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Lecture 1

Conformal field theories, gauge theories

and nonperturbative issues



1. Conformal field theories: relativistic

/

eClassical scale invariance: =, — x),

= A\zy.
oM scale invariance — usually conformal invariance. g fct. =0.

eConformal transformation of flat space: z/(z) such that
ds® = da:/ucla:/“ = [Q(a:)]_Qda:Mda:“.
oIS an invariance of flat space under transformations.

eConformal invariance is not general coord. invariance — in 2d,
< 39 of generalization that is diff. and Weyl invariant

/ d22(9,0)2 = / dzdZ0¢dd inv.
/ 02z m2¢2 = / dzdz m22



eS0O: conformal transf. — generalization of scale transf. of flat
space that change distance between points by local factor.

elnfinitesimal:

a:L = z,+ovu(z);, Qz)=1-o0ov(z)

1
8/,L/UV + 81/0# — 20'1/51uy = Oy — E@ -V

ed = 2 Euclidean: ds? = dzdz = Most general solution is holo-
morphic transformation 2/ = f(z),

ds® = d2'dZ = f(2) F(2)dzdz = [Q(z,2)] " %dzdz

ed > 2: most general solution is

vu(z) = ap+ wwzy + Axy + bumz —2xub - x
op(x) = A—2b-x



oP, < ay,Juv < wuy: 1SO(d — 1,1) (Poincaré). Also D < A
dilatation; K, <+ b, special conformal

eForm generators of SO(2,d)

S a1 Jpd42

Jun = |—Judr1 0 D
—Jya+2 —D 0
_ K, — P — K,+ P _
Jud+1 = — 5 L Judya =—F 5 2 Jit1.442 =0.

eSymmetry group of Ade_|_1 . CFT on Mink; = dravity in
AdSg417

eObs.: Inversion [ : 2, = x,/2? = Q(x) = z? is conformal also.
I & rotation & translation = all finite conformal: e.g. z#* — A\z#
and special conformal
oM 4 bH 2
_>
1+ 2zVb, + b2z2




d=2 conformal fields and correlators

eCovariant GR tensor: under z; — 2/(z), Z = (21, 22),

9271 §lin

0z Qzin

is generalized to primary field (tensor operator) of CFT, of
dimensions (h, h)

S a:N\" 1 az\"
¢(h,h)(z’ Z) =1, .z.3= Tézzz — —
dz dz

eOperator product expansion (OPE) — in any QFT,
Oi(x)0i(x;) =Y CFi(x; — ) Op(x)
k

Tiy..in(21,22) = T}, (21, 22)

oln CFT, conformal invariance gives for n-point correlators
Céij

|z — x|

<OZ(:IZZ)O]($]) —

2

. i — x

7

A (Oi(x:)Oj(xj)...) = Z j|AiJ+Aj—Ak<Ok ( j

)



eKnow ALL OPEs — can solve CFT for correlators.
eSymmetry algebra is infinite dimensional. Energy momentum
tensor (not primary!) decomposes as

. -

5m—|—2

L ~
1y ()= )
~ meZ

Tor(2) = >

meZ
Then we have the Virasoro algebra

C
[Lm, Ln] = (m — n)Lm—I—n + E

and idem for L.,,. Here LI = L_,. and c¢=central charge.
o{Lg,L1,L_1} form a closed subalgebra: Si(2,C).

(m3 — m)5m,—n

eRepresentations: given by "highest weight state” |h). In CFT,
3 operator-state correspondence: |h) = lim._,g¢/*(2)|0): primary
field. L_,,: gives "descendants’:

Lo|h) = h|h);  Lnlh) =0, Lo(L—n|h)) = (h+n)(L-n|h))



d > 2 conformal fields and correlators
eEigenfcts. of D with eigenv.—iA (like Lo and " energy” of state)

¢(z) = ¢/'(z) = A2 p(Az).
Then K~ Lyn, P,~L_yn. aand al: create representations
[D,P,] = —iPy= D(Pu|l¢p) = —i(A+ 1)(Puop)
[D, Kyl = +iKy= D(Kulg) = —i(A — 1)(Kud)
elnversion generates conf. transf. Defined by orthog. matrix

ox'*

oy = for a:L = xﬂ/xQ,
T

2x Ty

x2

Ru(x) = Qx)

R,(zx) = I,(x)=046u—

eFor correlators, 3 point functions of scalars.

