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Overview

Part I

• What thermodynamics is all about?

• The postulates of classical thermodynamics.

Part II

• Out-of-equilibrium systems.

• Quantum thermodynamics.

Part III

• Experiments.



The Classical Theory of
Thermodynamics



A theory is the more impressive the greater simplicity of its premisses is, the more
different kinds of things it relates, and the more extended is its area of applicability.
Therefore the deep impression which classical thermodynamics made upon me. It is the
only physical theory of universal content concerning which I am convinced that, within
the framework of the applicability of its basic concepts, it will never be overthrown.

Albert Einstein, 1946

If someone points out to you that your pet theory of the universe is in disagreement with
Maxwell’s equations, then so much the worse for Maxwell’s equations. If it is found to
be contradicted by observation, well, these experimentalists do bungle things sometimes.
But if your theory is found to be against the second law of thermodynamics I can give
you no hope; there is nothing for it but to collapse in deepest humiliation.

Arthur Eddington, 1928



The scope of thermodynamics

First

Thermodynamics does not introduce a new fundamental law of nature!

The hallmark of thermodynamics is generality:

• It applies to all macroscopic systems.

• It only predicts limits on physical processes.

What is thermodynamics?

It is the study on the restrictions on the possible properties of matter that follow from
symmetries of the fundamental laws of physics.



The problem of thermodynamics

Particular types of measurements: Macroscopic

Extremely slow on the atomic time scale and extremely coarse on the atomic length
scale.

Static states of macroscopic systems

Only those few combinations of microscopic coordinates that are time independent
are macroscopically observable!



Work and internal energy

Mechanical work is equal to the
variation of the internal energy

U ≡ UB − UA =

∫
~F · d~s

Joule

For any equilibrium states A and B
either the adiabatic mechanical
process A→ B or B → A exists.



Heat

Mechanical work

W =

∫
~F · d~s

Adiabatic work process gives us the

internal energy U .

Heat

Q = U −W



Work and heat

State function

The amount of work and heat are process dependent. However, their sum does not
since it equals the different in internal energy, which only depends on the initial and
final states.

This statement implies that the internal energy U cannot be considered a different
form of energy. In other words, U cannot be considered as being the sum of W and Q
without the definition of the considered process.



The zeroth law of thermodynamics

Macroscopic measurements define the thermodynamic variables (time and space
averages).

Equilibrium states

Determined only by intrinsic factors and not by previously applied external influences.
They are, by definition, time-independent. The equilibrium state is defined as the one
in which all the net fluxes vanish.

Postulate I

There exists equilibrium states of macroscopic systems that are completely
characterized by the internal energy U , the volume V and the mole numbers Ni of its
chemical components.



The central problem of thermodynamics

What is the equilibrium state that eventually results from the removal of the internal
constraints in a closed system?



The path to the solution

From the solution of this problem emerges all the results of thermodynamics!

Postulate II

There exists a function S of the extensive parameters, defined for all equilibrium
states, and that have the following property: The values assumed by these parameters
are those that maximizes S. This function is called entropy.

The entropy as function of the extensive parameters is known as the fundamental
relation. If this relation is known, every thermodynamic property of the system is
completely specified.



Properties of the entropy

Postulate III

The entropy of a composite system is additive over the constituent subsystems. The
entropy is continuous, differentiable and monotonically increasing function of the
energy.

Postulate IV

The entropy of any system satisfy

S → 0 for

(
∂U

∂S

)
V,···

= 0



Properties of the entropy

These postulate have several consequences:

• Individual entropies are function of local parameters

S =
∑
α

Sα =
∑
α

Sα (Uα, Vα, · · ·)

• For spatially separated systems

S (λU, λV, · · ·) = λS (U, V, · · ·)

• Monotonicity implies (
∂S

∂U

)
V,···

> 0

• Continuity, monotonicity and differentiability implies that the fundamental relation
can be inverted

S = S(U, V, · · ·)⇒ U = U(S, V, · · ·)



Intensive parameters
From the fundamental relation we can compute the total differential

dU =

(
∂U

∂S

)
V,···

dS +

(
∂U

∂V

)
S,···

dV + · · ·

Intensive parameters

• Temperature

T =

(
∂U

∂S

)
V,···

• Pressure

P = −
(
∂U

∂V

)
S,···

• Chemical potential

µ =

(
∂U

∂N

)
S,V,···



Quasi-static processes

For simple systems

dU = TdS− PdV

Quasi-static process: The system is always
in equilibrium

dW = ~F · d~s = −APds = −PdV

Clausius

dS =
1

T
dQ



The second law of thermodynamics

• Initial system state X, plus the
gorilla, an apparatus and a
weight.

