For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:
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ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:
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n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
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In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.
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O4+ J = F D{µ1···Dµ J } F , (11)
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[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.
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stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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1. Introduction

Since 1997 the AdS/CFT or Anti de Sitter/Conformal Field The-
ory correspondence [1–5] provides new techniques and method-
ologies to deal with non-abelian gauge theories. The AdS/CFT cor-
respondence relates a conformal supersymmetric Yang–Mills (SYM) 
theory with symmetry group SU(N) for large N (N → ∞) in a 
flat Minkowski spacetime with 3 + 1 dimensions, with a I I B su-
perstring theory in a curved space 10 dimensions, which is five 
dimensional anti de Sitter space times a five dimensional hyper-
sphere, or simply, AdS5 × S5.

Since the super Yang–Mills theory is a conformal field theory it 
cannot be directly related to theories with mass or energy scales 
such as QCD. After breaking conveniently the conformal symmetry 
one can build phenomenological models that may describe some 
(non-perturbative) properties QCD approximately. The models con-
structed in this way are generically known AdS/QCD models.

Some works have dealt with this issue [6–9]. In these two last 
works, which introduced the idea of what is now called the hard-
wall model, a hard cutoff was introduced at a certain value zmax of 
the holographic coordinate z of the AdS5 space and this space was 
reduced to just a slice in the region 0 ≤ z ≤ zmax .

Another holographic AdS/QCD model was proposed introduc-
ing a prescribed background dilatonic field to play the role of a 
soft cutoff instead of the AdS slice. This is known as the softwall 
model and was successful in describing vector mesons [10] and 

* Corresponding author.
E-mail addresses: educapossoli@if.ufrj.br (E.F. Capossoli), boschi@if.ufrj.br

(H. Boschi-Filho).

their Regge trajectories which are linear in contrast with the ones 
coming from the hardwall model. It was extended to describe light 
glueball states in [11].

An interesting modification of the softwall model is to impose 
that the dilatonic field became dynamical satisfying the Einstein 
equations in five dimensions. This dynamical softwall model has 
been used to describe the mass of the scalar glueball state and its 
radial excitations with good agreement with lattice data [12]. This 
dynamical model does not have analytical solutions so one has to 
lean on numerical analysis.

In this work, we are going to consider a modified softwall 
model inspired on its dynamical version but which has analyti-
cal solutions. We apply this model to calculate glueball masses for 
the scalar case and its radial excitations, and high even and odd 
spins and construct their Regge trajectories associated with the 
pomeron and the odderon. Before going into this modified softwall 
model we start extending the original softwall model for higher 
spin glueballs.

2. Higher spin glueballs in the softwall model

In order to describe higher spins in the softwall (SW) model we 
start with the following action

S =
∫

d5x
√−ge−!(z)

[
gmn∂mG∂nG + M2

5G2
]
, (1)

where the field G is related to the scalar glueball state with mass 
M5 in the AdS5 space, defined by the metric:

ds2 = gmndxmdxn = R2

z2 (dz2 + ηµνdyµdyν) , (2)

http://dx.doi.org/10.1016/j.physletb.2015.12.034
0370-2693/© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:

m2
n =

[
4n + 4 + 2

√
4 + J ( J + 4)

]
k; (n = 0,1,2, · · · ,even J ) ,

(13)

and for the particular cases of non-excited states (n = 0), one has:

m2
n =

[
4 + 2

√
4 + J ( J + 4)

]
k ; (even J ). (14)

On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1
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5, and 
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The conformal dimension & of a boundary operator is given by:
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For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:
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This is the result found in [11] that represents the equation for 
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balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.
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& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:

m2
n =

[
4n + 4 + 2

√
4 + J ( J + 4)

]
k; (n = 0,1,2, · · · ,even J ) ,

(13)

and for the particular cases of non-excited states (n = 0), one has:

m2
n =

[
4 + 2

√
4 + J ( J + 4)

]
k ; (even J ). (14)

On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
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that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
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2 (kz2), as “Schrödinger-like” equation
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2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses
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n =
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4n + 4 + 2
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]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:
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(13)

and for the particular cases of non-excited states (n = 0), one has:
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On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
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n =
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√
4 + ( J + 6)( J + 2)
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k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 
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with the 4-d glueball squared masses
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n =
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4n + 4 + 2

√
4 + M2

5 R2
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k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:
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and for the particular cases of non-excited states (n = 0), one has:
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On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
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5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
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m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 

420 E.F. Capossoli, H. Boschi-Filho / Physics Letters B 753 (2016) 419–423

where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as
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obtained good results for the Regge trajectories of the scalar glue-
ball state and its radial excitations and the Regge trajectories for 
the pomeron and the odderon, in good agreement with the litera-
ture [14–17,21–23].

An important thing to be commented is about the even spin 
glueball states. Due to the fact that in this work we use the free 
parameter k = 0.2 GeV2, to get the Regge trajectories, the mass of 
scalar glueball 0++ is lower than those found in Table 1, but the 
Regge trajectory related to the pomeron is fine, if you compare 
with [21]. One can wonder if this scalar glueball state can be re-
lated with lowest “exotic” scalar mode as pointed out in [24].

The modified softwall model, in the sense used in this work, 
i.e., solving the problem analytically, is faster than numerical ap-
proach and provides satisfactory results. As a further work, we 
will analyze the complete solution of the problem, i.e., solving the 
problem numerically to see if there will be any corrections in the 
results.
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Appendix A. Einstein frame and equations of motion

It is easier to solve the equations of motion in the Einstein 
frame, which can be defined as, with respect to the string frame:

g E
mn = gs

mne− 2
3 !, V E

G = e
4
3 !V s

G , (41)

bE(z) = bs(z)e− 2
3 !(z) = e AE (z), AE(z) = As(z) − 2

3
!(z) . (42)

Then, from action (19) one can obtain the following set of coupled 
equations (see [12] for more details):

−A′′
E + A′ 2

E − 4
9
!′ 2 = 0 , (43)

and

!′′ + 3A′
E!′ − 3

8
e2AE ∂!V E

G (!) = 0 . (44)

Solving this set of coupled differential equations with the quadratic 
dilaton background given by (3) one finds the solutions:

AE(z) = log
(

R
z

)
− log (0 F1(5/4,

!2

9
)) (45)

and

V E
G (!) = −12 0 F1(1/4, !2

9 )2

R2 + 16 0 F1(5/4, !2

9 )2!2

3R2 (46)

One can use (41) and (42) to recover the string frame expres-
sions for As(z) and V s

G(!), given by (21) and (22), respectively, 
valid for the dynamical softwall model.

For our purpose, in the phenomenological modified softwall 
model, in order to keep this model analytically solvable, we re-
place As(z) showed in (21) by As

M(z) in (27). Consequently the 
potential V s

G(!) for the modified softwall model is now given by 
V s

M(!) = exp{− 4
3 !}16!2/3R2.

As a last comment, AE (z), V E
G (!) and !(z) have to satisfy the 

eqs. (43) and (44). As we are using an approximation, in order to 
get an analytical model, it should be clear that As

M (z), in fact, does 
not satisfy exactly the eq. (43).
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ball state and its radial excitations and the Regge trajectories for 
the pomeron and the odderon, in good agreement with the litera-
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An important thing to be commented is about the even spin 
glueball states. Due to the fact that in this work we use the free 
parameter k = 0.2 GeV2, to get the Regge trajectories, the mass of 
scalar glueball 0++ is lower than those found in Table 1, but the 
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proach and provides satisfactory results. As a further work, we 
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Appendix A. Einstein frame and equations of motion
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:

m2
n =

[
4n + 4 + 2

√
4 + J ( J + 4)

]
k; (n = 0,1,2, · · · ,even J ) ,

(13)

and for the particular cases of non-excited states (n = 0), one has:

m2
n =

[
4 + 2

√
4 + J ( J + 4)

]
k ; (even J ). (14)

On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 

one finds the solutions
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It is easier to solve the equations of motion in the Einstein 
frame, which can be defined as, with respect to the string frame:

g E
mn = gs

mne− 2
3 !, V E

G = e
4
3 !V s

G , (41)

bE(z) = bs(z)e− 2
3 !(z) = e AE (z), AE(z) = As(z) − 2

3
!(z) . (42)

Then, from action (19) one can obtain the following set of coupled 
equations (see [12] for more details):

−A′′
E + A′ 2

E − 4
9
!′ 2 = 0 , (43)

and

!′′ + 3A′
E!′ − 3

8
e2AE ∂!V E

G (!) = 0 . (44)

Solving this set of coupled differential equations with the quadratic 
dilaton background given by (3) one finds the solutions:

AE(z) = log
(

R
z

)
− log (0 F1(5/4,

!2

9
)) (45)

and

V E
G (!) = −12 0 F1(1/4, !2

9 )2

R2 + 16 0 F1(5/4, !2

9 )2!2

3R2 (46)

One can use (41) and (42) to recover the string frame expres-
sions for As(z) and V s

G(!), given by (21) and (22), respectively, 
valid for the dynamical softwall model.

For our purpose, in the phenomenological modified softwall 
model, in order to keep this model analytically solvable, we re-
place As(z) showed in (21) by As

M(z) in (27). Consequently the 
potential V s

G(!) for the modified softwall model is now given by 
V s

M(!) = exp{− 4
3 !}16!2/3R2.

As a last comment, AE (z), V E
G (!) and !(z) have to satisfy the 

eqs. (43) and (44). As we are using an approximation, in order to 
get an analytical model, it should be clear that As

M (z), in fact, does 
not satisfy exactly the eq. (43).
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frame and choosing !(z) = kz2, as in the original softwall model, 
one has the solutions (see the Appendix A):

As(z) = log
(

R
z

)
+ 2

3
!(z) − log

[
0 F1

(
5
4
,
!2

9

)]
, (21)

which means that the metric (20) is a deformed AdS space and

V s
G(!) = exp{−4

3
!}

[
−12 0 F1(1/4, !2

9 )2

R2

+ 16 0 F1(5/4, !2

9 )2!2

3R2

]
(22)

so that this potential generates the desired dilaton.
Let us now describe the scalar glueball in 5D with the action in 

the string frame exactly as in Eq. (1) but with the metric replaced 
by (20), and the corresponding equations of motion are:

∂M [√−gs e−!(z) gMN∂NG] − √−gse−!(z)M2
5G = 0 . (23)

One can solve the equations of motion using again the ansatz

G(z, xµ) = v(z)eiqµxµ
, (24)

and defining v(z) = ψ(z)eB(z)/2 where

B(z) = !(z) − 3As(z) , (25)

so that one gets a Schrödinger-like equation:

−ψ ′′(z) +
[

B ′ 2(z)
4

− B ′′(z)
2

+ M2
5

(
R
z

)2

e4kz2/3A−2

]

ψ(z)

= −q2ψ(z) , (26)

where A = 0 F1(5/4, !2/9). This equation was solved numerically 
in [12].

Inspired by this dynamical model, and seeking for analytical so-
lutions, we propose a modified softwall model whose action is 
given by Eq. (1), with metric given by (20) and the dilaton !(z)
still given by (3) but with the function As(z) replaced by:

As
M(z) = log

(
R
z

)
+ 2

3
!(z). (27)

Looking at (20) and (27) one can note that this modified softwall 
model is no longer AdS5. This is also true for the dynamical soft-
wall model. But for z → 0 which means the UV limit in both cases, 
it can be seen that As(z)|z→0 → As

M(z)|z→0 ∝ log
( R

z

)
. This means 

that the geometry still remains AdS5 in the UV limit when As(z) is 
replaced by As

M(z).
Then eq. (26) can be read as:

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

ψ(z)

= (−q2)ψ(z). (28)

This equation is a Schrödinger-like equation with effective poten-
tial given by

V(z) =
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

.

This is still not exactly solvable so we expand the exponential in 
the last term in the brackets and just retain terms up to first order 
in the parameter k [13]. This procedure gives us the equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

+ 4kz2

3
M2

5

(
R
z

)2
]

× ψ(z) = (−q2)ψ(z) , (29)

which is exactly solvable and represents the modified softwall 
model that we consider here, which can also be written as

−ψ ′′(u) +
[

u2 + t2 − 1
4

u2

]

ψ(u) =
[−q2

k
+ 2 − 4

3
R2M2

5

]
ψ(u) ,

(30)

where u =
√

k z2 and t =
√

4 + R2M2
5. From the eigenenergies and 

associating −q2
n with the square of the masses of the 4D glueball 

states, one has:

m2
n =

[
4n + 2

√
4 + M2

5 R2 + 4
3

R2M2
5

]
k; (n = 0,1,2, · · ·), (31)

and the eigenfunctions are still given by (6).
So, for the lightest scalar glueball 0++ dual to the fields with 

zero mass (M2
5 = 0) in the AdS5 space, the Eq. (31) becomes:

m2
n = [4n + 4] k . (32)

For even spin glueball states we have M2
5 R2 = J ( J + 4) as in 

our previous discussion on the original softwall model and just 
computing the masses for non-excited states (n = 0), one gets:

m2
n =

[
2
√

4 + J ( J + 4) + 4
3

J ( J + 4)

]
k ; (even J ). (33)

For odd spin glueball states, with M2
5 R2 = ( J + 6)( J + 2), one 

has

m2
n =

[
2
√

4 + ( J + 6)( J + 2) + 4
3
( J + 6)( J + 2)

]
k ; (odd J ).

(34)

A comparison between these results and the ones from the 
original SW model will be presented in the next section.

4. Numerical analysis

Now we are going to obtain numerical values for the various 
masses discussed in this work. For comparison, we show in Table 1
the values of the masses for the scalar glueball and its excitations 
calculated from the lattice.

Let us start with the predictions for the scalar 0++ state. We 
begin with the result of Eq. (10) from the original SW model 
that represents the equation for the Regge trajectory for the light-
est scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · ·). 
Calculating these masses for various values of k from 0.37 to 
1.00 GeV2 one gets the results shown in Table 2. Comparing these 
values with the ones shown in Table 1, one sees that in general 
these masses do not fit those from the lattice. However, note that 
for k = 0.67 GeV2 one fits the masses of the three excited states 
n = 1, 2, 3, but not the ground state n = 0.