B Clijk
(0i(@)0;(y)Ok(2)) = z — y|AFA Dy — | AFDA L — g|AFASA,

amd currents — analyze properties under inversion

5abluy(a: — 1)
o — y[2(d=1)

(Je(x) TN (y)) = C



eQCD at high energies ~ conformal.

eCondensed matter systems: Euclidean CFT appears near criti-
cal point. Correlation length — oo.

T — TN\ ¢ T — Tz Tm T —T.\ Y
o (T) o (T) e (T) e

C TC C

eNear T. : conformal field theory: correlation functions defined

by

($FE(r1)¢5 (r2) .t (rn)) = 271 Y] ¢FE(r1) . 2 () ) PHUSD)

{s}

and take scaling limit a — O with ¢ fixed, such that

: - 1 Iat lat lat
(p1(r1) - (rn)) = lim | [ —x | (07 (r1) o8 (r2) ... 002 ()

a—0 i—q a~

eS0: critical point: relativistic.
10



2. Conformal field theories: non-relativistic

eCondensed matter — 4 also nonrelativistic scaling near " Lifshitz
points”: t — A\t,x — \x¥, z= dynamical critical exponent. e.q.
Lifshitz field theory with z = 2,

L= [ dledtl(9:6)2 - K*(V2)?
el ifshitz algebra generated by Poincaré generators
H = —idy; P;=—id; M;; = —i(2'0; — 278;)
and generator of scaling transformations

D = —i(zto: + xzc‘?@)

eAlgebra is
[Mij, Pp] = (6P — 51 P;),
[M;j, Myl = il6;, M, — 05 My — 65 Mg + 65, M)

11



el_arger algebra: conformal Galilean algebra, e.g. cold atoms
and fermions at unitarity.

e " Galilean boosts” (nonrelativistic version of boosts) and con-
served rest mass (particle number) N.

eRepresent them by introducing direction &.

D = —i(ztd + 2'0; + (2 — 2)€0)
Kz' — —i(wzﬁg — tai); N = _7'86

and the rest, same. Then, algebra = one before, plus

[K;, Pj] = 1i6;;N, [K;, Hl = —iP;, [K;, M;;] =i(0;,K; — 6;,K;)

and rest zero. For z = 2, 4 special conformal generator C for
Schrodinger algebra

12



3. Gauge theory

e gauge field A%, with field strength

' 1
where [Ty, T,] = f,,°Te and gauge invariance
§A%L = (Dpe)® = due® + gf % Al
e [ he field strength transforms covariantly under a finite transf.

U(x) eg)ﬂ(a:)%) e’ — N\
F/, U Y (2)F,U(x)

eCouple to fermions and scalars. In Euclidean space,
P = S+ [ d*ald (P +m)w + (Dug)" DHo)
where ) = Dy~* and
Dy = 0y —ieAy = (Dp)ijdij0u + g(Tg)ijAL(T).

13



eGreen'’s functions (correlation functions) from partition function
— generating functional (in Euclidean space)

| ZE[J] — /D¢e_SE[¢]+Zfdde(x)¢(a:)
by
(E) _ 0 ) ()
Gp '(1,...,2n) 5J(x1)”'5j(xn)z [J] .

= [ Doe g (a1). .o (an)

eCan be generalized to existence of composite operators, e.g.
gauge invariant operators in gauge theory O(x),

giving correlation functions

) )
<O($1)O($n)> — 5!](331)”.5J(£Bn)20[!]] J=0

. /nge_sE[q)]O(QZl)...O(wn)

14



eNoether theorem: (global) symmetry < current
oL

o
G

(T)" ;¢

"Classically, 9,7"% = 0. Quantum mechanically, if D¢ = D¢/,

(0M§%) = 0 = / DpeSEllrje(2) = 0
olf Do = D¢’ — 3 anomaly.

eChiral anomaly: ¢ (z) — €5y (z), P(x) — 5% (z),

jZ = Yyursy =
(%)) = (Qd)EEGWFﬁL(
62 1 ,ul/paFeXtFeXt
16722 M e
eGlobal nonabelian: 6y = €*(T%)"4J =

1 +75
2

= (4d)

ji = Py (T); .