• Gorilla performs some process.

• Gorilla and apparatus are back
to the initial state. The weight
has been lowered or lifted. From
the principle of maximum
entropy, the state
transformation X → Y is
possible if and only if

S(X) ≤ S(Y )



Equivalent representations

Let us consider that the system is in equilibrium but the energy is not a minimum.
Them we could extract energy from the system and give back such energy to the
system in the form of heat, thus increasing its entropy. But this violates the postulate
of maximum entropy. Thus, energy must be a minimum.

Extremum principles

The principle of maximum entropy (given a fixed energy) is equivalent to the principle
of minimum energy (given a fixed entropy).



Axiomatic formulation of thermodynamics

• H. B. Callen, Thermodynamics and an introduction to thermostatistics (Wiley,
1985).

• E. H. Lieb and J. Yngvason. The mathematics and physics of the second law of
thermodynamics. Phys. Rep. 310, 1 (1999).

• Robin Giles, Mathematical foundations of thermodynamics (Oxford University
Press, 1964).



Non-Equilibrium and Quantum
Thermodynamics



A bit history

• 1902-1906. Sutherland and Einstein — Relation between the mobility of a
Brownian particle and the diffusion constant.

• 1928. Johnson and Nyquist — Relation between electric resistance and current
fluctuations.

• 1951. Callen and Welton — Extension of the previous results to the quantum
case.

• 1957. Kubo — Fluctuation theorem establishing the relation between linear
response of a system and equilibrium fluctuations.

• 1959-1969. Bernard, Callen and Efremov — Higher orders.

• 1977. Bochkov and Kuzovlev — Fluctuation relations and time-reversal symmetry.

• 1993-1995. Evans, Gallavotti and Cohen — Entropy production statistics for
stationary non-equilibrium states.

• 1997. Jarzynski — Work statistics far from equilibrium.



Why studying fluctuations

• Equilibrium information is deeply codified in the microscopic response of a system
taken arbitrarily out-of-equilibrium.

• Fluctuations can help us to better understand the applications of the laws of
thermodynamics to small (and quantum) systems.

• Measures of dissipation can be expressed in terms of measures of information,
thus providing new mathematical tools to study thermodynamics.

• The ability of thermodynamics to set up the arrow of time can be quantified.

• Possible routes for the experimental investigation of thermodynamics of small
quantum systems.



Some references

• C. Jarzynski, Eur. Phys. J. B 64, 331 (2008).

• C. Jarzynski, Ann. Rev. Condens. Matter Phys. 2, 329 (2011).

• M. Esposito, U. Harbola and S. Mukamel, Rev. Mod. Phys. 81, 1665 (2009).

• M. Campisi, P. Hänggi and P. Talkner, Rev. Mod. Phys. 83, 771 (2011).

• A. Polkovnikov, K. Sengupta, A. Silva and M. Vengalattore, Rev. Mod. Phys. 83,
863 (2011).



Reversibility

The second law

Defines the arrow of time!



Fluctuations come into play

Thermodynamic limit

Fluctuations vanish! How about systems with few degrees of freedom (or quantum
systems)? Can we still apply thermodynamics? Can we write

〈W 〉 ≥ ∆F,

where 〈·〉 denotes average over the fluctuations?

The answer is not only yes, but we can do even better!



Jarzynski equality — The setup

• γ(λ): path in parameter space.
λ ∈ [0, 1].

• z = (q,p) is a point in phase space
and Hλ(z) is the Hamiltonian.