On the other hand, the masses derived from the Regge tra-
jectory (32) using the modified SW model and k = 0.2, 0.85 and 
1 GeV2 are presented in the Table 3. Note that for k = 0.85 GeV2

the agreement with lattice is good.
Now, let us move to the case of high even spins. The masses 

found from Eq. (14) in the original softwall model for higher spins 
with even J and k = 1 and 2 GeV2 are shown in the Table 4. From 
the results with k = 2 GeV2 one can derive the Regge trajectory for 
even glueball states associated with the pomeron:
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where m, n = 0, 1, 2, 3, 4 refer to five dimensional space, and 
µ, ν = 0, 1, 2, 3 refer to four dimensions with ηµν =
diag(−1, 1, 1, 1). Here, the dilatonic field is prescribed as

#(z) = kz2 (3)

exactly as in the original softwall model [10]. Actually, the above 
action differs from the one presented in [11] to describe scalar 
glueballs by the presence of the mass term in five dimensions. This 
term is important here to include higher spin states as we discuss 
below. The corresponding equations of motion are:

∂m[√−g e−#(z)gmn∂nG] − √−ge−#(z)M2
5G = 0 , (4)

that can be written, after a convenient decomposition of the 5-d 
glueball wave function G(z, xµ) = v(z) exp iqµxµ , where v(z) =
ψ(z)(z/R)3/2 exp 1

2 (kz2), as “Schrödinger-like” equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 + 2k +

(
R
z

)2

M2
5

]

ψ(z) = −q2 ψ(z) (5)

which has a well known solution:

ψn(z) = Nn zt(M5)+ 1
2 1 F1(−n; t(M5) + 1,kz2)exp{−kz2/2} (6)

where Nn is a normalization constant, t(M5) =
√

4 + R2M2
5, and 

1 F1(−n, a, x) is the Kummer confluent hypergeometric function. 
The corresponding “eigenenergies” −q2 = −qµqµ are identified 
with the 4-d glueball squared masses

m2
n =

[
4n + 4 + 2

√
4 + M2

5 R2

]
k; (n = 0,1,2, · · ·). (7)

It is known through the AdS/CFT correspondence how to relate the 
operator in the boundary theory with fields in the AdS5 × S5 space. 
The conformal dimension & of a boundary operator is given by:

& = 2 +
√

4 + R2M2
5 (8)

For a pure SYM theory defined on the boundary, one has that the 
scalar glueball state 0++ is represented by the operator O4, given 
by:

O4 = Tr(F 2) = Tr(F µν Fµν) (9)

which has conformal dimension & = 4. So, the lightest scalar glue-
ball 0++ is dual to the fields with zero mass (M2

5 = 0) in the AdS5
space, then Eq. (7) becomes:

m2
n = [4n + 8] k; (n = 0,1,2, · · ·). (10)

This is the result found in [11] that represents the equation for 
the Regge trajectory for the lightest scalar glueball (n = 0) and its 
radial excitations n = 1, 2, · · · .

In the references [18] and [19] the masses of higher spin glue-
balls and the Regge trajectories related to the pomeron and the 
odderon were calculated using the holographic hardwall model fol-
lowing [20]. The idea is to insert J symmetrized covariant deriva-
tives in a given operator with spin S so that the total angular 
momentum after the insertion is S + J . In the case of the oper-
ator O4 = F 2, one gets:

O4+ J = F D{µ1···Dµ J } F , (11)

with conformal dimension & = 4 + J and spin J . The reference 
[18] used this approach to calculate the masses of glueball states 
0++ , 2++ , 4++ , etc. and to obtain the Regge trajectory for the 
pomeron in agreement with those found in the literature.

Then, for even spin glueball states using the SW model after 
the insertion of symmetrized covariant derivatives, and using that 
& = 2 +

√
4 + R2M2

5 (eq. (8)), one has:

M2
5 R2 = J ( J + 4) ; (even J ) . (12)

Inserting this result in Eq. (7), one gets:

m2
n =

[
4n + 4 + 2

√
4 + J ( J + 4)

]
k; (n = 0,1,2, · · · ,even J ) ,

(13)

and for the particular cases of non-excited states (n = 0), one has:

m2
n =

[
4 + 2

√
4 + J ( J + 4)

]
k ; (even J ). (14)

On the other side, for odd spin glueballs, following [19], the 
operator O6 that describes the glueball state 1−− is given by

O6 = SymTr
(

F̃µν F 2
)

, (15)

and through insertion of symmetrized covariant derivatives one 
has

O6+ J = SymTr
(

F̃µν F D{µ1···Dµ J } F
)

, (16)

with conformal dimension & = 6 + J and spin 1 + J . Following this 
approach in the hardwall model [19], the masses of glueball states 
1−− , 3−− , 5−− , etc. and the Regge trajectory for the odderon were 
obtained in agreement with those found in the literature.

Then, for the case of the odd spin glueballs states, as & = 2 +√
4 + R2M2

5 (eq. (8)), one finds

M2
5 R2 = ( J + 6)( J + 2) ; (odd J ), (17)

so that one can read for the non-excited odd spin glueball states 
(n = 0)

m2
n =

[
4 + 2

√
4 + ( J + 6)( J + 2)

]
k; (odd J ). (18)

A discussion of these results together with a numerical analysis 
will be presented in section 4.

3. The modified softwall model

In order to obtain the modified softwall model, let us start de-
scribing briefly the dynamical softwall model discussed in [12]. 
The 5D action for the graviton–dilaton coupling in the string frame 
is given by:

S = 1
16πG5

∫
d5x

√−gs e−2#(z)(Rs + 4∂M#∂M# − V s
G(#))

(19)

where G5 is Newton’s constant in five dimensions, gs is the metric 
tensor in the 5-dimensional space, # is the dilatonic field and V s

G
is the dilatonic potential. All of these parameters are in the string 
frame. The metric tensor has the following form:

ds2 = gs
mndxmdxn = b2

s (z)(dz2 + ηµνdxµdxν); bs(z) ≡ e As(z)

(20)

following the notation of the previous section.
Performing a Weyl rescaling, from the string frame to the Ein-

stein frame, one can obtain the equations of motion for the dilaton 
#(z) and the metric represented by the function As(z) which is 
a set of coupled differential equations. Going back to the string 

which means a deformed AdS space

and a potential
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frame and choosing !(z) = kz2, as in the original softwall model, 
one has the solutions (see the Appendix A):

As(z) = log
(

R
z

)
+ 2

3
!(z) − log

[
0 F1

(
5
4
,
!2

9

)]
, (21)

which means that the metric (20) is a deformed AdS space and

V s
G(!) = exp{−4

3
!}

[
−12 0 F1(1/4, !2

9 )2

R2

+ 16 0 F1(5/4, !2

9 )2!2

3R2

]
(22)

so that this potential generates the desired dilaton.
Let us now describe the scalar glueball in 5D with the action in 

the string frame exactly as in Eq. (1) but with the metric replaced 
by (20), and the corresponding equations of motion are:

∂M [√−gs e−!(z) gMN∂NG] − √−gse−!(z)M2
5G = 0 . (23)

One can solve the equations of motion using again the ansatz

G(z, xµ) = v(z)eiqµxµ
, (24)

and defining v(z) = ψ(z)eB(z)/2 where

B(z) = !(z) − 3As(z) , (25)

so that one gets a Schrödinger-like equation:

−ψ ′′(z) +
[

B ′ 2(z)
4

− B ′′(z)
2

+ M2
5

(
R
z

)2

e4kz2/3A−2

]

ψ(z)

= −q2ψ(z) , (26)

where A = 0 F1(5/4, !2/9). This equation was solved numerically 
in [12].

Inspired by this dynamical model, and seeking for analytical so-
lutions, we propose a modified softwall model whose action is 
given by Eq. (1), with metric given by (20) and the dilaton !(z)
still given by (3) but with the function As(z) replaced by:

As
M(z) = log

(
R
z

)
+ 2

3
!(z). (27)

Looking at (20) and (27) one can note that this modified softwall 
model is no longer AdS5. This is also true for the dynamical soft-
wall model. But for z → 0 which means the UV limit in both cases, 
it can be seen that As(z)|z→0 → As

M(z)|z→0 ∝ log
( R

z

)
. This means 

that the geometry still remains AdS5 in the UV limit when As(z) is 
replaced by As

M(z).
Then eq. (26) can be read as:

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

ψ(z)

= (−q2)ψ(z). (28)

This equation is a Schrödinger-like equation with effective poten-
tial given by

V(z) =
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

.

This is still not exactly solvable so we expand the exponential in 
the last term in the brackets and just retain terms up to first order 
in the parameter k [13]. This procedure gives us the equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

+ 4kz2

3
M2

5

(
R
z

)2
]

× ψ(z) = (−q2)ψ(z) , (29)

which is exactly solvable and represents the modified softwall 
model that we consider here, which can also be written as

−ψ ′′(u) +
[

u2 + t2 − 1
4

u2

]

ψ(u) =
[−q2

k
+ 2 − 4

3
R2M2

5

]
ψ(u) ,

(30)

where u =
√

k z2 and t =
√

4 + R2M2
5. From the eigenenergies and 

associating −q2
n with the square of the masses of the 4D glueball 

states, one has:

m2
n =

[
4n + 2

√
4 + M2

5 R2 + 4
3

R2M2
5

]
k; (n = 0,1,2, · · ·), (31)

and the eigenfunctions are still given by (6).
So, for the lightest scalar glueball 0++ dual to the fields with 

zero mass (M2
5 = 0) in the AdS5 space, the Eq. (31) becomes:

m2
n = [4n + 4] k . (32)

For even spin glueball states we have M2
5 R2 = J ( J + 4) as in 

our previous discussion on the original softwall model and just 
computing the masses for non-excited states (n = 0), one gets:

m2
n =

[
2
√

4 + J ( J + 4) + 4
3

J ( J + 4)

]
k ; (even J ). (33)

For odd spin glueball states, with M2
5 R2 = ( J + 6)( J + 2), one 

has

m2
n =

[
2
√

4 + ( J + 6)( J + 2) + 4
3
( J + 6)( J + 2)

]
k ; (odd J ).

(34)

A comparison between these results and the ones from the 
original SW model will be presented in the next section.

4. Numerical analysis

Now we are going to obtain numerical values for the various 
masses discussed in this work. For comparison, we show in Table 1
the values of the masses for the scalar glueball and its excitations 
calculated from the lattice.

Let us start with the predictions for the scalar 0++ state. We 
begin with the result of Eq. (10) from the original SW model 
that represents the equation for the Regge trajectory for the light-
est scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · ·). 
Calculating these masses for various values of k from 0.37 to 
1.00 GeV2 one gets the results shown in Table 2. Comparing these 
values with the ones shown in Table 1, one sees that in general 
these masses do not fit those from the lattice. However, note that 
for k = 0.67 GeV2 one fits the masses of the three excited states 
n = 1, 2, 3, but not the ground state n = 0.

On the other hand, the masses derived from the Regge tra-
jectory (32) using the modified SW model and k = 0.2, 0.85 and 
1 GeV2 are presented in the Table 3. Note that for k = 0.85 GeV2

the agreement with lattice is good.
Now, let us move to the case of high even spins. The masses 

found from Eq. (14) in the original softwall model for higher spins 
with even J and k = 1 and 2 GeV2 are shown in the Table 4. From 
the results with k = 2 GeV2 one can derive the Regge trajectory for 
even glueball states associated with the pomeron:
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frame and choosing !(z) = kz2, as in the original softwall model, 
one has the solutions (see the Appendix A):

As(z) = log
(

R
z

)
+ 2

3
!(z) − log

[
0 F1

(
5
4
,
!2

9

)]
, (21)

which means that the metric (20) is a deformed AdS space and

V s
G(!) = exp{−4

3
!}

[
−12 0 F1(1/4, !2

9 )2

R2

+ 16 0 F1(5/4, !2

9 )2!2

3R2

]
(22)

so that this potential generates the desired dilaton.
Let us now describe the scalar glueball in 5D with the action in 

the string frame exactly as in Eq. (1) but with the metric replaced 
by (20), and the corresponding equations of motion are:

∂M [√−gs e−!(z) gMN∂NG] − √−gse−!(z)M2
5G = 0 . (23)

One can solve the equations of motion using again the ansatz

G(z, xµ) = v(z)eiqµxµ
, (24)

and defining v(z) = ψ(z)eB(z)/2 where

B(z) = !(z) − 3As(z) , (25)

so that one gets a Schrödinger-like equation:

−ψ ′′(z) +
[

B ′ 2(z)
4

− B ′′(z)
2

+ M2
5

(
R
z

)2

e4kz2/3A−2

]

ψ(z)

= −q2ψ(z) , (26)

where A = 0 F1(5/4, !2/9). This equation was solved numerically 
in [12].

Inspired by this dynamical model, and seeking for analytical so-
lutions, we propose a modified softwall model whose action is 
given by Eq. (1), with metric given by (20) and the dilaton !(z)
still given by (3) but with the function As(z) replaced by:

As
M(z) = log

(
R
z

)
+ 2

3
!(z). (27)

Looking at (20) and (27) one can note that this modified softwall 
model is no longer AdS5. This is also true for the dynamical soft-
wall model. But for z → 0 which means the UV limit in both cases, 
it can be seen that As(z)|z→0 → As

M(z)|z→0 ∝ log
( R

z

)
. This means 

that the geometry still remains AdS5 in the UV limit when As(z) is 
replaced by As

M(z).
Then eq. (26) can be read as:

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

ψ(z)

= (−q2)ψ(z). (28)

This equation is a Schrödinger-like equation with effective poten-
tial given by

V(z) =
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

.

This is still not exactly solvable so we expand the exponential in 
the last term in the brackets and just retain terms up to first order 
in the parameter k [13]. This procedure gives us the equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

+ 4kz2

3
M2

5

(
R
z

)2
]

× ψ(z) = (−q2)ψ(z) , (29)

which is exactly solvable and represents the modified softwall 
model that we consider here, which can also be written as

−ψ ′′(u) +
[

u2 + t2 − 1
4

u2

]

ψ(u) =
[−q2

k
+ 2 − 4

3
R2M2

5

]
ψ(u) ,

(30)

where u =
√

k z2 and t =
√

4 + R2M2
5. From the eigenenergies and 

associating −q2
n with the square of the masses of the 4D glueball 

states, one has:

m2
n =

[
4n + 2

√
4 + M2

5 R2 + 4
3

R2M2
5

]
k; (n = 0,1,2, · · ·), (31)

and the eigenfunctions are still given by (6).
So, for the lightest scalar glueball 0++ dual to the fields with 

zero mass (M2
5 = 0) in the AdS5 space, the Eq. (31) becomes:

m2
n = [4n + 4] k . (32)

For even spin glueball states we have M2
5 R2 = J ( J + 4) as in 

our previous discussion on the original softwall model and just 
computing the masses for non-excited states (n = 0), one gets:

m2
n =

[
2
√

4 + J ( J + 4) + 4
3

J ( J + 4)

]
k ; (even J ). (33)

For odd spin glueball states, with M2
5 R2 = ( J + 6)( J + 2), one 

has

m2
n =

[
2
√

4 + ( J + 6)( J + 2) + 4
3
( J + 6)( J + 2)

]
k ; (odd J ).

(34)

A comparison between these results and the ones from the 
original SW model will be presented in the next section.

4. Numerical analysis

Now we are going to obtain numerical values for the various 
masses discussed in this work. For comparison, we show in Table 1
the values of the masses for the scalar glueball and its excitations 
calculated from the lattice.