15



4. Nonperturbative issues

eStrong coupling: difficult. In particular, correlators (n-point
functions). Also for currents

5n
a1 la An in —

e¢QCD: conformal at E > Agcp. Also, toy model, N =4 SYM
(4 susies): {Ae yol xallJl | j=1 . 4 SU(4)= SO(6) global
symmetry. Is exactly conformal (8 = 0). From KK dimensional
reduction of N/ =1 SYM,

) / D(fields)e~ St/ i"Ap

1 1
S = /dl%Tr [—ZFMNFMN =AM Dy

oCFT easy to define in Euclidean space. But Minkowski? Sub-
tle.

16



eInstantons: nonperturbartive Euclidean solution.

1 2 _ [ 44, 1 2

eOnly in Euclidean space Fﬁy = =k}, has real solutions, and
then S = St = 872/g?n. Solution

Aa 2 77W($ xz)l/
T gg(x — ;)2 + p2
where M= 't Hooft symbol, nz'j — i 7724 — 52, g, = —o%.

1 2

eNonperturbative physics: in Wilson loops,

WI[C] = Tr Pexp [i/Ade“]

17



eFor C= reactangle T'x R, for T' — oo, we have

(W[C]) x e~ TVaz(1)

oV,7(R)= qq potential. If V ~ oR = confinement. In CFT,
Vyg(R) ~ a/R.

eFinite temperature:

7 = ‘D _SE[Cb] — T ( —BH)
s1] /¢<f,tE+5>=¢<f,tE> pe \°

o\ = 4 SYM at finite T similar to QCD at finite T". Universality?
Finite T' QCD: at RHIC, LHC — strongly coupled plasma — like
finite T N =4 SYM at ¢g2,, — .

18



Lecture 2

Strings and Anti-de Sitter space

19



1. AdS space

eMaximally symmetric spaces in signature (1,d—1): Ruy—%gwR =
Aguyv. Minkowski, dS, AdS. Cosmological const. A=0,> 0,< 0.
eSphere (Euclidean signature): embed
d—1
ds® = +dXg+ ) dX7?+dX7,,

1=1
d—1

R = X5+ ) X7+ X7
=1
ede Sitter (Minkowski signature): embed

d—1

ds®* = —dXg+ ) dX?+dX3,
=1
d—1

R = —Xg+ ) X7+ X7,

1=1
eAnti-de Sitter (Minkowski signature): embed

d—1

ds® = —dXg+ ) dX?—dX7,
1=1
d—1
R = XPEY NP XD

=1

20






ePoincaré coordinates (Poincaré patch)
d—2
du?
2 u? (—dt2 + def) + ?]
_ dt2—|—de + da?
= 2

=1

ds® =

eHere u =1/xqg. If xg/R = €Y, "warped metric”
d—2
ds® = eV | —dt* + Y da? | + R?dy?
i=1
eLight ray: ds? = 0 at constant z; =
@)
t=/dt=R/ e Ydy < oo.

e— light takes finite time to reach boundary: can reflect back:
This is the only patch of a global space (universal cover)

elts boundary at zg = e; R1.4-1:

02 = ( dt® + Zdaj )
2
€ 1=1
21






eGlobal coordinates (whole space):
| ds3 = R?(— cosh? pdr? + dp? + sinh? pd$23_,)
similar to sphere
ds3 = R?(cos? pdr? + dp? + sin? pd$23_5) = d25

eAlso by tanf = sinhp =

R2
cos2 6
eBoundary of space: 0 =7n/2 — e =
> _ B2

=
eAnalytical continuation to Euclidean signature: AdS; — EAdS,.

But then, boundary Poincaré vs. global is radial time continua-
tion.

ds3 = (—dr? + db? + sin? 0d$23 )

ds (—dr? 4+ sin?0d23 »)

d—?2

ds? = dtz, + Y da? = dp + p?dQ5_, = e*'E(drf + d25_5).
1=1

22






Penrose diagram

eFlat space, under

0
uLr = tixztanﬂiztan(_l_ >:>
ds? = —dt? + dr® + r2d23_,

1

- —dr? 4 db? + sin? 0d$23
4 COS? iy COS? ﬁ_( T T 1-2)

where |7+0| <, 6 > 0 = (1,6,$2,_5) form triangle of revolution.
eAdS space: same, for Poincaré patch (drop 1/33%).

eGlobal space: extend to full cylinder. Boundary of global space:
cylinder Ry x S;_». Related to boundary for conformal patch by
conformal transformation by e?!E.