• The system evolves from A to B
under the action of external drive.
The work performed on the system is

W =

∫ τ

0
λ̇
∂Hλ

∂λ
dt



Jarzynski equality — Canonical initial distribution

Let us consider an ensemble of trajectories drawn from the canonical initial distribution

f(z, t = 0) =
exp [−βH0(z)]

Z0

with Z0 =
∫

exp [−βH0(z)] being the partition function. This ensemble evolves under
the Liouville equation

∂f

∂t
+ {f,Hλ} = 0

Now, for the trajectory which passes through the point z at time t (there is only one
since the system is deterministic), we define the work w(z, t) as the work performed on
that trajectory up to time t. The total work W is the work up to time τ . Then

〈exp[−βW ]〉 =

∫
dz f(z, τ) exp[−βw(z, τ)]



Jarzynski equality

Now, the work done on an isolated system is equal to the change in its energy

w(zt, t) = Hλt(z)−Hλ0(z0),

where z0 is the initial condition for the considered trajectory.

Liouville theorem says that the phase-space density is conserved along any trajectory,
f(z, t) = f(z, 0). Thus

f(z, t) exp[−βw(z, t)] = f(z, 0) exp[−β(Hλt(z)−Hλ0(z0))] =
exp[−βHλt(z)]

Z0
,

which leads us to the Jarzynski equality

〈exp[−βW ]〉 =
Zτ
Z0

= exp[−β∆F ] ∆F = FB − FA



The second law from Jarzynski equality

Since the exponential function is convex, we can use Jensen’s inequality in order to
write

〈exp[−βW ]〉 ≥ exp[−β 〈W 〉]
⇒ exp[−β 〈W 〉] ≤ exp[−β∆F ]

⇒ 〈W 〉 ≥ ∆F

which is the second law of thermodynamics. The entropy production is defined as

Σ = β (〈W 〉 −∆F )

And how about quantum mechanics?



The quantum setup

Assumptions

• Initial state

ρβ =
e−βHλ0

Z

• λt is an external controlled parameter.
t ∈ [0, 1].

Hλ0 → Hλ1

• Unitary evolution

Û(1, 0) = ~Te−i
∫ 1
0 Hλt



The process

Πn
λ0 = |εn0 〉〈εn0 |

Hλ0 |εn0 〉 = εn0 |εn0 〉

pn0 = Tr
[
Πm
λ0ρ0

]

Πm
λ1 = |εm1 〉〈εm1 |

Hλ1 |εm1 〉 = εm1 |εm1 〉

pm,n1 = Tr
[
Πm

1 UΠn
λ0ρ0Πn

λ0U
†
]

= pn0 |〈εm1 |Û(1, 0)|εn0 〉|2



The work probability density

Isolated system ⇒ Q = 0. W is equal to the internal energy.

The quantum work

W = εm1 − εn0 .

Therefore, the work probability density is defined as

P (W ) =
∑
m,n

pn0p
m|n
1 δ [W − (εm1 − εn0 )]

pn0 them codifies the classical fluctuations while the quantum one are printed in p
m|n
1 .



Jarzynski in the quantum world

From these definitions it is straightforward to derive the quantum version of Jarzynski
equality

〈e−βW 〉 =
∑
n,m

pn,me−β(ε
m
1 −εn0 )

=
∑
n,m

pn0p
m|n
1 e−β(ε

m
1 −εn0 )

=
∑
n,m

e−βε
m
1

Z0
〈εm1 |Û(1, 0)|εn0 〉〈εn0 |Û †(1, 0)|εm1 〉

=
Z1

Z0

From this we can write
〈e−Σ〉 = 1 ⇒ 〈Σ〉 ≥ 0



Crooks relation1

There is another relation, known as Crroks relation, that follows from the definition of
the time-reserve work probability density

PB (W ) =
∑
m,n

pm1 p
n|m
0 δ [W − (εn1 − εm0 )]

Crooks relation reads

PF (W )

PB (−W )
= eβ(W−∆F)

Using the normalization of PB (−W ) we can easily find Jarzynski equality

1Rev. Mod. Phys. 81, 1665 (2009); Rev. Mod. Phys. 83, 771 (2011)



General observables

Let us consider a general map Φ that acts on the system and also generalized
measurements characterized by the set of operators {Mi}. The outputs of the initial

Oi, and final Of measurements, are denoted by oin and ofm, respectively. We ask about

the distribution of the random variable ∆O = ofm − oin.