Let us start with the predictions for the scalar 0++ state. We 
begin with the result of Eq. (10) from the original SW model 
that represents the equation for the Regge trajectory for the light-
est scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · ·). 
Calculating these masses for various values of k from 0.37 to 
1.00 GeV2 one gets the results shown in Table 2. Comparing these 
values with the ones shown in Table 1, one sees that in general 
these masses do not fit those from the lattice. However, note that 
for k = 0.67 GeV2 one fits the masses of the three excited states 
n = 1, 2, 3, but not the ground state n = 0.

On the other hand, the masses derived from the Regge tra-
jectory (32) using the modified SW model and k = 0.2, 0.85 and 
1 GeV2 are presented in the Table 3. Note that for k = 0.85 GeV2

the agreement with lattice is good.
Now, let us move to the case of high even spins. The masses 

found from Eq. (14) in the original softwall model for higher spins 
with even J and k = 1 and 2 GeV2 are shown in the Table 4. From 
the results with k = 2 GeV2 one can derive the Regge trajectory for 
even glueball states associated with the pomeron:

as before
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frame and choosing !(z) = kz2, as in the original softwall model, 
one has the solutions (see the Appendix A):

As(z) = log
(

R
z

)
+ 2

3
!(z) − log

[
0 F1

(
5
4
,
!2

9

)]
, (21)

which means that the metric (20) is a deformed AdS space and

V s
G(!) = exp{−4

3
!}

[
−12 0 F1(1/4, !2

9 )2

R2

+ 16 0 F1(5/4, !2

9 )2!2

3R2

]
(22)

so that this potential generates the desired dilaton.
Let us now describe the scalar glueball in 5D with the action in 

the string frame exactly as in Eq. (1) but with the metric replaced 
by (20), and the corresponding equations of motion are:

∂M [√−gs e−!(z) gMN∂NG] − √−gse−!(z)M2
5G = 0 . (23)

One can solve the equations of motion using again the ansatz

G(z, xµ) = v(z)eiqµxµ
, (24)

and defining v(z) = ψ(z)eB(z)/2 where

B(z) = !(z) − 3As(z) , (25)

so that one gets a Schrödinger-like equation:

−ψ ′′(z) +
[

B ′ 2(z)
4

− B ′′(z)
2

+ M2
5

(
R
z

)2

e4kz2/3A−2

]

ψ(z)

= −q2ψ(z) , (26)

where A = 0 F1(5/4, !2/9). This equation was solved numerically 
in [12].

Inspired by this dynamical model, and seeking for analytical so-
lutions, we propose a modified softwall model whose action is 
given by Eq. (1), with metric given by (20) and the dilaton !(z)
still given by (3) but with the function As(z) replaced by:

As
M(z) = log

(
R
z

)
+ 2

3
!(z). (27)

Looking at (20) and (27) one can note that this modified softwall 
model is no longer AdS5. This is also true for the dynamical soft-
wall model. But for z → 0 which means the UV limit in both cases, 
it can be seen that As(z)|z→0 → As

M(z)|z→0 ∝ log
( R

z

)
. This means 

that the geometry still remains AdS5 in the UV limit when As(z) is 
replaced by As

M(z).
Then eq. (26) can be read as:

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

ψ(z)

= (−q2)ψ(z). (28)

This equation is a Schrödinger-like equation with effective poten-
tial given by

V(z) =
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

.

This is still not exactly solvable so we expand the exponential in 
the last term in the brackets and just retain terms up to first order 
in the parameter k [13]. This procedure gives us the equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

+ 4kz2

3
M2

5

(
R
z

)2
]

× ψ(z) = (−q2)ψ(z) , (29)

which is exactly solvable and represents the modified softwall 
model that we consider here, which can also be written as

−ψ ′′(u) +
[

u2 + t2 − 1
4

u2

]

ψ(u) =
[−q2

k
+ 2 − 4

3
R2M2

5

]
ψ(u) ,

(30)

where u =
√

k z2 and t =
√

4 + R2M2
5. From the eigenenergies and 

associating −q2
n with the square of the masses of the 4D glueball 

states, one has:

m2
n =

[
4n + 2

√
4 + M2

5 R2 + 4
3

R2M2
5

]
k; (n = 0,1,2, · · ·), (31)

and the eigenfunctions are still given by (6).
So, for the lightest scalar glueball 0++ dual to the fields with 

zero mass (M2
5 = 0) in the AdS5 space, the Eq. (31) becomes:

m2
n = [4n + 4] k . (32)

For even spin glueball states we have M2
5 R2 = J ( J + 4) as in 

our previous discussion on the original softwall model and just 
computing the masses for non-excited states (n = 0), one gets:

m2
n =

[
2
√

4 + J ( J + 4) + 4
3

J ( J + 4)

]
k ; (even J ). (33)

For odd spin glueball states, with M2
5 R2 = ( J + 6)( J + 2), one 

has

m2
n =

[
2
√

4 + ( J + 6)( J + 2) + 4
3
( J + 6)( J + 2)

]
k ; (odd J ).

(34)

A comparison between these results and the ones from the 
original SW model will be presented in the next section.

4. Numerical analysis

Now we are going to obtain numerical values for the various 
masses discussed in this work. For comparison, we show in Table 1
the values of the masses for the scalar glueball and its excitations 
calculated from the lattice.

Let us start with the predictions for the scalar 0++ state. We 
begin with the result of Eq. (10) from the original SW model 
that represents the equation for the Regge trajectory for the light-
est scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · ·). 
Calculating these masses for various values of k from 0.37 to 
1.00 GeV2 one gets the results shown in Table 2. Comparing these 
values with the ones shown in Table 1, one sees that in general 
these masses do not fit those from the lattice. However, note that 
for k = 0.67 GeV2 one fits the masses of the three excited states 
n = 1, 2, 3, but not the ground state n = 0.

On the other hand, the masses derived from the Regge tra-
jectory (32) using the modified SW model and k = 0.2, 0.85 and 
1 GeV2 are presented in the Table 3. Note that for k = 0.85 GeV2

the agreement with lattice is good.
Now, let us move to the case of high even spins. The masses 

found from Eq. (14) in the original softwall model for higher spins 
with even J and k = 1 and 2 GeV2 are shown in the Table 4. From 
the results with k = 2 GeV2 one can derive the Regge trajectory for 
even glueball states associated with the pomeron:
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frame and choosing !(z) = kz2, as in the original softwall model, 
one has the solutions (see the Appendix A):

As(z) = log
(

R
z

)
+ 2

3
!(z) − log

[
0 F1

(
5
4
,
!2

9

)]
, (21)

which means that the metric (20) is a deformed AdS space and

V s
G(!) = exp{−4

3
!}

[
−12 0 F1(1/4, !2

9 )2

R2

+ 16 0 F1(5/4, !2

9 )2!2

3R2

]
(22)

so that this potential generates the desired dilaton.
Let us now describe the scalar glueball in 5D with the action in 

the string frame exactly as in Eq. (1) but with the metric replaced 
by (20), and the corresponding equations of motion are:

∂M [√−gs e−!(z) gMN∂NG] − √−gse−!(z)M2
5G = 0 . (23)

One can solve the equations of motion using again the ansatz

G(z, xµ) = v(z)eiqµxµ
, (24)

and defining v(z) = ψ(z)eB(z)/2 where

B(z) = !(z) − 3As(z) , (25)

so that one gets a Schrödinger-like equation:

−ψ ′′(z) +
[

B ′ 2(z)
4

− B ′′(z)
2

+ M2
5

(
R
z

)2

e4kz2/3A−2

]

ψ(z)

= −q2ψ(z) , (26)

where A = 0 F1(5/4, !2/9). This equation was solved numerically 
in [12].

Inspired by this dynamical model, and seeking for analytical so-
lutions, we propose a modified softwall model whose action is 
given by Eq. (1), with metric given by (20) and the dilaton !(z)
still given by (3) but with the function As(z) replaced by:

As
M(z) = log

(
R
z

)
+ 2

3
!(z). (27)

Looking at (20) and (27) one can note that this modified softwall 
model is no longer AdS5. This is also true for the dynamical soft-
wall model. But for z → 0 which means the UV limit in both cases, 
it can be seen that As(z)|z→0 → As

M(z)|z→0 ∝ log
( R

z

)
. This means 

that the geometry still remains AdS5 in the UV limit when As(z) is 
replaced by As

M(z).
Then eq. (26) can be read as:

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

ψ(z)

= (−q2)ψ(z). (28)

This equation is a Schrödinger-like equation with effective poten-
tial given by

V(z) =
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

.

This is still not exactly solvable so we expand the exponential in 
the last term in the brackets and just retain terms up to first order 
in the parameter k [13]. This procedure gives us the equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

+ 4kz2

3
M2

5

(
R
z

)2
]

× ψ(z) = (−q2)ψ(z) , (29)

which is exactly solvable and represents the modified softwall 
model that we consider here, which can also be written as

−ψ ′′(u) +
[

u2 + t2 − 1
4

u2

]

ψ(u) =
[−q2

k
+ 2 − 4

3
R2M2

5

]
ψ(u) ,

(30)

where u =
√

k z2 and t =
√

4 + R2M2
5. From the eigenenergies and 

associating −q2
n with the square of the masses of the 4D glueball 

states, one has:

m2
n =

[
4n + 2

√
4 + M2

5 R2 + 4
3

R2M2
5

]
k; (n = 0,1,2, · · ·), (31)

and the eigenfunctions are still given by (6).
So, for the lightest scalar glueball 0++ dual to the fields with 

zero mass (M2
5 = 0) in the AdS5 space, the Eq. (31) becomes:

m2
n = [4n + 4] k . (32)

For even spin glueball states we have M2
5 R2 = J ( J + 4) as in 

our previous discussion on the original softwall model and just 
computing the masses for non-excited states (n = 0), one gets:

m2
n =

[
2
√

4 + J ( J + 4) + 4
3

J ( J + 4)

]
k ; (even J ). (33)

For odd spin glueball states, with M2
5 R2 = ( J + 6)( J + 2), one 

has

m2
n =

[
2
√

4 + ( J + 6)( J + 2) + 4
3
( J + 6)( J + 2)

]
k ; (odd J ).

(34)

A comparison between these results and the ones from the 
original SW model will be presented in the next section.

4. Numerical analysis

Now we are going to obtain numerical values for the various 
masses discussed in this work. For comparison, we show in Table 1
the values of the masses for the scalar glueball and its excitations 
calculated from the lattice.

Let us start with the predictions for the scalar 0++ state. We 
begin with the result of Eq. (10) from the original SW model 
that represents the equation for the Regge trajectory for the light-
est scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · ·). 
Calculating these masses for various values of k from 0.37 to 
1.00 GeV2 one gets the results shown in Table 2. Comparing these 
values with the ones shown in Table 1, one sees that in general 
these masses do not fit those from the lattice. However, note that 
for k = 0.67 GeV2 one fits the masses of the three excited states 
n = 1, 2, 3, but not the ground state n = 0.

On the other hand, the masses derived from the Regge tra-
jectory (32) using the modified SW model and k = 0.2, 0.85 and 
1 GeV2 are presented in the Table 3. Note that for k = 0.85 GeV2

the agreement with lattice is good.
Now, let us move to the case of high even spins. The masses 

found from Eq. (14) in the original softwall model for higher spins 
with even J and k = 1 and 2 GeV2 are shown in the Table 4. From 
the results with k = 2 GeV2 one can derive the Regge trajectory for 
even glueball states associated with the pomeron:
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frame and choosing !(z) = kz2, as in the original softwall model, 
one has the solutions (see the Appendix A):

As(z) = log
(

R
z

)
+ 2

3
!(z) − log

[
0 F1

(
5
4
,
!2

9

)]
, (21)

which means that the metric (20) is a deformed AdS space and

V s
G(!) = exp{−4

3
!}

[
−12 0 F1(1/4, !2

9 )2

R2

+ 16 0 F1(5/4, !2

9 )2!2

3R2

]
(22)

so that this potential generates the desired dilaton.
Let us now describe the scalar glueball in 5D with the action in 

the string frame exactly as in Eq. (1) but with the metric replaced 
by (20), and the corresponding equations of motion are:

∂M [√−gs e−!(z) gMN∂NG] − √−gse−!(z)M2
5G = 0 . (23)

One can solve the equations of motion using again the ansatz

G(z, xµ) = v(z)eiqµxµ
, (24)

and defining v(z) = ψ(z)eB(z)/2 where

B(z) = !(z) − 3As(z) , (25)

so that one gets a Schrödinger-like equation:

−ψ ′′(z) +
[

B ′ 2(z)
4

− B ′′(z)
2

+ M2
5

(
R
z

)2

e4kz2/3A−2

]

ψ(z)

= −q2ψ(z) , (26)

where A = 0 F1(5/4, !2/9). This equation was solved numerically 
in [12].

Inspired by this dynamical model, and seeking for analytical so-
lutions, we propose a modified softwall model whose action is 
given by Eq. (1), with metric given by (20) and the dilaton !(z)
still given by (3) but with the function As(z) replaced by:

As
M(z) = log

(
R
z

)
+ 2

3
!(z). (27)

Looking at (20) and (27) one can note that this modified softwall 
model is no longer AdS5. This is also true for the dynamical soft-
wall model. But for z → 0 which means the UV limit in both cases, 
it can be seen that As(z)|z→0 → As

M(z)|z→0 ∝ log
( R

z

)
. This means 

that the geometry still remains AdS5 in the UV limit when As(z) is 
replaced by As

M(z).
Then eq. (26) can be read as:

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

ψ(z)

= (−q2)ψ(z). (28)

This equation is a Schrödinger-like equation with effective poten-
tial given by

V(z) =
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

.

This is still not exactly solvable so we expand the exponential in 
the last term in the brackets and just retain terms up to first order 
in the parameter k [13]. This procedure gives us the equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

+ 4kz2

3
M2

5

(
R
z

)2
]

× ψ(z) = (−q2)ψ(z) , (29)

which is exactly solvable and represents the modified softwall 
model that we consider here, which can also be written as

−ψ ′′(u) +
[

u2 + t2 − 1
4

u2

]

ψ(u) =
[−q2

k
+ 2 − 4

3
R2M2

5

]
ψ(u) ,

(30)

where u =
√

k z2 and t =
√

4 + R2M2
5. From the eigenenergies and 

associating −q2
n with the square of the masses of the 4D glueball 

states, one has:

m2
n =

[
4n + 2

√
4 + M2

5 R2 + 4
3

R2M2
5

]
k; (n = 0,1,2, · · ·), (31)

and the eigenfunctions are still given by (6).
So, for the lightest scalar glueball 0++ dual to the fields with 

zero mass (M2
5 = 0) in the AdS5 space, the Eq. (31) becomes:

m2
n = [4n + 4] k . (32)

For even spin glueball states we have M2
5 R2 = J ( J + 4) as in 

our previous discussion on the original softwall model and just 
computing the masses for non-excited states (n = 0), one gets:

m2
n =

[
2
√

4 + J ( J + 4) + 4
3

J ( J + 4)

]
k ; (even J ). (33)

For odd spin glueball states, with M2
5 R2 = ( J + 6)( J + 2), one 

has

m2
n =

[
2
√

4 + ( J + 6)( J + 2) + 4
3
( J + 6)( J + 2)

]
k ; (odd J ).