23



2. Holography in AdS space

oln AdS space, the boundary is a finite time away = natural
observables on the boundary — take boundary sources ¢g(%),
and field

¢(Z, x0) = /d4f’KB(f> z0; T ) o (T)

where Kpg is the bulk-to-boundary propagator, satisfying

(Bewo — m?)Kp(&@,z0; &) = o4& —Z)

Kp a(#,20; %) = (&) -0 -

A /20 (A —d)2) (28 + (Z — 7)2
eMassless scalar kinetic on-shell action
1
S = 5 / d*zd7 / &y / &y /Gb0(F)p, K p(F, 20; T, Kp(F, 201 7')bo(F)
_ Cad [ iz gag Po(F)0(@)
|:B—y’|2d

24



eln general, on-shell action for boundary sources defines some
holographic quantities (on the boundary)

eBulk-to-bulk propagator: (O, — m2)G(z,y) = —\/Lg—y(sd“q(w —y)
is (v =m2R2 4 d?/4)

d°k
(2m)d

Constructed out of the two solutions of (O — m2)d = 0,

G(z,y) = (xgyo)¥/?

P T, (kz§) Ky (kag)

D o Ry d/QK,/(k:BO)qSO(k:) ~ xOA (non — normalizable)
o R T2 (kug)po (k) ~ x5t (normalizable)
eLorentzian signature: (Poincaré) solution
DT eZk * d/QJiV(|k|afo)

: A C e . .
but now <D‘|‘, normalizable mode (~ zq +) is finite in center.

25



3. String theory
eString theory: generalize QFT in worldline particle formalism.

Action
/d\/ dzt d XY .
= —m TA ——— v
dr dr M

/dt\/l—— /dt[ ]
dXH
eEquation of motion §/6 X* = - <m - ) — 0. Free particle.

eCouple to background fields by adding
dXH*\ . ,
[ara, o) (a%7) = [ daaceoe)reee)
T

eFirst order particle action in terms of einbein e(7) = \/—%7(7),

1 dX*dX"
Sp:—/ 1(7-) mw—em2
2 dr

eCan put m = 0 and choose gauge 6(7') — 1 for reparametriza-
tion invariance, but then e(7) equation of motion is constraint

dXHdX"Y _ 7 —{
dr drt py === 5

26






eNambu-Goto action — generalization of Sy:

1
- / drdo\/— det (3 X 9, X" g (X (€9)))

eln det, induced metric on worldsheet for (o, 7).

SNG = —

ePolyakov action — generalization of Sp:

! /deJ\/—’yfyabaaX”(‘?bX’/nMV
Vil Jo%
eIt has invariances under:
-spacetime Poincar'e
-worldsheet diff. (with X#(o',7") = XH (o, 7))
-Weyl invariance X'#(o,7) = X*(o,7) and v/, (o, 7) = e2w(0 )y (o, 7).

Sp = —

27



eBoundary conditions: -closed strings (periodic in o ~ o + 27)
or -open strings: Neumann 907 XH(r,0) = 90XH(r,l) = 0 or
Dirichlet 6 X*(7,0 = 0.1) = 0.

eFiX a gauge, e.g. conformal gauge ~v,, = n,- Residual invari-
ance is conformal invariance.

eThen, equation of motion is OX/(o,7) = 0 = Xt = Xp(r —
o) + X7 (r + o) (left- and right- moving modes).

eConstraints: T, =0 give T, _4 =0 and T__ = 0 — Virasoro
constraints (generated by L, and 'En).

eSpectrum: closed string
xH o' ’L\/TO/ 1 g _
Xy = — 4+ —plt(r—0o)+ > —ake in(r—0o)
2 2 2 n0 "

. /
V20 T }&%G—m(ﬂm)
D

n#0 n

v /
X{ = S 4+Sp'C o)+

28



eHamiltonian

H = % Z a’inaﬁ
ne

eSpectrum: act with o, &", on |0). But, only o', physical.
eNoO quantum anomalies (spacetime Lorentz, Weyl, BRST) = di-
mension (number of scalars X#) is D = 26 for (bosonic) string.
eSupersymmetry — introduce fermions = D = 10 for super-
string.
eString theory has oo number of modes <« worldline particles <«
fields. (from o", , n € N)
eBackground fields: from (massless) modes of (super)string.
Closed, bosonic (guv, Buv, ¢) =

1
S — _47Ta//d20-[\/ _’Y"Yabaan'uabequ,y(Xp)

a8, X dy XY B (XP) — o/ VAR b (XP)]
oIt also contains nonperturbative objects: D-branes.