It is possible to prove that

〈e−∆O〉 = γ γ = Tr
[
e−O

f
Φ
[
M i(ρ0)e−O

i
]]

M i(ρ0) =
∑

m Πmρ0Πm represents the first measurement.



What about real life?



Light — Degrees of freedom

Information can be encoded into distinct degrees of freedom of light.

• Polarization2

• Time profiles3

• Spatial profiles4

2Science 324, 1414 (2009).
3Opt. Express 22, 25128 (2014).
4Proc. Natl. Acad. Sci. USA 113, 13648 (2016).



Angular momentum

Light can carry both energy and momentum.

Momentum can be divided into two components, the linear, p, and the angular, J.

In certain cases we can split the total angular momentum as

J = L + S

We are here interested in the orbital part of the angular momentum — L



The paraxial equation5

Considering monochromatic light we can rewrite the field as φ(~r, t) = E(~r)e−iωt, from
with we get Helmholtz equation

∇2E(~r)− k2E(~r) = 0 ω = kc

Paraxial rays are those that lie at small angles to the optical axis of the system under
consideration. This implies that E(~r) is a slowly varying function of the direction of
propagation z. Therefore

E (~r) = ψ (x, y) eikz
∂2ψ

∂z2
� k

∂ψ

∂z

In this sense, ψ (x, y) describes the transversal profile of the field.

5Phys. Rep. 495, 87 (2010)



The paraxial equation

Under this condition, it follows

∇2
⊥ψ(x, y)− 2ik

∂ψ (x, y)

∂z
= 0

Now, by introducing a transversal spatial modulation of the index of refraction we get

i

k

∂ψ

∂z
=

[
− 1

2k2
∇2
⊥ +

∆n

n0

]
ψ

which is analogous to Schöedinger’s equation. Therefore, classical light can simulate
quantum mechanics!



Orbital angular momentum

A possible set of solutions is given by the Laguerre-Gaussian modes

ψ`(ρ, φ, z) ∝ (
√

2ρ)`e−i(kρ
2/2+2p+l+1)L`p

(
2ρ2
)
e−i`φ.

Time-averaged form of the Poynting vector (the flux of momentum for linearly
polarized light)

〈S〉 = 〈E×B〉 ⇒ 〈S〉φ =
`kc

ρ
|E|2

From the definition of orbital angular momentum Lz we obtain

Lz
〈S〉z

=
~`
~ω

In that sense we say that a Laguerre-Gaussian mode has a well defined angular
momentum of `~ per photon.



Orbital angular momentum6

The goal is to study the work distribution associated with a process performed on the
OAM of light.

6Proc. R. Soc. A 470, 0633 (2014).



First experiments7

• 1936 — Beth performed the first measurement of the spin angular momentum of
the photon. He was able to transfer the amount of 2~ of angular momentum from
a photon to a wave plate that converts right-handed circularly polarized light to
left-handed one.

7Phys. Rev. 50, 115 (1936)



First experiments8

• 1995 — In the same way, a torque must arise on a cylindrical lens which performs
the transformation from a Laguerre-Gaussian mode with l~ to a Hermite-Gaussian
mode (with 0 OAM)

8Phys. Rev. Lett. 75, 826 (1995)



Definition of work

Therefore, we can associate one unit of “energy” with the transition

`→ `± 1

The difference between positive and negative values of ` is the spinning direction of
the Poyinting vector. As we are concerned only with energy, this information does not
matter here.

We then define the work done per run of the experiment by

W``′ = |`′| − |`|



Work distribution

This is a random variable whose probability density is given by

P (W ) =
∑
`

p`p`′|`δ (W −W``′)

Considering Jarzynski context for unitary processes p` = g`e
−β|`|/Z is the initial

thermal distribution and p`′|` = |〈`′|U |`〉|2 is the transition probability.

Goal

To measure the conditional probabilities p`′|` by means of projective measurements in
the Laguerre-Gaussian basis.