(34)

A comparison between these results and the ones from the 
original SW model will be presented in the next section.

4. Numerical analysis

Now we are going to obtain numerical values for the various 
masses discussed in this work. For comparison, we show in Table 1
the values of the masses for the scalar glueball and its excitations 
calculated from the lattice.

Let us start with the predictions for the scalar 0++ state. We 
begin with the result of Eq. (10) from the original SW model 
that represents the equation for the Regge trajectory for the light-
est scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · ·). 
Calculating these masses for various values of k from 0.37 to 
1.00 GeV2 one gets the results shown in Table 2. Comparing these 
values with the ones shown in Table 1, one sees that in general 
these masses do not fit those from the lattice. However, note that 
for k = 0.67 GeV2 one fits the masses of the three excited states 
n = 1, 2, 3, but not the ground state n = 0.

On the other hand, the masses derived from the Regge tra-
jectory (32) using the modified SW model and k = 0.2, 0.85 and 
1 GeV2 are presented in the Table 3. Note that for k = 0.85 GeV2

the agreement with lattice is good.
Now, let us move to the case of high even spins. The masses 

found from Eq. (14) in the original softwall model for higher spins 
with even J and k = 1 and 2 GeV2 are shown in the Table 4. From 
the results with k = 2 GeV2 one can derive the Regge trajectory for 
even glueball states associated with the pomeron:
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frame and choosing !(z) = kz2, as in the original softwall model, 
one has the solutions (see the Appendix A):

As(z) = log
(

R
z

)
+ 2

3
!(z) − log

[
0 F1

(
5
4
,
!2

9

)]
, (21)

which means that the metric (20) is a deformed AdS space and

V s
G(!) = exp{−4

3
!}

[
−12 0 F1(1/4, !2

9 )2

R2

+ 16 0 F1(5/4, !2

9 )2!2

3R2

]
(22)

so that this potential generates the desired dilaton.
Let us now describe the scalar glueball in 5D with the action in 

the string frame exactly as in Eq. (1) but with the metric replaced 
by (20), and the corresponding equations of motion are:

∂M [√−gs e−!(z) gMN∂NG] − √−gse−!(z)M2
5G = 0 . (23)

One can solve the equations of motion using again the ansatz

G(z, xµ) = v(z)eiqµxµ
, (24)

and defining v(z) = ψ(z)eB(z)/2 where

B(z) = !(z) − 3As(z) , (25)

so that one gets a Schrödinger-like equation:

−ψ ′′(z) +
[

B ′ 2(z)
4

− B ′′(z)
2

+ M2
5

(
R
z

)2

e4kz2/3A−2

]

ψ(z)

= −q2ψ(z) , (26)

where A = 0 F1(5/4, !2/9). This equation was solved numerically 
in [12].

Inspired by this dynamical model, and seeking for analytical so-
lutions, we propose a modified softwall model whose action is 
given by Eq. (1), with metric given by (20) and the dilaton !(z)
still given by (3) but with the function As(z) replaced by:

As
M(z) = log

(
R
z

)
+ 2

3
!(z). (27)

Looking at (20) and (27) one can note that this modified softwall 
model is no longer AdS5. This is also true for the dynamical soft-
wall model. But for z → 0 which means the UV limit in both cases, 
it can be seen that As(z)|z→0 → As

M(z)|z→0 ∝ log
( R

z

)
. This means 

that the geometry still remains AdS5 in the UV limit when As(z) is 
replaced by As

M(z).
Then eq. (26) can be read as:

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

ψ(z)

= (−q2)ψ(z). (28)

This equation is a Schrödinger-like equation with effective poten-
tial given by

V(z) =
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

e4kz2/3

]

.

This is still not exactly solvable so we expand the exponential in 
the last term in the brackets and just retain terms up to first order 
in the parameter k [13]. This procedure gives us the equation

−ψ ′′(z) +
[

k2z2 + 15
4z2 − 2k + M2

5

(
R
z

)2

+ 4kz2

3
M2

5

(
R
z

)2
]

× ψ(z) = (−q2)ψ(z) , (29)

which is exactly solvable and represents the modified softwall 
model that we consider here, which can also be written as

−ψ ′′(u) +
[

u2 + t2 − 1
4

u2

]

ψ(u) =
[−q2

k
+ 2 − 4

3
R2M2

5

]
ψ(u) ,

(30)

where u =
√

k z2 and t =
√

4 + R2M2
5. From the eigenenergies and 

associating −q2
n with the square of the masses of the 4D glueball 

states, one has:

m2
n =

[
4n + 2

√
4 + M2

5 R2 + 4
3

R2M2
5

]
k; (n = 0,1,2, · · ·), (31)

and the eigenfunctions are still given by (6).
So, for the lightest scalar glueball 0++ dual to the fields with 

zero mass (M2
5 = 0) in the AdS5 space, the Eq. (31) becomes:

m2
n = [4n + 4] k . (32)

For even spin glueball states we have M2
5 R2 = J ( J + 4) as in 

our previous discussion on the original softwall model and just 
computing the masses for non-excited states (n = 0), one gets:

m2
n =

[
2
√

4 + J ( J + 4) + 4
3

J ( J + 4)

]
k ; (even J ). (33)

For odd spin glueball states, with M2
5 R2 = ( J + 6)( J + 2), one 

has

m2
n =

[
2
√

4 + ( J + 6)( J + 2) + 4
3
( J + 6)( J + 2)

]
k ; (odd J ).

(34)

A comparison between these results and the ones from the 
original SW model will be presented in the next section.

4. Numerical analysis

Now we are going to obtain numerical values for the various 
masses discussed in this work. For comparison, we show in Table 1
the values of the masses for the scalar glueball and its excitations 
calculated from the lattice.

Let us start with the predictions for the scalar 0++ state. We 
begin with the result of Eq. (10) from the original SW model 
that represents the equation for the Regge trajectory for the light-
est scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · ·). 
Calculating these masses for various values of k from 0.37 to 
1.00 GeV2 one gets the results shown in Table 2. Comparing these 
values with the ones shown in Table 1, one sees that in general 
these masses do not fit those from the lattice. However, note that 
for k = 0.67 GeV2 one fits the masses of the three excited states 
n = 1, 2, 3, but not the ground state n = 0.

On the other hand, the masses derived from the Regge tra-
jectory (32) using the modified SW model and k = 0.2, 0.85 and 
1 GeV2 are presented in the Table 3. Note that for k = 0.85 GeV2

the agreement with lattice is good.
Now, let us move to the case of high even spins. The masses 

found from Eq. (14) in the original softwall model for higher spins 
with even J and k = 1 and 2 GeV2 are shown in the Table 4. From 
the results with k = 2 GeV2 one can derive the Regge trajectory for 
even glueball states associated with the pomeron:
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frame and choosing !(z) = kz2, as in the original softwall model, 
one has the solutions (see the Appendix A):
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Looking at (20) and (27) one can note that this modified softwall 
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This is still not exactly solvable so we expand the exponential in 
the last term in the brackets and just retain terms up to first order 
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and the eigenfunctions are still given by (6).
So, for the lightest scalar glueball 0++ dual to the fields with 

zero mass (M2
5 = 0) in the AdS5 space, the Eq. (31) becomes:
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5 R2 = J ( J + 4) as in 
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calculated from the lattice.

Let us start with the predictions for the scalar 0++ state. We 
begin with the result of Eq. (10) from the original SW model 
that represents the equation for the Regge trajectory for the light-
est scalar glueball (n = 0) and its radial excitations (n = 1, 2, · · ·). 
Calculating these masses for various values of k from 0.37 to 
1.00 GeV2 one gets the results shown in Table 2. Comparing these 
values with the ones shown in Table 1, one sees that in general 
these masses do not fit those from the lattice. However, note that 
for k = 0.67 GeV2 one fits the masses of the three excited states 
n = 1, 2, 3, but not the ground state n = 0.

On the other hand, the masses derived from the Regge tra-
jectory (32) using the modified SW model and k = 0.2, 0.85 and 
1 GeV2 are presented in the Table 3. Note that for k = 0.85 GeV2

the agreement with lattice is good.
Now, let us move to the case of high even spins. The masses 

found from Eq. (14) in the original softwall model for higher spins 
with even J and k = 1 and 2 GeV2 are shown in the Table 4. From 
the results with k = 2 GeV2 one can derive the Regge trajectory for 
even glueball states associated with the pomeron:
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and

V E
G (!) = −12 0F1(

1
4 ,

!2

9 )2

R2 + 16 0F1(
5
4 ,

!2

9 )2 !2

3R2 , (50)

where 0F1(a, z) is the Kummer confluent hypergeometric
function. Using (48) and (49), one can easily see that

As(z) = log
(
R
z

)
+ 2

3
!(z) − log

(
0F1

(
5
4
,
!2

9

))
, (51)

which implies that the metric (41) in this dynamical model
is no longer AdS, but it is asymptotically AdS in the limit
z → 0.

The 5D action for the scalar glueball in the string frame
is given by [17,18]

S =
∫

d5x
√−gs

1
2
e−!(z)[∂MG∂MG + M2

5G
2], (52)

and its equations of motion are

∂M

[√−gse−!(z)gMN∂NG
]

− √−gse−!(z)M2
5G = 0.

(53)

Using the metric (41), one gets

∂M

[
e3As (z)−!(z) ηMN∂NG

]
− e5As (z)−!(z)M2

5G = 0. (54)

Doing the substitution B(z) = !(z) − 3As(z), using
the ansatz G(z, xµ) = v(z)eiqµx

µ
, and defining v(z) =

ψ(z)e
B(z)

2 , one gets

−ψ ′′(z)+
[
B ′2(z)

4
− B ′′(z)

2
+

(
RM5

z

)2

e4kz2/3A−2

]

×ψ(z) = −q2ψ(z), (55)

where A is given by 0F1(
5
4 ,

!2

9 ), or explicitly, for the
quadratic dilaton !(z) = kz2:

−ψ ′′(z)+
[

k2z2 + 15
4z2 − 2k +

(
RM5

z

)2

e4kz2/3A−2

]

×ψ(z) = −q2ψ(z). (56)

This equation was solved numerically in [34] and the
masses found for the scalar glueball and its radial (spin
0) excitations are compatible with those obtained by lattice
QCD.

To take into account dynamical corrections plus the
anomalous dimension effects, one must recall, from Sect. 2,
that for even spin glueball states the full dimension is given
by Eq. (25), so that

%even J
F2 = 4 + J + β ′(λ) − 2

λ
β(λ). (57)

For the odd spin glueball state the full dimension is given
by Eq. (31), then

%odd J
F2 = 6 + J + β ′(λ) − 2

λ
β(λ). (58)

Using once again the relation R2M2
5 = %(% − 4), one

gets

R2M2
5 =

{ [
4+ J+β ′(λ)− 2

λβ(λ)
] [

J+β ′(λ)− 2
λβ(λ)

]
, if%=%even J

F2[
6 + J + β ′(λ) − 2

λ β(λ)
] [

2 + J+β ′(λ) − 2
λβ(λ)

]
, if% = %odd J

F2 .

(59)

To consider even or odd spin glueball states one can insert
the first or the second line of Eq. (59), respectively, into the
Schrödinger-like equation obtained from the DSW model,
Eq. (56), and solve it numerically. For our purposes, the same
two regimes of the previous section will be studied, namely,
the beta function with a linear asymptotic behaviour and the
beta function with an IR fixed point at finite coupling. The
results will be discussed in the following.

3.1 Beta function with a linear IR asymptotic behaviour

Using the beta function given by Eq. (35) and replacing it
in Eq. (59) one can solve numerically the Schrödinger-like
equation for the DSW model (56) for both even and odd
glueball states.

For a set of values for k, b1 and λ0, one can get Regge
trajectories for even and odd glueball states. The set used
together with the results obtained for Regge trajectories for
both the pomeron and the odderon are shown in Table 3.

From Table 3, one can see that the Regge trajectories found
for both the pomeron and the odderon with the beta function
with a linear IR asymptotic behaviour, Eq. (35), are in dis-
agreement with those found in (4) for the pomeron [1], and
in Eqs. (5) and (6) for the odderon [6]. The angular coeffi-
cients are too high and the intercepts are too low, both for the
pomeron and for the odderon. Other sets of parameters give
even poorer results.

3.2 Beta function with an IR fixed point at finite coupling

Using the beta function given by Eq. (37) and substituting it
into Eq. (59), one can solve numerically the Schrödinger-like
equation (56) for both even and odd glueball states.

We consider different sets of values for k, λ0 and λ∗ and
get the masses of the glueball states with even and odd spins
and the Regge trajectories related to the pomeron and to the
odderon, respectively. The sets of parameters used and the
results obtained for the glueball state masses with even and
odd spins are presented in Table 4. The results obtained for
Regge trajectories are shown in Table 5.

123

5D action for Scalar Glueballs in String frame

which implies the equations of motion



40

A Dynamical Softwall Model           6

102 E.F. Capossoli et al. / Physics Letters B 760 (2016) 101–105

interesting property of the SWM is to provide linear Regge tra-
jectories. In the ref. [23] it was shown that SWM does not work 
properly for calculation of scalar glueball and its radial excitation 
masses or higher spin glueball states. Due to this, one cannot find 
satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.

In this work, our principal aim is to calculate Regge trajecto-
ries for both even and odd higher spin glueballs using a dynamical 
version of the SWM, i.e., imposing that the dilaton field became 
dynamical satisfying the Einstein equations in five dimensions [18]. 
The Regge trajectories obtained for both even and odd spin glue-
balls, related to the pomeron and the odderon, respectively, are in 
good agreement with available data.

2. The dynamical holographic model

The holographic dynamical softwall (DSW) model that we are 
going to consider has a metric structure which is consistently 
solved from Einstein’s equation. To obtain the metric solution we 
write a 5D action for the graviton–dilaton coupling in the string 
frame:

S = G−1
5

16π

∫
d5x

√−gs e−2"(z)(Rs + 4∂M"∂M" − V s
G(")) (1)

where G5 is the Newton’s constant in five dimensions, the dila-
ton field " is given by " = kz2, where k ∼ $2

Q C D and V G is the 
dilatonic potential. The metric tensor in 5-dimensional space has 
the following form gs

mn = b2
s (z)(dz2 + ηµνdxµdxν) with 0 ≤ z ≤ ∞, 

m, n = 0, 1, 2, 3, 4, µ, ν = 0, 1, 2, 3 and ηµν = diag(−1, 1, 1, 1) and 
bs(z) ≡ e As(z) . All of these parameters are in the string frame. The 
precise form of the metric will be defined solving the equations of 
motion and finding explicitly the expression for As(z). Actually, it 
is easier to solve this problem in the Einstein frame.