29



4. AdS as a limit of D-branes

;D—branes — enpoints of strings with D—(p+ 1) Dirichlet bound-
ary conditions §XH#(r,0c = 0,1) = 0. Wall with p 4+ 1 dimensions.

e A graviton dguu (Or d¢, etc.) can hit wall and excite modes that
live on it — gives action

oea

eBut: Dp-branes = (same masses and charges as) p-brane so-
lutions of supergravity (= low energy of string theory)

XHroXY
Sp = —Tp/dp+1§e¢J — det (8 %gb (guv + &' Buy) + 27a Fab> +Sw 7

—1/2 K 1/2
dsZring 3/ (—df? + di2) + Hy'?(dr? + r2d93_,)
e—QQb — H;;T
1,
Aor.p = —5(H, ' = 1)

30



eHere the harmonic function is

chQp . +R_4

/’/i

and colorGreenR* = 4ngsNa/?
eNote: "string frame”. " Einstein frame” ds? = e~ %/%ds?.

eD3-branes (p = 3) for r - 0: H~ R*/r* =
2 r 2 o, R? 5 2 12
52 —dt? + di5 + dx?
2
0
o= AdSg X S° space! Therefore AdS space appears from N
(N — o) D-branes, in the near-horizon limit r — 0.

+ R2dQ3

31



5. String theory in AdS space

eSupergravity (low energy) limit:
eOn AdSs x S° — KK reduction on S° — gauged supergravity in
AdSs background.

eJ cosmological constant, SO(6)= symmetry group of S° is
gauged (local), with coupling g % O.

e\Ve have also solitonic objects, e.g. D-instantons in AdSs X S,
charged under a = aoo + e ¢ — g—ls, with

24pi 378

N2 [#3 4 |7 — Zal?]*
e Also Dp-brane that can wrap cycles in geometry — e.g. D5 on
S° for AdSs x S°.

+ ...

e? = gs +

e\We also have long (classical) strings that can end on D-branes
32



oIf the D-brane is on boundary at infinity, and string ends on
a contour C, the string stretches into AdS by gravity, and is
stopped by tension:

2
ds? = a’%(—dtz—kdiﬁ)—l—...

~ (1 + 2VNewton)(—dtQ + )

eQuantum strings in AdS space — hard to quantize: highly
nonlinear worldsheet action.

ec.g. in embedding space for S3 C S°,

S = / dr / T do[—(8,X%)2 + Z (daX™)?]

Vi Jo%

where Y, X'X* = 1. — is actually nonlinear.

33



eException: Penrose limit (near null geodesic in AdSs x S°)
ds? = —2dzTdr™ — 2(72 + 72) (dz )2 + di? + di?

ePolyakov string action

1 ! 1
/Oda/dTE\/—vvab[—28QX+8ﬁX_

2ma’

— 1P X200 X TOXT 4+ 0, X'0,X"]

g —

eln light-cone gauge, Xt (o,7) = 7,

1 L1 -
S=—-— [ar /O do [Enabaaxzabxz + 27

2mo!

34



Lecture 3

The AdJS/CFT map and gauge/gravity
duality

35



1. AdS/CFT and state-operator map

e\We have seen that AdSs x S° appears in the near-horizon of N
D3-branes, and AdS space is likely holographic.

eMore precise: two open strings on D3 collide: closed string
peels off into bulk as Hawking radiation = relation between bulk
gravity theory and D3-brane field theory in decoupling limit of
D-branes.

eSo: SU(N) at large N N =4 SYM = gravity theory at » — 0,
for o/ — 0 (for no string worldsheet corrections) and gs — O (for
no quantum string corrections): AdSs x S,

eMore precisely: A = g2, N = R*/a/? large and fixed.

eIn fact, duality is believed to hold for all gs and N.
36



eMap: couplings 4ngs = g2,,;, A = g2, N = R*/a/?