Performing work on light



Sketch of the experiment9

9J. Phys. Comm. 2, 035012 (2018)



Initial state preparation

There are several ways of generating an LG mode: holograms, spiral phase plates,
liquid crystals, SLM...

!

rspa.royalsocietypublishing.org
Proc.R.Soc.A"#$:!"#$"%&&
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Figure %. When laser beams have helical phasefronts, their energy andmomentum twist around the beam axis, and the beam
carries an orbital angular momentum of !h̄ per photon.

forked diffraction grating

input Gaussian beam

! = 3 beam

first order

Figure !. When a standard laser beam illuminates a forked di'raction grating, the (rst-order di'racted beamhas helical phase
fronts and consequentially carries orbital angular momentum.

Despite the work of Darwin and others, it was not until 1992 that Allen and co-workers [3]
recognized that a light beam possessing helical phasefronts carried an orbital angular momentum
(OAM) distinct from, and additional to, the SAM of the photon. They derived that beams with !

interwined helical phasefronts carry an OAM of !h̄ per photon (figure 1). When such a light beam
is represented by optical rays, these rays are skewed with respect to the beam direction (much like
the jets of water from the above-mentioned water sprinkler) [4]. The helical phasefronts that give
rise to OAM mean that the very centre of the beam has an ill-defined phase (in much the same way
that the time of day at the North Pole is ill-defined). At this central phase singularity, every phase
value has a counterpart that is shifted by " radians, resulting in destructive interference and zero
on-axis intensity. Therefore, all beams with helical phasefronts have an annular intensity cross
section and are sometimes referred to as ‘doughnut beams’.

Prior to the recognition of their momentum properties, helically phased beams had been
created by Soskin and co-workers [5] as the diffracted orders from gratings modified to have
a forked line structure at their centre (figure 2). Such forked patterns are easily formed by spatial
light modulators, which use a similar technology to that found in a modern digital projector. This
technology forms the basis of much of the past and present research in this area of structured
light. Rather than use the spatial light modulator to transform the output of a conventional laser
from a Gaussian beam into one with helical phasefronts, recent advances have used the spatial
light modulator as part of the laser cavity to control the shape of the output beam itself [6]. Many
other methods for generating OAM beams have also been developed, ranging from the use of
cylindrical lenses to convert between modal types [7] to helical (spiral) phase plates [8] and liquid
crystal waveplates with a spatially varying orientation of their optic axis: so-called Q-plates [9].

Shortly following the recognition of OAM within light beams was the demonstration,
by Rubinsztein-Dunlop and co-workers [10], of the transfer of this angular momentum to
macroscopic objects. Their work and subsequent studies were performed within optical tweezers,

 on January 18, 2017http://rspa.royalsocietypublishing.org/Downloaded from 



The measurement

Mode Sorter — Converts OAM into
transverse p.

• log-polar transformation “unwraps”
the mode

• The tilted plane wave is focussed by a
Spatial Fourier Transform.

• The phase gradient will determine the
position of the focal point.



The measurement



Calibration curve



Calibration curve
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Conditional probabilities

Simple process in order to test the ideas.

|`〉 → 1√
2

(|`+ 5〉+ |`− 5〉)

Output modes (�′)
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Conditional probabilities
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Turbulence



Conditional probabilities

• Mode sorter is not appropriate — overlap of the basis elements.

• Third SLM and a single mode optical fiber, that couples only to the ` = 0 mode.

• The SLM applies L− to the input field and the output goes to the fiber. The
intensity at the output of the fiber determines how much of ` = 1 was presented
in the input signal.

• The operation is repeated for several powers of L+ and L− and the conditional
probabilities can be obtained.



Conditional probabilities

In
p
u
t

m
o
d
es

(!
)

Output modes (!!)



Work distribution
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Final comments

Summary

• Classical theory of thermodynamics.

• Non-equilibrium (and quantum) considerations.

• Experiments in quantum thermodynamics.

What comes next?

• Landauer and the role of information in thermodynamics

• An informational measure of dissipation.

• Complexity, chaos and thermodynamics.



Thank you for your attention

www.quantum.chibebe.org

www.chibebe.org