Performing a Weyl rescaling, from the string frame to the Ein-
stein frame, such that bE (z) = bs(z)e− 2

3 "(z) = e AE (z) and AE (z) =
As(z) − 2

3 "(z), one can rewrite the action (1) as:

S = G−1
5

16π

∫
d5x

√−gE (RE − 4
3
∂m"∂m" − V E

G (")) (2)

where g E
mn = gs

mne− 2
3 " and V E

G = e
4
3 "V s

G . Varying this action, one 
can obtain the equations of motion:

−A′′
E + A′ 2

E − 4
9
"′ 2 = 0 ; (3)

"′′ + 3A′
E"′ − 3

8
e2AE ∂"V E

G (") = 0 . (4)

Solving these equations for the quadratic dilaton " = kz2, one 
finds:

AE(z) = log
(

R
z

)
− log (0 F1(5/4,

"2

9
)) ; (5)

V E
G (") = − 12

R2 0 F1(1/4,"2/9)2

+ 16
3R2 0 F1(5/4,"2/9)2"2 , (6)

where R is the AdS radius.
Going back to string frame, one can write the 5D action for the 

scalar glueball as [15]:

S =
∫

d5x
√−gs

1
2

e−"(z)[∂MG∂MG + M2
5G2] (7)

and the equations of motion are:

∂M [√−gs e−"(z)gMN∂NG] − √−gse−"(z)M2
5G = 0 . (8)

Representing the scalar field through a 4d Fourier transform 
G̃(q, z) and performing a change of function G̃ = ψ(z)e

B(z)
2 , where 

B(z) = "(z) − 3As(z), one gets the following 1d Schrödinger-like 
equation

−ψ ′′(z) + V (z)ψ(z) = (−q2)ψ(z) , (9)

where the effective potential is given by

V (z) = k2z2 + 15
4z2 − 2k +

(
M5 R

z

)2

e4kz2/3A−2 , (10)

with A = 0 F1(5/4, "2

9 ). The normalizable solutions of Eq. (9) cor-
respond to a discrete spectrum of 4d masses with the identifica-
tion q2 = −m2

n . This equation was solved numerically in [18] for 
the scalar glueball 0++ and its radial (spin 0) excitations and the 
masses found are compatible with those from lattice QCD.

From the AdS/CFT dictionary one knows how to relate the op-
erator in the super Yang–Mills theory with fields in the AdS5 × S5

space. In the case of dual higher spin fields we consider a symmet-
ric traceless spin J field and the relation between the conformal 
dimension ( and the AdS mass is

M2
5 R2 = ((( − 4) − J ( J = 0,1,2,3, · · · ) (11)

and the effective potential reads

V J (z) = k2z2 + 15
4z2 − 2k + ((( − 4) − J

z2 e4kz2/3A−2 . (12)

3. Even spins and the pomeron

In the perturbative approach, the pomeron is identified with 
the leading twist 2 trajectory ( = J + 2 (see, e.g., [14] and refer-
ences therein). Note that for twist two operator the relation (11)
gives M2 = J 2 − J − 4 as shown in [25]. So, let us start this study 
with this assumption. Using the DSW model discussed in the pre-
vious section, one obtains complex masses for the glueball states 
0++ and 2++ which does not allow us to find a Regge trajectory 
for the pomeron. However, in the non-perturbative regime higher 
twist operators also contribute to the scattering amplitudes related 
to the pomeron [26]. Furthermore, in ref. [27] it was argued that 
the glueball state 0++ does not belong to the pomeron trajectory, 
but to another one with lower intercept. This does not agree with 
[26] where the 0++ state is taken into account to the pomeron 
trajectory. In order to investigate these problems, we are going 
to consider trajectories including and excluding the 0++ state and 
with higher twist.

So now we consider twist four operators for a pure super Yang–
Mills theory defined on the 4D boundary, such that ( = J + 4 and 
compute the masses for even glueball states using eqs. (11) and 
(12). The scalar glueball state 0++ is represented by the opera-
tor O4, and it can be written as O4 = Tr(F 2) = Tr(F µν Fµν). For 
higher spin glueballs we insert symmetrized covariant derivatives 
in a given operator with spin in order to raise the total angular 
momentum. Then, one obtains O4+ J = F D{µ1···Dµ J } F , with con-
formal dimension ( = 4 + J and spin J .

To calculate the masses for the higher spin glueball states 
and get the Regge trajectory related to the pomeron, one has to 
solve the eq. (9) numerically with the effective potential (12). The 
masses found are shown in Table 1.

Regge trajectories are an approximate linear relation between 
total angular momenta ( J ) and the square of the masses (m), such 
that J (m2) ≈ α0 + α′m2 with α0 and α′ constants. One can obtain 

Higher spins from AdS/CFT

which implies an effective potential of the form
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interesting property of the SWM is to provide linear Regge tra-
jectories. In the ref. [23] it was shown that SWM does not work 
properly for calculation of scalar glueball and its radial excitation 
masses or higher spin glueball states. Due to this, one cannot find 
satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.

In this work, our principal aim is to calculate Regge trajecto-
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version of the SWM, i.e., imposing that the dilaton field became 
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stein frame, such that bE (z) = bs(z)e− 2

3 "(z) = e AE (z) and AE (z) =
As(z) − 2

3 "(z), one can rewrite the action (1) as:
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can obtain the equations of motion:
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Solving these equations for the quadratic dilaton " = kz2, one 
finds:
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where R is the AdS radius.
Going back to string frame, one can write the 5D action for the 

scalar glueball as [15]:

S =
∫

d5x
√−gs

1
2

e−"(z)[∂MG∂MG + M2
5G2] (7)

and the equations of motion are:

∂M [√−gs e−"(z)gMN∂NG] − √−gse−"(z)M2
5G = 0 . (8)

Representing the scalar field through a 4d Fourier transform 
G̃(q, z) and performing a change of function G̃ = ψ(z)e

B(z)
2 , where 

B(z) = "(z) − 3As(z), one gets the following 1d Schrödinger-like 
equation

−ψ ′′(z) + V (z)ψ(z) = (−q2)ψ(z) , (9)

where the effective potential is given by

V (z) = k2z2 + 15
4z2 − 2k +

(
M5 R

z

)2

e4kz2/3A−2 , (10)

with A = 0 F1(5/4, "2

9 ). The normalizable solutions of Eq. (9) cor-
respond to a discrete spectrum of 4d masses with the identifica-
tion q2 = −m2

n . This equation was solved numerically in [18] for 
the scalar glueball 0++ and its radial (spin 0) excitations and the 
masses found are compatible with those from lattice QCD.

From the AdS/CFT dictionary one knows how to relate the op-
erator in the super Yang–Mills theory with fields in the AdS5 × S5

space. In the case of dual higher spin fields we consider a symmet-
ric traceless spin J field and the relation between the conformal 
dimension ( and the AdS mass is

M2
5 R2 = ((( − 4) − J ( J = 0,1,2,3, · · · ) (11)

and the effective potential reads

V J (z) = k2z2 + 15
4z2 − 2k + ((( − 4) − J

z2 e4kz2/3A−2 . (12)

3. Even spins and the pomeron

In the perturbative approach, the pomeron is identified with 
the leading twist 2 trajectory ( = J + 2 (see, e.g., [14] and refer-
ences therein). Note that for twist two operator the relation (11)
gives M2 = J 2 − J − 4 as shown in [25]. So, let us start this study 
with this assumption. Using the DSW model discussed in the pre-
vious section, one obtains complex masses for the glueball states 
0++ and 2++ which does not allow us to find a Regge trajectory 
for the pomeron. However, in the non-perturbative regime higher 
twist operators also contribute to the scattering amplitudes related 
to the pomeron [26]. Furthermore, in ref. [27] it was argued that 
the glueball state 0++ does not belong to the pomeron trajectory, 
but to another one with lower intercept. This does not agree with 
[26] where the 0++ state is taken into account to the pomeron 
trajectory. In order to investigate these problems, we are going 
to consider trajectories including and excluding the 0++ state and 
with higher twist.

So now we consider twist four operators for a pure super Yang–
Mills theory defined on the 4D boundary, such that ( = J + 4 and 
compute the masses for even glueball states using eqs. (11) and 
(12). The scalar glueball state 0++ is represented by the opera-
tor O4, and it can be written as O4 = Tr(F 2) = Tr(F µν Fµν). For 
higher spin glueballs we insert symmetrized covariant derivatives 
in a given operator with spin in order to raise the total angular 
momentum. Then, one obtains O4+ J = F D{µ1···Dµ J } F , with con-
formal dimension ( = 4 + J and spin J .

To calculate the masses for the higher spin glueball states 
and get the Regge trajectory related to the pomeron, one has to 
solve the eq. (9) numerically with the effective potential (12). The 
masses found are shown in Table 1.

Regge trajectories are an approximate linear relation between 
total angular momenta ( J ) and the square of the masses (m), such 
that J (m2) ≈ α0 + α′m2 with α0 and α′ constants. One can obtain 
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interesting property of the SWM is to provide linear Regge tra-
jectories. In the ref. [23] it was shown that SWM does not work 
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satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.

In this work, our principal aim is to calculate Regge trajecto-
ries for both even and odd higher spin glueballs using a dynamical 
version of the SWM, i.e., imposing that the dilaton field became 
dynamical satisfying the Einstein equations in five dimensions [18]. 
The Regge trajectories obtained for both even and odd spin glue-
balls, related to the pomeron and the odderon, respectively, are in 
good agreement with available data.

2. The dynamical holographic model

The holographic dynamical softwall (DSW) model that we are 
going to consider has a metric structure which is consistently 
solved from Einstein’s equation. To obtain the metric solution we 
write a 5D action for the graviton–dilaton coupling in the string 
frame:
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5

16π

∫
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where G5 is the Newton’s constant in five dimensions, the dila-
ton field " is given by " = kz2, where k ∼ $2

Q C D and V G is the 
dilatonic potential. The metric tensor in 5-dimensional space has 
the following form gs

mn = b2
s (z)(dz2 + ηµνdxµdxν) with 0 ≤ z ≤ ∞, 

m, n = 0, 1, 2, 3, 4, µ, ν = 0, 1, 2, 3 and ηµν = diag(−1, 1, 1, 1) and 
bs(z) ≡ e As(z) . All of these parameters are in the string frame. The 
precise form of the metric will be defined solving the equations of 
motion and finding explicitly the expression for As(z). Actually, it 
is easier to solve this problem in the Einstein frame.

Performing a Weyl rescaling, from the string frame to the Ein-
stein frame, such that bE (z) = bs(z)e− 2
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with A = 0 F1(5/4, "2

9 ). The normalizable solutions of Eq. (9) cor-
respond to a discrete spectrum of 4d masses with the identifica-
tion q2 = −m2

n . This equation was solved numerically in [18] for 
the scalar glueball 0++ and its radial (spin 0) excitations and the 
masses found are compatible with those from lattice QCD.

From the AdS/CFT dictionary one knows how to relate the op-
erator in the super Yang–Mills theory with fields in the AdS5 × S5

space. In the case of dual higher spin fields we consider a symmet-
ric traceless spin J field and the relation between the conformal 
dimension ( and the AdS mass is

M2
5 R2 = ((( − 4) − J ( J = 0,1,2,3, · · · ) (11)

and the effective potential reads

V J (z) = k2z2 + 15
4z2 − 2k + ((( − 4) − J

z2 e4kz2/3A−2 . (12)

3. Even spins and the pomeron

In the perturbative approach, the pomeron is identified with 
the leading twist 2 trajectory ( = J + 2 (see, e.g., [14] and refer-
ences therein). Note that for twist two operator the relation (11)
gives M2 = J 2 − J − 4 as shown in [25]. So, let us start this study 
with this assumption. Using the DSW model discussed in the pre-
vious section, one obtains complex masses for the glueball states 
0++ and 2++ which does not allow us to find a Regge trajectory 
for the pomeron. However, in the non-perturbative regime higher 
twist operators also contribute to the scattering amplitudes related 
to the pomeron [26]. Furthermore, in ref. [27] it was argued that 
the glueball state 0++ does not belong to the pomeron trajectory, 
but to another one with lower intercept. This does not agree with 
[26] where the 0++ state is taken into account to the pomeron 
trajectory. In order to investigate these problems, we are going 
to consider trajectories including and excluding the 0++ state and 
with higher twist.

So now we consider twist four operators for a pure super Yang–
Mills theory defined on the 4D boundary, such that ( = J + 4 and 
compute the masses for even glueball states using eqs. (11) and 
(12). The scalar glueball state 0++ is represented by the opera-
tor O4, and it can be written as O4 = Tr(F 2) = Tr(F µν Fµν). For 
higher spin glueballs we insert symmetrized covariant derivatives 
in a given operator with spin in order to raise the total angular 
momentum. Then, one obtains O4+ J = F D{µ1···Dµ J } F , with con-
formal dimension ( = 4 + J and spin J .

To calculate the masses for the higher spin glueball states 
and get the Regge trajectory related to the pomeron, one has to 
solve the eq. (9) numerically with the effective potential (12). The 
masses found are shown in Table 1.

Regge trajectories are an approximate linear relation between 
total angular momenta ( J ) and the square of the masses (m), such 
that J (m2) ≈ α0 + α′m2 with α0 and α′ constants. One can obtain 

Higher spins from AdS/CFT

which implies an effective potential of the form

102 E.F. Capossoli et al. / Physics Letters B 760 (2016) 101–105

interesting property of the SWM is to provide linear Regge tra-
jectories. In the ref. [23] it was shown that SWM does not work 
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masses or higher spin glueball states. Due to this, one cannot find 
satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.

In this work, our principal aim is to calculate Regge trajecto-
ries for both even and odd higher spin glueballs using a dynamical 
version of the SWM, i.e., imposing that the dilaton field became 
dynamical satisfying the Einstein equations in five dimensions [18]. 
The Regge trajectories obtained for both even and odd spin glue-
balls, related to the pomeron and the odderon, respectively, are in 
good agreement with available data.

2. The dynamical holographic model

The holographic dynamical softwall (DSW) model that we are 
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solved from Einstein’s equation. To obtain the metric solution we 
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m, n = 0, 1, 2, 3, 4, µ, ν = 0, 1, 2, 3 and ηµν = diag(−1, 1, 1, 1) and 
bs(z) ≡ e As(z) . All of these parameters are in the string frame. The 
precise form of the metric will be defined solving the equations of 
motion and finding explicitly the expression for As(z). Actually, it 
is easier to solve this problem in the Einstein frame.