¢SO(6) R-symmetry < SO(6) gauge symmetry in AdSg «» isom-
etry of S° on which we KK reduce.

eConformal symmetry SO(4,2) < isometry of AdSs.

eSupergravity modes couple to (are sources for) boundary gauge
invariant operators. e.g. scalar ¢ with KK expansion (on S°)

H(a,y) = DD by (@)Y (y)

n oI,

then qbgfb) couples with operator C’){Z) of dimension

d2

A—_ - R

37



eGravity dual: string theory in the background (U =r/d/)
U2 dU?
ds®> = o dt? + dz \JAmgsN A2
s o W( + 3) + \/47gs ( +
Fs = 16mgsa/?N(1 + *)6(5)

eSolve (O —m?2)¢ = 0 in background = we obtain ¢ ~ a:oAiqu,
where ¢g= boundary source, and

d d2

d— . . A_|_
e[ hen LUO Q0 = T gbO IS non-normalizable mode, and z5 "®q

iIs normalizable mode.

338



eIn non-normalizable mode, ¢g = source for O = composite,
gauge invariant operator — need partition function Zp[¢pl,

Zolgol = [ DISY M]e=5H/ O¢o
e\Witten prescription for duality: partition function is same

ZoleéolcrT = ZylPolstring

eMoreover, in o/ — 0 limit, gs — 0 = classical, on-shell, super-
gravity limit

Zylpo) = e~ Ssuaraléleol]

®Ssugra iS on-shell, for classical ¢[¢g] depending on boundary
value ¢g, i.e., as we saw

¢(Z, xg) = /d4f’KB(f, x0; T ) o (T)

39



Correlators

57?,
(O(x1)...0(zn)) = 5(!50(331)“.5%(%)20(%)
_ §%Ssugral¢[¢ol]
00 (21)d¢0(22)|4,=0
eGiven the form of the quadratic part of Ssugra in lecture 2, we
obtain

»0=0

(O(x1)0(x2)) =

o Cyd
<O($1)O(CE2)> — |fl — 52|2d

as required by CFT.
eIn general, "Witten diagrams” from Ssugra[®[¢o]]: tree (classi-
cal) Feynman diagrams in x space with endpoints on boundary.

elLorentzian case: d good normalizable and non-normalizable
modes = normalizable modes <+ VEVs (states). For ¢ ~ aixg_A—I—

Biz§,

H = Hcpt + ;05 (8:i]O0418i) = Bi + (o; piece)

40



Nonperturbative states

ec.g. instanton maps to D-instantons in AdSs x S°, by

5S 51 / .
— = - - d>x/—gg"" 00y ¢
6o () 5¢o(Z) Amkd S
48 4

1 2
= 5 (Tr[F(2)])

29}2/M w
matches exactly.

eAlso, D5-brane wrapping S° s baryon vertex operator in SU(N)
SYM, for connecting N external quarks.

41



Wilson loops

eNonperturbative gauge theory — encoded in Wilson loops
o(WI[C]) encodes V z(r).

eln a susy theory, susy Wilson loop
1
W[C] = ~ 1T Pexp [}[(AM;;;M + efo(a;ﬂ)\/a':Q)dT]
where XH#(7) parametrizes the loop, 6! unit vector on S°. Then

<W[C]> — e_Sstring[C]—ZQb

Here o= renormalization — exract divergence: straight string
forming parallelipiped.

eNoNn-susy loop can also be defined.
eCalculation in AdSy gives

472 \/QQ%MN

VadlL) = —F a1

42






PP wave correspondence
ePenrose limit of AdSs x S — worldsheet string is free (massive).
eIn SYM, corresponds to large charge J (for U(1) C SO(6)R).

7 = ®° + id° is charged under it, &1, ..., ®* aren’'t. Vacuum of
string:

1 J
0,pT) = JIN 775 171271
eString states — insertions of <b1, ...,d%, etc. inside the trace.
e.d.
f + 1 Lo 3l 4, —ly il
ay, 4 _n3|0p ) = \FZ J/2Tr[<|> Z'¢ 727 e T

=1
eJ Hamiltonian acting on these — Hamiltonian of discretized
string on the pp wave: only way to obtain quantum string.
43



2. Gauge/gravity duality
e AdSy X S° best understood example. But 3 other cases.

eConformal: -N M2-branes and N Mb5-branes in 11d M-theory
(strong coupling string theory) = AdSs x S7 and AdS7 x S4.
-orbifolds/orientifolds of AdSs x S® — less susy.

- ABJM model in 241 dimensions: N M2-branes on (C4/Zk, IR
limit < AdS4 x SY/Zk’k—mo = AdS, x CP3.

eNonconformal, less (or no) susy: "gravity dual backgrounds” —
no AdS factor.

eEXtra dimension r « energy scale U. 4 g function — running
with U < r = nontrivial metric as a function of r.
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e [0 holographically simulate QCD-like gauge theory, need:

=large N gauge theory (e.g. SU(N)): small string corrections
-(flat) boundary for field theory , and sections of constant r + U.
-compact space X, < global symmetry of field theory

-RG flow in r between low energy (low r) and high energy (large

7).
eMap:

-Gauge invariant SYM operators (" glueballs”) <« sugra fields in
gravity dual

-Gauge invariant operators with "quarks” (" mesons”) < SYM
fields on brane in gravity dual

-Wavefunctions in field theory, e.g. etk T +y wavefunctions in
gravity dual (times wavefunctions on compact space), e.g.

oz, U, Xm) = (U, Xim)
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Phenomenological gauge/gravity duality

eQQCD "bottom-up’” models or condensed matter models: no
decoupling limit of brane theory.

elnstead, gravity dual with some field theory on it (not string
theory) with right properties. (could be truncation of a low
energy sugra limit of string theory)

eCould be nonrelativistic, e.g. Lifshitz system (add —iud, to
dilatation D)

dt?2  d@?  du?
2 __ p2
dsji1 = R <_u2z T3 ?>
or gravity dual of Schrodinger algebra (add —iudy to D)
dt?  dz? 2dt dg
ds?,» = R? [ — —
Sd+-2 ( 027 + 12 ‘|‘ ‘I‘ 2 )
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3. Finite temperature

eFor sQGP and condensedf matter applications, need finite tem-
perature.

eHawking radiation from Wick rotation of black hole

QMGN 2 d’l"2 2 2
- )dr + ey A3

r

d52=—|—(1—

has conical singularity (ds? ~ A(dp? + p2dr2)) near r = 2MGy,
unless 0 = 7/(4MG ) has periodicity 27 =

Ty = ! = (C = 8M<O
BH = grMmaGy o ar

So it is not thermodynamically stable system.

eBut a black hole in AdS space is. dC' > 0 branch.
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eFor a black hole in AdS space,

2 2
wn M dr
d32=—< +1- _2>dt2—|— . M—I—r2d§2n2

one finds (ry is largest solution to % +1-— ’;Ugf\g = 0)

_nrp +(n— 2)R?

o 47TR27“_|_
o 7'(M) has a minimum, followed by a uniformly increasing branch
— stable.

eNeed to take also R-T" — oo = M — .

eMore generally, put black hole in gravity dual = Put dual field
theory at finite temperature.
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4. AAS/CMT and transport

eStrongly coupled CMT field theories — not easy to describe —
phenomenological models.
eNeed finite temperature = black holes.

eFor transport properties, need spectral functions — retarded
Green's functions G§ ., .
AYB

elLinear response theory:

5(0A)(w, k) = G& 0, (w, k)¢ 50y (w, k)
olm G%AOB(w,k) is spectral functions for y, since

+o0 dw’ImG}(’%A(’)B (W, x
/

= lim GE , (w.z :/
X w—041i0 OAOB( ) —00 T w

e [O calculate G(}%AOB holographically, prescription by Son and

Starinets.
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eFor asymptotically AdS gravity dual with black hole < event
horizon H, if

dok i
S = [ <52 a(0) (~W)F (k, 2)0) (F)
(27T)d 0 0 Z=zp
then, G is
(2A—d)
DA, —doP
GR(k) = - 2F (k,2)|,, = === A,norm
R 5¢B,norm.
eResults: Kubo formulas:
R e w,lZ - iGH (walg)
o(w, k) = 93‘]"’3( ); n(w, k) = Laylay
w w

eFor gravity duals with black holes, generically one finds n/s =
1/(4m) (s = entropy density).

50