Performing a Weyl rescaling, from the string frame to the Ein-
stein frame, such that bE (z) = bs(z)e− 2
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where R is the AdS radius.
Going back to string frame, one can write the 5D action for the 

scalar glueball as [15]:
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and the equations of motion are:
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G̃(q, z) and performing a change of function G̃ = ψ(z)e
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2 , where 
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equation
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4z2 − 2k +
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with A = 0 F1(5/4, "2

9 ). The normalizable solutions of Eq. (9) cor-
respond to a discrete spectrum of 4d masses with the identifica-
tion q2 = −m2

n . This equation was solved numerically in [18] for 
the scalar glueball 0++ and its radial (spin 0) excitations and the 
masses found are compatible with those from lattice QCD.

From the AdS/CFT dictionary one knows how to relate the op-
erator in the super Yang–Mills theory with fields in the AdS5 × S5

space. In the case of dual higher spin fields we consider a symmet-
ric traceless spin J field and the relation between the conformal 
dimension ( and the AdS mass is

M2
5 R2 = ((( − 4) − J ( J = 0,1,2,3, · · · ) (11)

and the effective potential reads

V J (z) = k2z2 + 15
4z2 − 2k + ((( − 4) − J

z2 e4kz2/3A−2 . (12)

3. Even spins and the pomeron

In the perturbative approach, the pomeron is identified with 
the leading twist 2 trajectory ( = J + 2 (see, e.g., [14] and refer-
ences therein). Note that for twist two operator the relation (11)
gives M2 = J 2 − J − 4 as shown in [25]. So, let us start this study 
with this assumption. Using the DSW model discussed in the pre-
vious section, one obtains complex masses for the glueball states 
0++ and 2++ which does not allow us to find a Regge trajectory 
for the pomeron. However, in the non-perturbative regime higher 
twist operators also contribute to the scattering amplitudes related 
to the pomeron [26]. Furthermore, in ref. [27] it was argued that 
the glueball state 0++ does not belong to the pomeron trajectory, 
but to another one with lower intercept. This does not agree with 
[26] where the 0++ state is taken into account to the pomeron 
trajectory. In order to investigate these problems, we are going 
to consider trajectories including and excluding the 0++ state and 
with higher twist.

So now we consider twist four operators for a pure super Yang–
Mills theory defined on the 4D boundary, such that ( = J + 4 and 
compute the masses for even glueball states using eqs. (11) and 
(12). The scalar glueball state 0++ is represented by the opera-
tor O4, and it can be written as O4 = Tr(F 2) = Tr(F µν Fµν). For 
higher spin glueballs we insert symmetrized covariant derivatives 
in a given operator with spin in order to raise the total angular 
momentum. Then, one obtains O4+ J = F D{µ1···Dµ J } F , with con-
formal dimension ( = 4 + J and spin J .

To calculate the masses for the higher spin glueball states 
and get the Regge trajectory related to the pomeron, one has to 
solve the eq. (9) numerically with the effective potential (12). The 
masses found are shown in Table 1.

Regge trajectories are an approximate linear relation between 
total angular momenta ( J ) and the square of the masses (m), such 
that J (m2) ≈ α0 + α′m2 with α0 and α′ constants. One can obtain 
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masses or higher spin glueball states. Due to this, one cannot find 
satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.

In this work, our principal aim is to calculate Regge trajecto-
ries for both even and odd higher spin glueballs using a dynamical 
version of the SWM, i.e., imposing that the dilaton field became 
dynamical satisfying the Einstein equations in five dimensions [18]. 
The Regge trajectories obtained for both even and odd spin glue-
balls, related to the pomeron and the odderon, respectively, are in 
good agreement with available data.
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m, n = 0, 1, 2, 3, 4, µ, ν = 0, 1, 2, 3 and ηµν = diag(−1, 1, 1, 1) and 
bs(z) ≡ e As(z) . All of these parameters are in the string frame. The 
precise form of the metric will be defined solving the equations of 
motion and finding explicitly the expression for As(z). Actually, it 
is easier to solve this problem in the Einstein frame.
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respond to a discrete spectrum of 4d masses with the identifica-
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n . This equation was solved numerically in [18] for 
the scalar glueball 0++ and its radial (spin 0) excitations and the 
masses found are compatible with those from lattice QCD.

From the AdS/CFT dictionary one knows how to relate the op-
erator in the super Yang–Mills theory with fields in the AdS5 × S5

space. In the case of dual higher spin fields we consider a symmet-
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the leading twist 2 trajectory ( = J + 2 (see, e.g., [14] and refer-
ences therein). Note that for twist two operator the relation (11)
gives M2 = J 2 − J − 4 as shown in [25]. So, let us start this study 
with this assumption. Using the DSW model discussed in the pre-
vious section, one obtains complex masses for the glueball states 
0++ and 2++ which does not allow us to find a Regge trajectory 
for the pomeron. However, in the non-perturbative regime higher 
twist operators also contribute to the scattering amplitudes related 
to the pomeron [26]. Furthermore, in ref. [27] it was argued that 
the glueball state 0++ does not belong to the pomeron trajectory, 
but to another one with lower intercept. This does not agree with 
[26] where the 0++ state is taken into account to the pomeron 
trajectory. In order to investigate these problems, we are going 
to consider trajectories including and excluding the 0++ state and 
with higher twist.

So now we consider twist four operators for a pure super Yang–
Mills theory defined on the 4D boundary, such that ( = J + 4 and 
compute the masses for even glueball states using eqs. (11) and 
(12). The scalar glueball state 0++ is represented by the opera-
tor O4, and it can be written as O4 = Tr(F 2) = Tr(F µν Fµν). For 
higher spin glueballs we insert symmetrized covariant derivatives 
in a given operator with spin in order to raise the total angular 
momentum. Then, one obtains O4+ J = F D{µ1···Dµ J } F , with con-
formal dimension ( = 4 + J and spin J .

To calculate the masses for the higher spin glueball states 
and get the Regge trajectory related to the pomeron, one has to 
solve the eq. (9) numerically with the effective potential (12). The 
masses found are shown in Table 1.

Regge trajectories are an approximate linear relation between 
total angular momenta ( J ) and the square of the masses (m), such 
that J (m2) ≈ α0 + α′m2 with α0 and α′ constants. One can obtain 
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interesting property of the SWM is to provide linear Regge tra-
jectories. In the ref. [23] it was shown that SWM does not work 
properly for calculation of scalar glueball and its radial excitation 
masses or higher spin glueball states. Due to this, one cannot find 
satisfactory Regge trajectories for glueballs from the SWM consis-
tent with the literature.

In this work, our principal aim is to calculate Regge trajecto-
ries for both even and odd higher spin glueballs using a dynamical 
version of the SWM, i.e., imposing that the dilaton field became 
dynamical satisfying the Einstein equations in five dimensions [18]. 
The Regge trajectories obtained for both even and odd spin glue-
balls, related to the pomeron and the odderon, respectively, are in 
good agreement with available data.

2. The dynamical holographic model

The holographic dynamical softwall (DSW) model that we are 
going to consider has a metric structure which is consistently 
solved from Einstein’s equation. To obtain the metric solution we 
write a 5D action for the graviton–dilaton coupling in the string 
frame:

S = G−1
5

16π

∫
d5x

√−gs e−2"(z)(Rs + 4∂M"∂M" − V s
G(")) (1)

where G5 is the Newton’s constant in five dimensions, the dila-
ton field " is given by " = kz2, where k ∼ $2

Q C D and V G is the 
dilatonic potential. The metric tensor in 5-dimensional space has 
the following form gs

mn = b2
s (z)(dz2 + ηµνdxµdxν) with 0 ≤ z ≤ ∞, 

m, n = 0, 1, 2, 3, 4, µ, ν = 0, 1, 2, 3 and ηµν = diag(−1, 1, 1, 1) and 
bs(z) ≡ e As(z) . All of these parameters are in the string frame. The 
precise form of the metric will be defined solving the equations of 
motion and finding explicitly the expression for As(z). Actually, it 
is easier to solve this problem in the Einstein frame.

Performing a Weyl rescaling, from the string frame to the Ein-
stein frame, such that bE (z) = bs(z)e− 2

3 "(z) = e AE (z) and AE (z) =
As(z) − 2

3 "(z), one can rewrite the action (1) as:

S = G−1
5

16π

∫
d5x

√−gE (RE − 4
3
∂m"∂m" − V E

G (")) (2)

where g E
mn = gs
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3 " and V E

G = e
4
3 "V s

G . Varying this action, one 
can obtain the equations of motion:
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E + A′ 2
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9
"′ 2 = 0 ; (3)
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E"′ − 3
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e2AE ∂"V E

G (") = 0 . (4)

Solving these equations for the quadratic dilaton " = kz2, one 
finds:

AE(z) = log
(

R
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)
− log (0 F1(5/4,
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V E
G (") = − 12

R2 0 F1(1/4,"2/9)2

+ 16
3R2 0 F1(5/4,"2/9)2"2 , (6)

where R is the AdS radius.
Going back to string frame, one can write the 5D action for the 

scalar glueball as [15]:

S =
∫

d5x
√−gs

1
2

e−"(z)[∂MG∂MG + M2
5G2] (7)

and the equations of motion are:

∂M [√−gs e−"(z)gMN∂NG] − √−gse−"(z)M2
5G = 0 . (8)

Representing the scalar field through a 4d Fourier transform 
G̃(q, z) and performing a change of function G̃ = ψ(z)e

B(z)
2 , where 

B(z) = "(z) − 3As(z), one gets the following 1d Schrödinger-like 
equation

−ψ ′′(z) + V (z)ψ(z) = (−q2)ψ(z) , (9)

where the effective potential is given by

V (z) = k2z2 + 15
4z2 − 2k +

(
M5 R

z

)2

e4kz2/3A−2 , (10)

with A = 0 F1(5/4, "2

9 ). The normalizable solutions of Eq. (9) cor-
respond to a discrete spectrum of 4d masses with the identifica-
tion q2 = −m2

n . This equation was solved numerically in [18] for 
the scalar glueball 0++ and its radial (spin 0) excitations and the 
masses found are compatible with those from lattice QCD.

From the AdS/CFT dictionary one knows how to relate the op-
erator in the super Yang–Mills theory with fields in the AdS5 × S5

space. In the case of dual higher spin fields we consider a symmet-
ric traceless spin J field and the relation between the conformal 
dimension ( and the AdS mass is

M2
5 R2 = ((( − 4) − J ( J = 0,1,2,3, · · · ) (11)

and the effective potential reads

V J (z) = k2z2 + 15
4z2 − 2k + ((( − 4) − J

z2 e4kz2/3A−2 . (12)

3. Even spins and the pomeron

In the perturbative approach, the pomeron is identified with 
the leading twist 2 trajectory ( = J + 2 (see, e.g., [14] and refer-
ences therein). Note that for twist two operator the relation (11)
gives M2 = J 2 − J − 4 as shown in [25]. So, let us start this study 
with this assumption. Using the DSW model discussed in the pre-
vious section, one obtains complex masses for the glueball states 
0++ and 2++ which does not allow us to find a Regge trajectory 
for the pomeron. However, in the non-perturbative regime higher 
twist operators also contribute to the scattering amplitudes related 
to the pomeron [26]. Furthermore, in ref. [27] it was argued that 
the glueball state 0++ does not belong to the pomeron trajectory, 
but to another one with lower intercept. This does not agree with 
[26] where the 0++ state is taken into account to the pomeron 
trajectory. In order to investigate these problems, we are going 
to consider trajectories including and excluding the 0++ state and 
with higher twist.

So now we consider twist four operators for a pure super Yang–
Mills theory defined on the 4D boundary, such that ( = J + 4 and 
compute the masses for even glueball states using eqs. (11) and 
(12). The scalar glueball state 0++ is represented by the opera-
tor O4, and it can be written as O4 = Tr(F 2) = Tr(F µν Fµν). For 
higher spin glueballs we insert symmetrized covariant derivatives 
in a given operator with spin in order to raise the total angular 
momentum. Then, one obtains O4+ J = F D{µ1···Dµ J } F , with con-
formal dimension ( = 4 + J and spin J .

To calculate the masses for the higher spin glueball states 
and get the Regge trajectory related to the pomeron, one has to 
solve the eq. (9) numerically with the effective potential (12). The 
masses found are shown in Table 1.

Regge trajectories are an approximate linear relation between 
total angular momenta ( J ) and the square of the masses (m), such 
that J (m2) ≈ α0 + α′m2 with α0 and α′ constants. One can obtain 
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Table 1
Masses mn expressed in GeV for the glueball states J P C with even J as the eigen-
states of Eq. (9) with the potential (12) for k = 0.10 GeV2.

Glueball states J P C k

0++ 2++ 4++ 6++ 8++ 10++

mn 0.51 2.03 3.23 4.40 5.56 6.71 0.10

Regge trajectories for the pomeron using data from Table 1 once 
they are associated with even spin glueballs.

For instance, a Regge trajectory can be obtained from eq. (9) for 
the pomeron using Table 1 and k = 0.10 GeV2, excluding the state 
10++ , and is presented bellow:

J (m2) ≈ (0.72 ± 0.49) + (0.25 ± 0.02)m2 (13)

The errors come from the linear fit. This Regge trajectory for the 
pomeron is represented in Fig. 1 (left panel) and is in agreement 
with the one presented in [28].

Choosing another set of states, for example, 2++ , 4++ , 6++ , 
from Table 1 also with k = 0.10 GeV2, one finds the following 
Regge trajectory:

J (m2) = (1.06 ± 0.33) + (0.26 ± 0.02)m2 (14)

which is represented in Fig. 1 (right panel) and is in excellent 
agreement with [28] and also with [27] where the state 0++ was 
excluded.

We plot in Fig. 2 (left panel) the shape of the effective potential 
V J (z) in the DSW model for different values of the spin J . One can 
see that in the UV limit (z → 0) all plots have a similar behavior. 
But in the IR region (z → ∞) they differ clearly for different spins. 
The higher the spin of the glueball, the higher is the slope of the 
effective potential at large z. Also the minimum of the potential 
increases with the spin of the glueball.

For comparison, we show in Fig. 2 (right panel) the correspond-
ing effective potentials for the SWM extended for high spins [23]. 
These effective potentials also increase fast for small z, but they 
increase slowly for large z, in contrast with the holographic dy-
namical model shown in Fig. 2 (left panel).

4. Odd spins and the odderon

For odd spin glueballs, the operator O6 that describes the glue-
ball state 1−− is given by O6 = SymTr

(
F̃µν F 2

)
and after the in-

sertion of symmetrized covariant derivatives one obtains O6+ J =
SymTr

(
F̃µν F D{µ1···Dµ J } F

)
, with conformal dimension " = 6 + J

and spin 1 + J .
To calculate the masses for the higher spin glueball states and 

get the Regge trajectory related to the odderon, we solve the 
eq. (9) with the effective potential (12) numerically for odd J . The 
masses eigenstates found for odd glueball states are shown in Ta-
ble 2.

Fig. 1. Regge trajectories for the pomeron, from data of Table 1 with k = 0.1 GeV2. Left panel: glueball states 0++ , 2++ , 4++ , 6++ , and 8++ and trajectory given by eq. (13). 
Right panel: glueball states 2++ , 4++ and 6++ and trajectory given by eq. (14).

Fig. 2. Plots of the effective potentials V J (z) against the holographic coordinate z for some values of even spins. Left panel: J = 0, 2, · · · , 10 and effective potential given by 
Eq. (12), in the DSW model. Right panel: J = 0, J = 6, and J = 10 in the SWM.
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Abstract In this work we use the holographic soft-wall
AdS/QCD model with anomalous dimension contributions
coming from two different QCD beta functions to calculate
the masses of higher spin glueball states for both even and odd
spins and their Regge trajectories, related to the pomeron and
the odderon, respectively. We further investigate this model
taking into account dynamical corrections due to a dilaton
potential consistent with the Einstein equations in five dimen-
sions. The results found in this work for the Regge trajecto-
ries within the anomalous soft-wall model with dynamical
corrections are consistent with those present in the literature.

1 Introduction

Quantum chromodynamics (QCD) is a non-Abelian Yang–
Mills gauge theory that correctly describes the strong inter-
actions. Its well-known Lagrangian is given by

LQCD = ψ̄
(
/D − m

)
ψ − 1

4
Fa
µνF

µν
a , (1)

where ψ(x) represents the quark fields in the fundamental
representation of the SU(3) gauge group and Fa

µν is the gluon
field strength tensor. This tensor can be decomposed in a such
way that

Fa
µν = ∂µAa

ν − ∂νAa
µ + gYM f abcAb

µAc
ν, (2)

whereAa
ν are the gluon fields, witha = 1, . . . , 8, f abc are the

structure constants of SU(3) group and gYM is the coupling
constant of Yang–Mills (strong) interactions.

Gluons do not carry electric charges, but they have colour
charge. Due to this fact, they couple to each other, as implied

a e-mail: educapossoli@if.ufrj.br
b e-mail: lidn@itp.ac.cn
c e-mail: boschi@if.ufrj.br

by Eqs. (1) and (2). The bound states of gluons predicted by
QCD, but not detected so far, are called glueballs. Glueball
states are characterised by J PC , where J is the total angular
momentum, and P and C are the P-parity (spatial inversion)
and the C-parity (charge conjugation) eigenvalues, respec-
tively.

Quantum chromodynamics has many interesting charac-
teristics, among them asymptotic freedom and confinement.
The first one means that in the ultraviolet limit, i.e., for high
energies or short distances, quarks and gluons practically do
not interact with each other. In this case, one has a weak cou-
pling regime and QCD can be treated perturbatively. On the
other hand, confinement means that in the infrared limit, i.e.,
for low energies or large distances, quarks and gluons are
bounded to each other strongly, in a strong coupling regime,
and therefore, inaccessible to the perturbative approach. Cal-
culations involving bound states as the glueball masses, and
consequently, their related Regge trajectories, are features of
the non-perturbative regime. Regge trajectories correspond
to well-known approximate linear relations between total
angular momenta (J ) and the square of the masses (m), such
that

J (m2) ≈ α0 + α′m2, (3)

with α0 and α′ constants.
In this paper we will calculate the masses for even and

odd spin glueball states and from these masses one gets
the Regge trajectories for the pomeron and odderon, respec-
tively. As mentioned before those glueball states were not
detected experimentally so far. Due to this, the glueball state
masses come from some particular models. In the case of the
pomeron, related to even spin glueball state masses, there
are some models to describe it, such as the soft pomeron [1],
given by

J (m2) ≈ 1.08 + 0.25 m2, (4)

123
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Table 1
Masses mn expressed in GeV for the glueball states J P C with even J as the eigen-
states of Eq. (9) with the potential (12) for k = 0.10 GeV2.

Glueball states J P C k

0++ 2++ 4++ 6++ 8++ 10++

mn 0.51 2.03 3.23 4.40 5.56 6.71 0.10

Regge trajectories for the pomeron using data from Table 1 once 
they are associated with even spin glueballs.

For instance, a Regge trajectory can be obtained from eq. (9) for 
the pomeron using Table 1 and k = 0.10 GeV2, excluding the state 
10++ , and is presented bellow:

J (m2) ≈ (0.72 ± 0.49) + (0.25 ± 0.02)m2 (13)

The errors come from the linear fit. This Regge trajectory for the 
pomeron is represented in Fig. 1 (left panel) and is in agreement 
with the one presented in [28].

Choosing another set of states, for example, 2++ , 4++ , 6++ , 
from Table 1 also with k = 0.10 GeV2, one finds the following 
Regge trajectory:

J (m2) = (1.06 ± 0.33) + (0.26 ± 0.02)m2 (14)

which is represented in Fig. 1 (right panel) and is in excellent 
agreement with [28] and also with [27] where the state 0++ was 
excluded.

We plot in Fig. 2 (left panel) the shape of the effective potential 
V J (z) in the DSW model for different values of the spin J . One can 
see that in the UV limit (z → 0) all plots have a similar behavior. 
But in the IR region (z → ∞) they differ clearly for different spins. 
The higher the spin of the glueball, the higher is the slope of the 
effective potential at large z. Also the minimum of the potential 
increases with the spin of the glueball.

For comparison, we show in Fig. 2 (right panel) the correspond-
ing effective potentials for the SWM extended for high spins [23]. 
These effective potentials also increase fast for small z, but they 
increase slowly for large z, in contrast with the holographic dy-
namical model shown in Fig. 2 (left panel).

4. Odd spins and the odderon

For odd spin glueballs, the operator O6 that describes the glue-
ball state 1−− is given by O6 = SymTr

(
F̃µν F 2

)
and after the in-

sertion of symmetrized covariant derivatives one obtains O6+ J =
SymTr

(
F̃µν F D{µ1···Dµ J } F

)
, with conformal dimension " = 6 + J

and spin 1 + J .
To calculate the masses for the higher spin glueball states and 

get the Regge trajectory related to the odderon, we solve the 
eq. (9) with the effective potential (12) numerically for odd J . The 
masses eigenstates found for odd glueball states are shown in Ta-
ble 2.

Fig. 1. Regge trajectories for the pomeron, from data of Table 1 with k = 0.1 GeV2. Left panel: glueball states 0++ , 2++ , 4++ , 6++ , and 8++ and trajectory given by eq. (13). 
Right panel: glueball states 2++ , 4++ and 6++ and trajectory given by eq. (14).

Fig. 2. Plots of the effective potentials V J (z) against the holographic coordinate z for some values of even spins. Left panel: J = 0, 2, · · · , 10 and effective potential given by 
Eq. (12), in the DSW model. Right panel: J = 0, J = 6, and J = 10 in the SWM.

Effective potentials in the Dynamical Softwall X usual Softwall  
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Table 2
Masses mn expressed in GeV for the glueball states J P C with odd J solving Eq. (9)
with the potential (12) for k = 0.10 GeV2.

Glueball states J P C k

1−− 3−− 5−− 7−− 9−− 11−−

mn 2.77 3.91 5.05 6.19 7.33 8.47 0.10

Regge trajectories for the odderon can be obtained using data 
from Table 2 since they are associated with odd spin glueballs.

For the odderon, using Table 2 and k = 0.10 GeV2, excluding 
the state 11−− , the Regge trajectory is presented bellow:

J (m2) ≈ (0.20 ± 0.43) + (0.17 ± 0.01)m2 (15)

The errors come from the linear fit. This Regge trajectory for the 
odderon is represented in Fig. 3 (left panel) and is in agreement 
with [29] within the non-relativistic constituent model.

Choosing another set of states, for example, 1−− , 3−− , 5−− , 
from Table 2 also with k = 0.10 GeV2, one finds the following 
Regge trajectory:

J (m2) = (−0.60 ± 0.33) + (0.22 ± 0.01)m2 (16)

which is compatible with [29] within the relativistic many-body 
model. This Regge trajectory for the odderon is represented in 
Fig. 3 (right panel) and the errors also come from the linear fit.

Another set with 3−− , 5−− , 7−− , from Table 2 also with k =
0.10 GeV2 gives

J (m2) = (0.44 ± 0.32) + (0.17 ± 0.01)m2 (17)

which is compatible with the non-relativistic constituent model 
[29] and excludes the state 1−− .

Fig. 4 (left panel) represents the effective potentials in the DSW 
model for various odd spin glueball states. For comparison, we 
show in Fig. 4 (right panel) the corresponding effective potentials 
for the usual SWM extended for high spins [23]. These effective 
potentials also increase fast for small z, but they increase slowly 
for large z, in contrast with the holographic dynamical model 
shown in Fig. 4 (left panel).

5. Conclusions

We used a dynamical holographic softwall model to obtain even 
and odd spin glueball mass spectra and achieved the related Regge 
trajectories associated with the pomeron and the odderon, respec-
tively. These trajectories are in good agreement with those found 
in [13,17,22,23,27–29]. Besides, this is the first obtention of these 
Regge trajectories through a dynamical model.

In particular, it has been shown in [23] that the SWM could 
not lead to the expected Regge trajectories for the pomeron or the 
odderon. This problem is overcome in this work by the use of the 
DSW model.

Fig. 3. Regge trajectories for the odderon, from data of Table 2 with k = 0.1 GeV2. Left panel: glueball states 1−− , 3−− , 5−− , 7−− , 9−− and trajectory given by eq. (15). Right 
panel: glueball states 1−− , 3−− , 5−− and trajectory given by eq. (16).

Fig. 4. Plots of the effective potentials V J (z) against the holographic coordinate z for some values of odd spins. Left panel: J = 1, 3, · · · , 11 and effective potential given by 
Eq. (12), in the DSW model. Right panel: J = 1, J = 5, and J = 11 in the SWM.
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Very good agreement with the non-relativistic model for the odderon:
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where the masses throughout this work are expressed in GeV.
There are also other models like the triple pole pomeron [2],
the hard pomeron [3], the BFKL pomeron [3] etc. All of
these models provide trajectories pretty close to Eq. (4), so
we are going to compare our results obtained for the Regge
trajectory of the pomeron with this one.

In the case of odderon, related to odd spin glueball states,
there are also many models to describe it, such as the isotropic
lattice [4], anisotropic lattice [5], relativistic many body [6],
given by

J (m2) ≈ −0.88 + 0.23 m2, (5)

the non-relativistic constituent [6] given by

J (m2) ≈ 0.25 + 0.18 m2, (6)

etc. We are going to compare our results obtained for the
Regge trajectory of the odderon, with these two trajectories.

The AdS/CFT or Anti de Sitter/conformal field theory
correspondence [7–11] arises as a powerful tool to tackle
non-perturbative Yang–Mills theories. The AdS/CFT corre-
spondence relates a conformal Yang–Mills theory with the
symmetry group SU(N ) for very large N and extended super-
symmetry (N = 4)with a I I B superstring theory in a curved
space, known as anti de Sitter space, or AdS5 × S5. At low
energies string theory is represented by an effective super-
gravity theory. Due to this, the AdS/CFT correspondence is
also known as a gauge/gravity duality.

After a suitable breaking of the conformal symmetry one
can build phenomenological models that describe (large N )
QCD approximately. These models are known as AdS/QCD
models.

In order to deal with conformal symmetry breaking the
works [12–15] have made some important progress. In these
works there emerged the idea of the hard-wall model. This
idea means that a hard cutoff is introduced at a certain value
zmax of the holographic coordinate z and the space considered
is a slice of AdS5 space in the region 0 ≤ z ≤ zmax, with
some appropriate boundary conditions.

Another holographic approach to break the conformal
invariance in the boundary field theory, and make it an effec-
tive theory for large N QCD is called the soft-wall model.
This model introduces in the action a decreasing exponential
factor of the dilatonic field that represents a soft IR cutoff.
The soft-wall model (SW) was proposed in [16] to study vec-
tor mesons, and subsequently extended to glueballs [17] and
to other mesons and baryons [18]. It was shown in Ref. [19]
that the soft-wall model does not give the expected masses
for the scalar glueball states (and its radial excitations) and
higher spin glueball states (with even and odd spins).

In Refs. [20–22] was introduced the idea of using QCD
beta functions to get an interesting UV behaviour for the

soft-wall model modified by convenient superpotentials for
the dilaton field. Then in Ref. [23] a simpler modification was
proposed of the SW model, taking into account anomalous
dimensions, also related to QCD beta functions to obtain the
scalar glueball spectra and its (spin 0) radial excitations. The
resulting masses found for some choices of beta functions
are in agreement with those presented in the literature.

In this work, our main objective is to extend the previous
studies done in Ref. [23] to investigate higher, even and odd,
spin glueball states, and obtain the Regge trajectories related
to the pomeron and to the odderon, taking into account the
anomalous dimensions from some QCD beta functions with
dynamical corrections, i.e., considering that the dilatonic
field became dynamical satisfying the Einstein equations in
five dimensions. Actually, we first consider the anomalous
contributions to the original soft-wall model without dynam-
ical corrections for higher even and odd spins, but the results
are not good compared with the pomeron and odderon Regge
trajectories. Then we consider the dynamical case where the
results obtained are good.

This work is organised as follows: In Sect. 2 we provide
a quick review of the original soft-wall model (SW) and the
modifications taking into account the anomalous dimensions
from QCD beta functions that we call the anomalous soft-
wall model (ASW) (that is, the soft-wall with anomalous
contributions as proposed in Ref. [23]). Then we introduce
even and odd higher spin state operators and calculate, from
the mass results, the Regge trajectories related to the pomeron
and to the odderon in two different cases: the beta function
with a linear asymptotic behaviour and the beta function with
an IR fixed point at finite coupling. At this point, we show
that the ASW model needs some corrections to provide com-
patible Regge trajectories related to the pomeron and to the
odderon. In Sect. 3 we impose dynamical corrections com-
ing from the dilaton field in the ASW model to achieve the
Regge trajectories related to the pomeron and to the odderon.
In particular, for the beta function with an IR fixed point at
finite coupling, the Regge trajectories obtained for both even
and odd spin glueball states, related to the pomeron and the
odderon, respectively, are in agreement with those found in
the literature. In Sect. 4 we make some comments and sum-
marise our results.

2 The anomalous soft-wall model

Let us start this section performing a quick review of the SW
model. Then we proceed to discuss the modifications due
to the anomalous dimensions of the ASW model, introduce
higher spin states and obtain the glueball masses and Regge
trajectories.

The soft-wall model for scalar fields can be defined by the
action [17,23]
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Table 2
Masses mn expressed in GeV for the glueball states J P C with odd J solving Eq. (9)
with the potential (12) for k = 0.10 GeV2.

Glueball states J P C k

1−− 3−− 5−− 7−− 9−− 11−−
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Regge trajectories for the odderon can be obtained using data 
from Table 2 since they are associated with odd spin glueballs.

For the odderon, using Table 2 and k = 0.10 GeV2, excluding 
the state 11−− , the Regge trajectory is presented bellow:

J (m2) ≈ (0.20 ± 0.43) + (0.17 ± 0.01)m2 (15)

The errors come from the linear fit. This Regge trajectory for the 
odderon is represented in Fig. 3 (left panel) and is in agreement 
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Choosing another set of states, for example, 1−− , 3−− , 5−− , 
from Table 2 also with k = 0.10 GeV2, one finds the following 
Regge trajectory:

J (m2) = (−0.60 ± 0.33) + (0.22 ± 0.01)m2 (16)

which is compatible with [29] within the relativistic many-body 
model. This Regge trajectory for the odderon is represented in 
Fig. 3 (right panel) and the errors also come from the linear fit.

Another set with 3−− , 5−− , 7−− , from Table 2 also with k =
0.10 GeV2 gives

J (m2) = (0.44 ± 0.32) + (0.17 ± 0.01)m2 (17)

which is compatible with the non-relativistic constituent model 
[29] and excludes the state 1−− .

Fig. 4 (left panel) represents the effective potentials in the DSW 
model for various odd spin glueball states. For comparison, we 
show in Fig. 4 (right panel) the corresponding effective potentials 
for the usual SWM extended for high spins [23]. These effective 
potentials also increase fast for small z, but they increase slowly 
for large z, in contrast with the holographic dynamical model 
shown in Fig. 4 (left panel).
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Very good agreement with the relativistic model for the odderon:
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where the masses throughout this work are expressed in GeV.
There are also other models like the triple pole pomeron [2],
the hard pomeron [3], the BFKL pomeron [3] etc. All of
these models provide trajectories pretty close to Eq. (4), so
we are going to compare our results obtained for the Regge
trajectory of the pomeron with this one.

In the case of odderon, related to odd spin glueball states,
there are also many models to describe it, such as the isotropic
lattice [4], anisotropic lattice [5], relativistic many body [6],
given by

J (m2) ≈ −0.88 + 0.23 m2, (5)

the non-relativistic constituent [6] given by

J (m2) ≈ 0.25 + 0.18 m2, (6)

etc. We are going to compare our results obtained for the
Regge trajectory of the odderon, with these two trajectories.

The AdS/CFT or Anti de Sitter/conformal field theory
correspondence [7–11] arises as a powerful tool to tackle
non-perturbative Yang–Mills theories. The AdS/CFT corre-
spondence relates a conformal Yang–Mills theory with the
symmetry group SU(N ) for very large N and extended super-
symmetry (N = 4)with a I I B superstring theory in a curved
space, known as anti de Sitter space, or AdS5 × S5. At low
energies string theory is represented by an effective super-
gravity theory. Due to this, the AdS/CFT correspondence is
also known as a gauge/gravity duality.

After a suitable breaking of the conformal symmetry one
can build phenomenological models that describe (large N )
QCD approximately. These models are known as AdS/QCD
models.

In order to deal with conformal symmetry breaking the
works [12–15] have made some important progress. In these
works there emerged the idea of the hard-wall model. This
idea means that a hard cutoff is introduced at a certain value
zmax of the holographic coordinate z and the space considered
is a slice of AdS5 space in the region 0 ≤ z ≤ zmax, with
some appropriate boundary conditions.

Another holographic approach to break the conformal
invariance in the boundary field theory, and make it an effec-
tive theory for large N QCD is called the soft-wall model.
This model introduces in the action a decreasing exponential
factor of the dilatonic field that represents a soft IR cutoff.
The soft-wall model (SW) was proposed in [16] to study vec-
tor mesons, and subsequently extended to glueballs [17] and
to other mesons and baryons [18]. It was shown in Ref. [19]
that the soft-wall model does not give the expected masses
for the scalar glueball states (and its radial excitations) and
higher spin glueball states (with even and odd spins).

In Refs. [20–22] was introduced the idea of using QCD
beta functions to get an interesting UV behaviour for the

soft-wall model modified by convenient superpotentials for
the dilaton field. Then in Ref. [23] a simpler modification was
proposed of the SW model, taking into account anomalous
dimensions, also related to QCD beta functions to obtain the
scalar glueball spectra and its (spin 0) radial excitations. The
resulting masses found for some choices of beta functions
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spin glueball states, and obtain the Regge trajectories related
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anomalous dimensions from some QCD beta functions with
dynamical corrections, i.e., considering that the dilatonic
field became dynamical satisfying the Einstein equations in
five dimensions. Actually, we first consider the anomalous
contributions to the original soft-wall model without dynam-
ical corrections for higher even and odd spins, but the results
are not good compared with the pomeron and odderon Regge
trajectories. Then we consider the dynamical case where the
results obtained are good.

This work is organised as follows: In Sect. 2 we provide
a quick review of the original soft-wall model (SW) and the
modifications taking into account the anomalous dimensions
from QCD beta functions that we call the anomalous soft-
wall model (ASW) (that is, the soft-wall with anomalous
contributions as proposed in Ref. [23]). Then we introduce
even and odd higher spin state operators and calculate, from
the mass results, the Regge trajectories related to the pomeron
and to the odderon in two different cases: the beta function
with a linear asymptotic behaviour and the beta function with
an IR fixed point at finite coupling. At this point, we show
that the ASW model needs some corrections to provide com-
patible Regge trajectories related to the pomeron and to the
odderon. In Sect. 3 we impose dynamical corrections com-
ing from the dilaton field in the ASW model to achieve the
Regge trajectories related to the pomeron and to the odderon.
In particular, for the beta function with an IR fixed point at
finite coupling, the Regge trajectories obtained for both even
and odd spin glueball states, related to the pomeron and the
odderon, respectively, are in agreement with those found in
the literature. In Sect. 4 we make some comments and sum-
marise our results.

2 The anomalous soft-wall model

Let us start this section performing a quick review of the SW
model. Then we proceed to discuss the modifications due
to the anomalous dimensions of the ASW model, introduce
higher spin states and obtain the glueball masses and Regge
trajectories.

The soft-wall model for scalar fields can be defined by the
action [17,23]

123
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Finite Temperature AdS/CFT and AdS/QCD

Witten’s proposal (1998)

Finite temperature Yang-Mills theory in 4d dual to a 
modified AdS(5)xS(5) set up with a Black Hole 
(Schwarzschild AdS (5)  x S (5))

The temperature of the Yang-Mills theory is 
identified with the Hawking temperature of the Black 
Hole

Policastro, Son, Starinets, PRL 2001 (Shear viscosity…)
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Soft-wall model at Finite Temperature

Herzog PRL 2007; 

Kajantie, Tahkokallio, Yee, JHEP 2007; 

Ballon-Bayona, HBF, Braga, Pando Zayas, PRD 2008.
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Hard-wall and Soft-wall at Finite Temperature: 
Confining/deconfining phase transition

Thermal AdS space (low temperature) 
(confined phase) 
                                                               Hawking-Page phase transition 
AdS Black hole (high temperature)   
(deconfined phase)

Herzog, PRL 2007
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Quasinormal modes and scalar Glueballs 
in the Soft-wall at Finite Temperature 

Quasinormal modes are formed when a particle/field falls onto a 
black hole horizon

Miranda,Ballon-Bayona, HBF, Braga, JHEP 2009

(zero momentum)
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Quasinormal modes and Vector Mesons  
in the Soft-wall at Finite Temperature 

Mamani, Miranda, HBF, Braga, JHEP 2014
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Vector Mesons at Finite T in the Soft-wall model
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Other Results:

Wilson loops in AdS/CFT and AdS/QCD (nonconfining/
confining) 

Vector mesons form factors in the D4-D8 model 

Production of positive and negative parity Baryons in 
the D4-D8 model 

Pion and vector mesons form factors from the 
Kuperstein-Sonnenschein model 
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Ballón-Bayona, HBF, Braga, Ihl, Torres, PRD 2012; NPB 2013

Baryons Form Factors and Proton Structure in the 
Holographic Sakai-Sugimoto D4-D8 Model

Blue line = SS Model prediction 
Red dots = exp. data (JLAB-CLAS) 
Blue triangles = Bare amplitude results (EBAC)

Helicity Amplitude  [                    ]

decay constants (shown in Table II) we can calculate the
Dirac and Pauli form factors describing the production of
negative parity baryon states. We show our results for the
first three excited states in Fig. 2. As a general feature, the
form factors go to zero as q2 ! 0, reach a maximum and
then decay for large q2. Note that some of the form factors
are nonpositive.

C. Helicity amplitudes: Comparison
with JLab-CLAS data

In the large ! limit, the transverse helicity amplitudes
take the form
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Unfortunately, in the large ! limit we cannot say too
much about the longitudinal helicity amplitudes because
we obtain
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This result seems to be consistent with the fact that the
experimental data available for these helicity amplitudes
indicates a strong contribution from meson clouds [45].
This kind of effect necessitates the investigation of loop
corrections of order 1=! in electromagnetic scattering.
The 1=! corrections would not only modify our results
but also the standard results on the elastic electromagnetic
form factors.4

Some of the meson cloud contributions to the helic-

ity amplitudes ~A1=2 and ~S1=2 for the resonance
S11ð1535Þ were calculated by the EBAC group [47],
fitting the dynamical coupled-channel model [48] with
experimental data. The EBAC result [47] was displayed
nicely in Ref. [49], where the authors removed the
meson cloud contributions from the dressed helicity
amplitudes and presented the EBAC bare helicity
amplitudes. In Fig. 3, we present our result for the

transverse helicity amplitude ~A1=2
BB1

ðq2Þ for the first

negative parity resonance and also show the EBAC
results [47,49] and recent experimental data from the
JLAB-CLAS collaboration [45] for comparison. As
discussed in Sec. IV B, this resonance can be identified
with the experimentally observed S11ð1535Þ. Despite
the limitations of our model (the large ! limit), we
find good agreement with the EBAC results for bare

helicity amplitudes and reasonable agreement with
JLAB-CLAS experimental data. This is to be expected
since the EBAC data is available for q2 & 1:5 ðGeVÞ2,
which coincides with the regime of validity of the
Sakai-Sugimoto model where we expect our results to
be reliable, whereas the JLAB-CLAS data extends to
higher q2 beyond the regime of validity. Furthermore,
the EBAC and JLAB-CLAS results clearly demonstrate
the importance of 1=! corrections from meson cloud
contributions in the nonperturbative regime, which
means that we need to go beyond tree level to get a
better than qualitative agreement with experimental
results for helicity amplitudes. Nevertheless, this is a
very encouraging result in view of our long-term
project of investigating resonance production in holo-
graphic models.
In Fig. 4 we show our results for ~Gþ

BB1
ðq2Þ.

0 2 4 6 8 10
q2

20

40

60

80

100

120

140

AB0 B1

1 2
q2

FIG. 3 (color online). Helicity amplitude ~A1=2
BB1

ðq2Þ [in units
10%3ðGeVÞ%1=2] plotted versus q2 in ðGeVÞ2. The JLAB-CLAS
experimental data (red dots) were taken from Ref. [45], while the
EBAC bare amplitude results (blue triangles) were taken from
Refs. [47,49].
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FIG. 4 (color online). Helicity amplitude ~Gþ
B0B1

ðq2Þ [in units
10%3 ðGeVÞ%1=2] plotted versus q2 in ðGeVÞ2.

4See Ref. [46] for a discussion regarding pion loop corrections
in baryon electromagnetic form factors.
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This result seems to be consistent with the fact that the
experimental data available for these helicity amplitudes
indicates a strong contribution from meson clouds [45].
This kind of effect necessitates the investigation of loop
corrections of order 1=! in electromagnetic scattering.
The 1=! corrections would not only modify our results
but also the standard results on the elastic electromagnetic
form factors.4

Some of the meson cloud contributions to the helic-

ity amplitudes ~A1=2 and ~S1=2 for the resonance
S11ð1535Þ were calculated by the EBAC group [47],
fitting the dynamical coupled-channel model [48] with
experimental data. The EBAC result [47] was displayed
nicely in Ref. [49], where the authors removed the
meson cloud contributions from the dressed helicity
amplitudes and presented the EBAC bare helicity
amplitudes. In Fig. 3, we present our result for the

transverse helicity amplitude ~A1=2
BB1

ðq2Þ for the first

negative parity resonance and also show the EBAC
results [47,49] and recent experimental data from the
JLAB-CLAS collaboration [45] for comparison. As
discussed in Sec. IV B, this resonance can be identified
with the experimentally observed S11ð1535Þ. Despite
the limitations of our model (the large ! limit), we
find good agreement with the EBAC results for bare

helicity amplitudes and reasonable agreement with
JLAB-CLAS experimental data. This is to be expected
since the EBAC data is available for q2 & 1:5 ðGeVÞ2,
which coincides with the regime of validity of the
Sakai-Sugimoto model where we expect our results to
be reliable, whereas the JLAB-CLAS data extends to
higher q2 beyond the regime of validity. Furthermore,
the EBAC and JLAB-CLAS results clearly demonstrate
the importance of 1=! corrections from meson cloud
contributions in the nonperturbative regime, which
means that we need to go beyond tree level to get a
better than qualitative agreement with experimental
results for helicity amplitudes. Nevertheless, this is a
very encouraging result in view of our long-term
project of investigating resonance production in holo-
graphic models.
In Fig. 4 we show our results for ~Gþ

BB1
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FIG. 3 (color online). Helicity amplitude ~A1=2
BB1

ðq2Þ [in units
10%3ðGeVÞ%1=2] plotted versus q2 in ðGeVÞ2. The JLAB-CLAS
experimental data (red dots) were taken from Ref. [45], while the
EBAC bare amplitude results (blue triangles) were taken from
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10%3 ðGeVÞ%1=2] plotted versus q2 in ðGeVÞ2.

4See Ref. [46] for a discussion regarding pion loop corrections
in baryon electromagnetic form factors.
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EBAC: Julia-Diaz et al PRC 2009; 
Matasuyama et al Phys.Rep. 2007;  
Ramalho, Pena, PRD 2011.

CLAS: Aznauryan et al PRC 2009. 

for the observed negative parity 
resonance S_11(1535)
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Pion (and vector meson) Form Factors in the Kuperstein-
Sonnenschein Holographic model

Red = SS model; Blue = KS model 
 Dots = experimental data (PDG)

Stable, non-supersymmetric, but similar to D4-D8 with VMD


